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Abstract: Let G be a simple graph with vertex set V(G) and edge set E(G). The Lanzhou index of a graph G is
defined as Lz(G) = 3_ ,cy (o) dg(v) da (v)?, where dc(v) denotes the degree of the vertex v in G. In

this paper, we determine extremal values of the Lanzhou index in terms of some graph parameters,
as well as Nordhaus-Gaddum-type results. We also find relations between Lanzhou Index and other
topological indices.

2010 MSC: 05C07, 05C90

Keywords: Lanzhou index, Degree, Topological indices

1. Introduction

In chemical graph theory, many topological indices have been proposed, playing an important role
in the modeling of chemical and physical properties of substances [10, 15]. One of the oldest among them
is the first Zagreb indez, introduced in the early 1970s [3, 9]. It is defined as

MG = Y da(v)?,

veV(G)
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where dg(v) denotes the degree of the vertex v in G. Another, closely related such structure descriptor
is the forgotten index [7],

FE) = Y do(v). (1)

veV(G)

Short time ago, Vukicevié et al. [17] introduced a further topological index of this kind, the Lanzhou index,
and showed that it behaves better than the existing ones in predicting chemically relevant properties.
The Lanzhou index of a graph G is defined as

L) = Y dg(v) de(v)’®
veV(G)
where G denotes the complement of the graph G, and de(v) is the degree of the vertex v € V(G).
Of the recently reported mathematical studies of the Lanzhou index, we point out the following.

Bera and Das [? | obtained bounds for Lz(G) in terms of the first, second and third Zagreb indices,
spectral radius, eccentric connectivity index, Schultz index, inverse sum indeg index, and symmetric
division deg index. They also calculated the Lanzhou index of corona and join of graphs.

Dehgardia and Liu [5] proved that for any tree T' of order n with maximum degree A,
Lz(G) > (n — A —1)(4n + A% — 12) + A(n — 2)

and characterized the corresponding extremal trees. Wang et al. [18] studied the Lanzhou index of
several chemical graph classes, and calculated it for some trees and Cartesian product graphs. They also
reported Nordhaus—Gaddum—type results for the Lanzhoul index.

In the present paper, in Section 2 we establish upper and lower bounds for Lz(G) of bipartite
graphs. In Section 3, we get additional Nordhaus-Gaddum-type results. In Section 4, we study the
relations between the Lanzhou index and several other degree—based topological indices.

2. Bounds for the Lanzhou index of graphs

The following observation is immediate [17].
Observation 2.1. For a graph G, Lz(G) = (n — 1) M;1(G) — F(G).

Lemma 2.2. Let ¢; € N, Zizlf i =n and Ky, ¢,.... ¢, be the complete k-partite graph of order n whose

=
partition sets are of size £1,0o,--- L. Then

k
Lz(Key 05, 00) = Zep(gp —1)(n— gp)Q-

p=1
Proof. Let V(Ky, 4,....0,) = Vi, U---UV,,. For pe {1,2,--- ,k}, there are £, vertices in V},, each of
degree n — £p,. O
Theorem 2.3. Let Ky, o, be a the complete 2-partite graph of order n whose partition sets are of size

61,62. Then

n3(n—1), if n is even,
LZ(KZLQ) <

1(n? —1)(n—2), if nis odd.

Equality holds if and only if £1 = [n/2] and € = [n/2].
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Proof. Let Ky, 4, be a bipartite graph of order n (¢1 + {2 =n). Then

Kfl 52 Ze KP)Q

[ (2n + 1)63 + (n® + 2n)0] — n’4
+ [€5 — 2n+1)65 + (n® + 2n)l —n2€2]
= [0] — 2n+ 1)6} + (n* 4 2n)65 — n’(y]
+[(n—0)" = 2n+1)(n—06)°+ (n*+2n)(n— 01)* —n®*(n— £1)]
= —n%ly +nl? + 2202 — 4nl3 + 207
Consider a function
f(x) = —n’z +na? + 2020 —dna® + 2201 1 <z < {gJ .
Since

fl(x) = —n? 4+ 2nz +4n’x — 12n2* + 82 = (n — 2z)(—n + 4nx —42%) , 1 <z < LQJ .

2
It is easy to check that
_/nZ — 7_
P = =2 (= Y (o VS e[,
and —=—I—n V;’L" < % when n > 1.
It follows that f(z) is an increasing function on 1 < x < [n/2], and thus
2
Lz(Ky 0,) < ng(gp —1)(n— gp)Q
p=1
n n n\2 n n n1\2
< |=|(|=] - —|= (=]~ —=1) .
< R0 013D+ Bl (=150
Moreover, equality holds if and only if ¢; = [n/2] and {2 = [n/2]. O

Next we give upper and lower bounds for Lz(G) in terms of n, and minimum and maximum vertex
degree.

Theorem 2.4. Let G be a graph of order n with maximum degree A and minimum degree 6. Then
né*(n —1—A) <Lz(G) <nA?(n—1-19),
with equality (left and right) if and only if G is a regular graph.

Proof.  Since 3, ¢y () da(vi) = 2m, it holds

no nA

T am< =

2 - 7 2
with equality if and only if dg(v;) = § = A for any v; € V(G
we then obtain

). From the definition of the Lanzhou index,

Z dg(v) da Z n—1—dg)]dg(v)?
veV(G) ev(@
< Y (n—-1-08)Ad(v) =2m(n—1 - A, (2)

veV(G)

133
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and, analogously

By inequalities (2) and (3),
no*(n —1—A) < Lz(G) < 2m(n — 1 —§)A < nA%*(n—1-96).
Equalities hold if and only if dg(v;) = 6 = A for any v; € V(G). O

Theorem 2.5. Let G be a graph of order n with mazimum degree A, minimum degree § and (n—1) = 2A.
Then
1262+ (n—1-6)?%, fs+A<n—1,
Lz(G) < 4)
2L[AZ+ (n—1-A)?], f6+A>n—1,

with equality holding if and only if G is (n — 1)/2-regular.

Proof. Consider the function f(z) = 2> + (n —1—2)? for § <z < A. Then f'(z) =2 — 2n + 4z =

4(z—251), and so f(z) is increasing on 251 < z < A and is decreasing on § < z < 271, For each vertex

u e V(G),

) P +n—-1-90)?2, fd+A<n-—1,
de(u)® + [n—1—dg(u)]” <

A2+ (n—1-A)2, fs+A>n—1,
which combined with the definition of the Lanzhou index
A
Lz(G)= > [n—1-de)]de()®< > 5 [(n—1—dg(v)? + da(v)?]
ueV(G) uev(G)
yields Eq. (4). O

Theorem 2.6. Let G be a graph of order n and size m with mazimum degree A and minimum degree 0.
Then

m(n —1)?2
2 )
with equality if and only if n is even and dg(u) = d(u) holds for all u € V(G).

2m[6(n — 1) — A?] < Lz(G) <

Proof. Use the arithmetic-geometric mean inequality:

k L k
il;[lxi < (k‘ ;%) )
with equality if and only if 1 = - -+ = .
For k =2, let 21 = dg(v) and 23 = dg(v). Then

do(v) dg(v) < (W) .
For any v € V(G), dg(v) + dg(v) <n —1, and thus

da(v) dg(v) < (‘W)
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and
da(v) dg(v) = da(v)[n — 1 = da(v)] = da(v)(n — 1) — dg(v)* > (n — 1) — A%,

Then we obtain

(n—1)6 — A2 < dg(v) d=(v) <

with equality if and only if dg(v) = 6 = A = dg(v) for any v € V(G).
From the definition of the Lanzhou index, we have
(n—1)2 (n—1)2m
L = - <7 <"
2(G) = Y [de(v)dg,)da(v) < 1 Y. da(v) < 5
veV(G) veV(G)
and

Lz(G) = Y [da(v)dg(v)]da(v) > [(n=1)d = A?] Y da(v) > 2m[(n—1)5 — A?].
veV(Q) veV (@)

Theorem 2.7. Let G be a graph such that the degree each vertex of G is either A or 6. Then
n(n —1) —nA® < Lz(G) < n(n — 1) — né?,
with equality if and only if G is a regular graph.
Proof. For the sake of description, let G5 = {v;|d(v;) = 0, v; € V(G)}, Ga = {vi|d(v;) = A, v; €
V(G@)}, mp = |65 and ma = |Gal.

Clearly, mq + ms = n, we have

Lz(G) =) (n—1-d)dd= Y (n—1-0)+ Y (n—1-A)A?

1 v; €6 v; €S A
=mi(n—1-08)82+ma(n—1—A)A?
= (my +ma)(n —1) —m16> — maA® =n(n — 1) —m16° — mpA3

<n(n—1) —=m6® —med® =n(n —1) — (my +m2)d® =n(n —1) — nd>

I

K2

Similarly, we can get the following result,

L(G) =Y (n—1-d)di= Y (n—1-0+ Y (n—1-A)A?
=1 PASIGES vV, ESA
=n(n—1) —m6® —maA3 > n(n —1) = mA3 — myA3 =n(n — 1) — nA3

with equality if and only if 6 = A. O

3. Nordhaus—Gaddum type results

Let f(G) be a graph invariant and n a positive integer. The Nordhaus—Gaddum Problem is to
determine sharp bounds for f(G)+ f(G) and f(G)- f(G), as G ranges over the class of all graphs of order
n, and to characterize the extremal graphs, i.e., graphs that achieve the bounds. Nordhaus—-Gaddum
type relations have received wide attention; see the recent survey by Aouchiche and Hansen [2] and the
book chapter by Mao [13].
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Theorem 3.1. Let G be a simple graph of order n and size m. Then

4m?(n — 1).

0 < Lz(G) + Lz(G) < 2m(n —1)% — -

The upper bounds are attained in case of regular graphs and the lower bounds are attained in case of
G 2 K, where K,, is a complete graph of order n.

Proof. From the definition of Lanzhou index, we have

L2(G) + Lz2(G) = Y dg + > dalv

veV(Q) veV( G)
= Y (n—1-dg( + > de)(n—1-de(v))?
veV(G) veV(G)
= Y ((n—1)%da(v) — (n— 1)dg(v)?)
veV(G)
= Y (n—1)%dg)— Y (n—1)dg(v)?
veEV(G) vEV(G)
=2mn—1>—(n—-1) Y  de(v
veV(G)

and

S L SUATEL) S

n n2 n
V4 EV(G)

4m?(n —1)

Lz(G) + 1z(G) = 2m(n — 1) = (n—1) Y da(v)* <2m(n—1)* - -

veV(G)

The above inequality obtains an equal if and only if dg(v;) = de(v;), which means G is a regular graph.
On the other hand,

Lz(G) +Lz(G) = Y dg W+ > da()di(v) >0

veV(G) veV(G)

we know Lz(K,,) = Lz(K,) = 0, so, the lower bonds are attained in case of G = K,,, where K, is a
complete graph of order n. O

The following corollary is immediate.

Corollary 3.2. Let G be a simple graph of order n and size m. Then

m2(n—1>2%n—-1- 2m)2.

0 < Lz(G)Lz(G) < 2
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4. Relations between Lanzhou and other indices

At this point we recall that the first Zagreb index and the forgotten index satisfy the relations [6]

Mi(G) = Y [da(v) + da(v))] (5)
v;v; EE(G)
and
F(G) = Y [da(v)?+da(v)?]. (6)
v;v; EE(G)

4.1. First hyper-Zagreb /forgotten topological index

As an extension of Eq. (5), the hyper-Zagreb index of a graph G is defined as
2
HM(G) = > [da(v:) +da(vy)].
v;v; EE(G)
See [3, 4, 11] for details.
Theorem 4.1. Let G be a simple graph of order n and size m. Then
4(n — 1)m? -1 —
A= Dm”  mvie) < La(a) < = Um  (n=3)
n 2 2
Equality holds if and only if G = K,,.

HM(G) .

Proof. By Jensen’s inequality,

o e ) e e
S (de@) +daw)) = Y da(w)?=n - > da(w) s —.

vV, EE(G) v, €V(G) v; €V(G)

For any two non-negative real numbers x and vy,
2? + 4 < (x+y),
with equality if and only if 2y = 0. For = d(v;) and = = d(v;), this yields
2
> lde)? +daw)?] < >0 [da(vi) +da(v))]
v;v; EE(G) v;v; €E(G)
and
4 2
> da(vi) +da(vy)] = —.
v;v; €EE(QG)
Combining this with the above results, we obtain

Lo(G) = Y dg)de@)= Y [n—1-da(v)]da(v)?
)

veV (G veV(G)

=(n-1) Z [d(;(’Ui) + dg(vj)] — Z [dg(’Ui)2 + d(;(vj)ﬂ

’L),;’L)J'EE(G) ’U,;’UjEE(G)

4(n — 1)m?

> dm?(n—1) Z d(vi)? + da(v))*] > n

—HM(G).
" Uri’UjEE(G)
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Since

[[dG(vi) +da(v)] + 12}

N |

Z [dG’('Ui) + dg(vj)] x1< Z

v;v; EE(G) v;v; EE(G)

Z [de(vi) + dc;(vj}2 + % Z 1

viv; €EE(G) v;v; EE(QG)

IN
DO =

I
N =

Z [de(vi) + dG(Uj)]2 + %m.

v;v; EE(G)

it follows that

(n—1) 2 (n—1)m
(n -1 Z [dG(Ui) + dg(’Uj)] < 5 Z [dg(vl) + dg<vj)] + Yy
v;v; EE(G) v;v; EE(G)
and hence
Lz(G) = (n—1) > [de(w)+de(v)] — Y [da(vi)?+da(v))?]
v;v; EE(G) v v; EE(G)
(n—1) 2 (n—1)m 5
<5 2 st rde()] + 5= = 3 [da(d) +da()
v;v; EE(G) viv; EE(G)
-1 _
< (n—1)m n (n—3) HM(G).
2 2
O
Corollary 4.2. Let G be a connected graph with n vertices and m edges. Let F(G) be the forgotten index,
Eq. (1). Then
(n—m—2)
L >-—— < F(G).
(02 =2 ()

FEquality holds if and only if dg(v;) + da(vj) = m + 1 for all viv; € E(G).
Proof. Bearing in mind Eq. (6), we have

Lz(G)=(n—1) > [da(vi) +da(v))] = D [de(vi)® + da(v))?]

’Uiﬂ]’GE(G) ’L),;’UjGE(G)

_ (n - 1) Z (d(;(’l)l) + dG(Uj)) _ Z [dG('Ui)Z + dg(Uj)]Q

’UiU]'EE(G) dG(vZ) + dG(/U']) ’U,;’UjGE(G)

dg (vi)? + dg(v;)?
> (n—1) Z ) R Z [dc(w)2 + dG(”j)z]
v;v; EE(G) v;v; EE(G)
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4.2. Sombor index

One of the present authors proposed recently a new vertex—degree—based topological index, called
Sombor index [8]. It is defined via the term /deg(u)? + deg(v)?; see [8, 12, 14, 19] for more details.

Theorem 4.3. Let G be a connected graph of order n and size m having minimum verter degree § and
mazimum vertex degree A. Then

1) 52
-+
2 2V/8A2 452 +4/2A

The bound is attained in case of reqular graphs.

LdGﬂﬂn—Dm( >44n—nu—v®somy

Proof. Since

2 52

)
da(vi)? +d -2<\/d i)+ da(v;)? + — —
\/ a(v;) c(vj)? <y/da(vi) a(vy) 4 2V/8AZ £ 62 + 4AV2

<d d ’ .
<dg(vi) + G(Uj)_§_2m+4A\/§7

it follows that

5 52
1oy <d
2 /BAZ 102 44AV2 ~ ¢

Summing both sides of this inequality, we get

é 52
-1 d i 2 + d )2 + - +
" )U,.U-ezm;) <\/ o) olval* 5 2vV8A? 402 4A\/§>

\/dg(’ui)Q —|—dG(Uj)2 (vs) +dG(Uj) .

<=1 Y [do(v)+da(vy)] .

v;v; EE(QG)
Thus
S lde()? +da(v)?] = > \/dc(vi)2 + dc(vj)2\/dc:(vi)2 + dg(v))?
v;v; EE(G) v;v; EE(G)
>V2 Y fda(v)? + de(v,)? = VEISO(G),
’UivjEE(G)
and

Yo ldew)’ +da(v)’] = Y \/dG(Ui)2 +dG(”j)2\/dG(vi)2+dG(Uj)2

v;v; EE(Q) v;v; EE(Q)
(n-1vV2 Y \Jda(wi)? + do(;)?
v;v; EE(G)

< V2(n - 1)SO(G).

IN

139
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Taking all this into account, we get

Lz(G)=(n—1) > [de(v)+da(v)] = > [de(vi)?+da(v))?]

UiUJ'EE(G) UiUJ'GE(G)

§ 52
>(n—1 dg(vi)? +dg(vj)? + - +
- )v,v,;ﬂc) <\/ 6(ve)? Fdaluy) 5 2 8A2+52+4A\/§>

—-1V2 Y \da(wi)? +da(vy)?

ViV GE(G)
>(n—1)m <6 + >~
- 2 2/8A? + 62 + 4V/2A

) +(n—1)(1 —+2)SO(G) .

Theorem 4.4. Let G be the same as in Theorem 4.3. Then
Lz(G) < (n— 1 —V3)vV2S0(G).
Equality holds if and only if G is an empty (edgeless) graph.
Proof. For any two non-negative real numbers x and y,
z+y < +2(x2 4 y?)

with equality if and only if = y. Then for = dg(v;) and y = dg(v;),

> lde) +da(w)] < > \/2[dG(q;i)2+dG(vj)2)]

viv; €EE(G) v;v; EE(G)
and thus

Lz(G)=(n—1) > [de)+de()] - Y [da()?+da(v)?]

Uri’UjEE(G) vinEE(G)

S-1VE Y \Ua)? + o)

vivJEE(G)

= Y Vda(w)? + do(v,)?Jdg (0:)? + da(vy)?
(@)

’Uri’UjEE

S-1v2 Y \Jdew)? +da()? -V Y \Jdo(vi)? + dolvy)?

’U/L"U]'EE(G) U,"UjEE(G)

<V2[n—1-V5]S0(G).

4.3. Randié¢ index

The Randi¢ indez is defined as [20]

RG)= Y ——— (7)

weE(G) dG(U) dG(u)
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whereas the reduced reciprocal Randié indez is

> Vida(u)da(w) . (8)

weE(G)

This latter index has the second-best correlating ability among many vertex—degree—based molecular
structure descriptors; see [1] for more details.

Theorem 4.5. Let G be a simple graph of order n and size m having minimum degree § and mazimum
degree A. Then

2[(52(71 -1) - A3] R(G) < Lz(G) < [A(m —1)(n—1)) — (53] R(G).
FEqualities hold if and only if G is regular and satisfies dg(v;) + dg(v;) =m+1 for v,v; € E(G).

Proof. Note that

Lz(G)=(n—1) > [dew)+daw)] - > [da(w)+da(v;)’]

viv; EE(G) v;v; EE(G)
1
=(n-1) ———\/dc(vi)de(v;) [da(vi) + da(v;)]
vivJeZE@ do(vi) da (v;) j ]

B v; vjé'(G) \ vl dG

¢ (vi)da(v;) [de(v:)? + da(v;)?]

1
=(n-1 (m+1) S Y X
( )v UJ; (@) \/W ' vivyé(G) dG(Ui)dG (vj)
< [A(m—1)(n—1)) - *] R(G) .

The lower bound can be verified in an analogous manner. O

Theorem 4.6. Let G be a connected graph of order n with m edges having minimum vertex degree 6 and
mazimum vertex degree A. Then

2A?

(2(n -1 - ) RR(G) < L(G) < (@m - 1)(% 5

+ —)—2)RR(G
with equality if and only if G is regqular.

Proof. Using an analogous reasoning as in the proof of Theorem 4.4, we have

Lz(G)=(n—1) > [dew)+de(w)] - > [de(®)?+da(v;)?]

v;v; EE(G) viv; EE(G)

<(n- 1)[ Z da(vi) da(vy) \/ggézli 4 dg(vj) . Z 24/da(v;) da(vy)
e j

viv;ER dG(vi) viv;€E(G

< (n—1)V2 Z dc(vi)dg(vj)\/%—i-% - Z 2¢/da(vs) da(v;))

v;v; €EE(G) v;v; €EE(G)

141
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Similarly,

Lz(G)=(n—1) > |de(v)+da(v))] = > [de(vi)?+da(v))?]

v;v; EE(G) v;v; EE(G)
2A2
>(n—1) Y 2\/de(v)da(vy) — 5 > Vdo(i)da(vy)
v;v; EE(G) viv; EE(G)

4.4. Symmetric division deg index

The symmetric division deg index is defined as

da(vi)? + dg(v;)?
da(vi) da(vy)

SDD(G) = >

v;v; EE(G)

This index, proposed several years ago by Vukifevé et al. [16], was found to be useful in predicting
physico-chemical properties of molecules.

Theorem 4.7. Let G be same as in Theorem 4.6. Then

(2(”_1)M2 _ A2> SDD(G) < Lz(G) < <(n —Dlm+ DA 52) SDD(G),

A2 + 42 20
with equality if and only if G is reqular and satisfies dg(v;) + dg(v;) =m+1 for all viv; € E(G).
Proof.

Lz(G)=(n—1) > [dew)+de(w)] - Y [de()?+da(v)?]

v;v; EE(G) v;v; EE(Q)

=(n-1) > [da(v)+da(v))] (dG(vi)QerG(ﬂj)Q)( O xe )

viv; EE(G) dG(’Ui) dG(Uj) dG(Ui)Q —|—dG(Uj)2
dg(vi)? + da(vj)?
ijeZE(G) ( dG(’Ui) dG(Uj) ) dG(Uz’) dG’(’Uj)

=(n-1) > (dG(Ui)2 + dG(Uj)2> (dG(Ui) de(v;)(da(vi) + dG(“j))

viv; EE(G) d (vi) da(v) dg(vi)? + dg(v;)?

Z <d(;(vi) +da(v)) >dG(vi) da (vj)
(@)

e de(vi) de(v;)

_ dg(v:)? +da(v)* [ (de(vi) +de(v;)
=-D ) < GdG(ﬂi)dGC(:Uj) > ( di(”") dGG(Uj) )

v;v; €EE(G) dc(vj) + dg (vi)
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-y <d6<vz—)2+dG(”j)2>dc<vi>da(vj)

viv,; EE(G) dG(Ui) dG(Uj)
n— dg(v;)? + dG(’Uj)2 (m+1) 3 de(vi)? + dG(vj)2 ,
. UﬂivjezE(G) ( de(vi) da(v;) ) ( 2% > vivjezl:s(c) ( da(vi) da(v)) ) ’

g(m_1€?+DA—5ﬁSDmGy

Similarly, we obtain

Lz(G) = (n—1) Z [de(vi) + de(v;)] — Z [de(v;)? + de(v;)?]

v;v; EE(G) v;v; €EE(G)

da(vi)? +dG(Uj)2) < da(vi) dg(vj) )
dc (vi) da(vj) dg (vi)? + dg(vj)?

=(n-1) > [da(v)+da(v))] (

v;v; EE(QG)

Z <dG(”i)2 + dG(Uj)Q) d (vi) de(v;)

v;v; EE(G) dG(vi) dG(Uj)

o da(vi)® +dg(v;)*\ ((de(vi) da(v))(da(vi) + dg(v;))
=(-1 D (dawda(vj) >( Je (002 + de (0, )2 )

vivj)EE(G)

3 (dG(’Ui) + de(vy) )dG(Ui)dG<Uj)
)

v;v; EE(G dG(Ui) dG(Uj)

dg(vi)® +do(v)?\ [ (da(vi) + da(v)))
= (-1 Z )( GdG(Ui)dGC(;Uj) )( di(vi) di(vj) )

vv; EE(G dg(vj) + da(v;)

Z <dG(vi)2 +dG(Uj)2> de(v:) da (v;)

T\ o) da(v)

ooy 3 (i) (51)- 5 (M)«
coon(5Ey) @ () sy ()
> (o-ngp-w)- 2 (i)

143
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4.5. Reciprocal sum-connectivity index

Motivated by the definition of the Randié¢ index, Eq. (7), its variant, called sum-connectivity index
was recently proposed [21], defined as

sc@) = > !

v;v; EE(G) dG(vi) ™ dG(vj) .

In parallel to Eq. (8), the reciprocal sum-connectivity index of a graph G is
RSC(G)= Y da(vi) + dg(vj).
viv; EE(G)

Theorem 4.8. Let G be a connected graph of order n with m edges, having minimum vertex degree §
and maximum vertex degree A. Then

(ﬂ(n 16— ‘/zM) RSC(G) < Lz(G) < <\/§(n — 1A - ‘/Z‘SQ> RSC(G),

with equalities if and only if G is regular.

Proof. Starting with

da(vi) + da(vi) = Vdg(vi) + da(vi)v/da(vi) + da(vs)
we obtain
V25\/de(vi) + dg(v:) < Vda(vi) + de(vi)Vde(vi) + da(vi) < V2AV/da(vi) + da(vi),
and thus

V25(n—1) de(vi) +da(v) <(n—=1) > [da(v) + dg(vs)]

viv; EE(G) v;v; EE(G)
<V2AM-1) > Vda(v) +da(vi),
v;v; EE(G)
which means that

V26(n—1)RSC(G) < (n—1) > [de(v;) +da(vi)] < V2A(n —1) RSC(G).

ViV EE(G)

Using the relation

dg(’Ui)2 + dg(vi)2
da(vi) + da(vj)

dG ’Uz —|—dG ’UZ
1/ c(;) +da( 1/ )+ da (v \/ )+ da (v
G dG 'U,L —|—dG G ] G j

from which it follows

2 et o) < Y [da(e)? + da ()]

’U,;’UjEE(G) ’U,;’UjEE(G)

d(;'(’Ui)Q + dG(U,')Z =

da(vi) + dg(v;)

we have

<22 S fig(wn) + o)
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and
Lz(G)=(n—1) > [dew)+da(v)] = > [da(vi)?+da(v;)’]
v;v; EE(G) v;v; EE(G)
S\/ﬁ(n—l) Z a(v;) + da(vi) f2 Z v/ da(vi) + da(v;)
viv; €EE(G) v;v; EE(G)
< (M(n —1)— \/252> RSC(G)
as well as
LZ(G) = (n — 1) Z [d(;(vi) + dg(’Uj)] — Z [dg(vi)2 + dg(’Uj)Q]
v;v; EE(G) v;v; EE(G)

> \/%(n -1 Z de(vy) + da(v;) — ?[AQ(S Z de(v;) + dc(vj)

v;v; EE(G) v;v; EE(G)

> (ﬁ(n —1)5 — ﬂAQ) RSC(G).

)

Theorem 4.9. Let G be same as in Theorem 4.8. Then
[zﬂ(n—1)5% - 2A2\/2(m+1)} SC(Q) < Lz(G) < [(n_1)(m+1)% — 2v26% | SC(G).

The above equalities hold if and only if G is regular and satisfies dg(v;) + dg(v;) = m + 1 for all
V;Vy € E(G)

Proof. Using the identity

dg(vi) + da(v))

da(vi) +da(vj) = CAET O]

da(vi) + dg(v;)

we obtain
26v/26 4 4 (m+1)ym+1
de(v:) + da(vy) < do(vi) +da(v;) < d(v:) + da(vy)

which after summation yields

B Y s B [dolu) +dolo)
viv;€E(G) ,UZ + dG U] v;v; EE(QG)

1
m+1 m+1 .
< (m+1)y/(m+ )MZEE(G) de(v;) + dg(vy)

This means that

201/(20)SC(G) < Y [da(vi) +da(v))] < (m+1)Vm +1 SC(G)

Vv EE(G)
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implying

(20)28C(G) < > [da(vi) +da(vy)] < 2A%m +1 SC(G).

VU GE(G)

Similarly,

209)V26SC(G) < > [da(vi)? +da(v;)?] < (2A%m +1) SC(G)

viv; €EE(G)

and thus

LZ(G) = (n — 1) Z [d(;(vi) + d(;(vj)] — Z [dG(’Ui)2 + dg(vj)Q]

v;v; EE(G) v;v; EE(QG)
< (m+1)(n—1)y/(m+1) SC(G) — 2v2(8)% SC(G)
= [ = D(m+ 1)} —2v20% | 5C(6)

and

Lz(G) =(n—1) Z [de(vi) + da(v;)] — Z [da(v:)? + de(v;)?]

v;v; €E(G) v;v; €E(G)
> 2(n — 1)0 1/(20) SC(G) — 2A2/2(m + 1) SC(G)
- [zﬁ(n —1)5% — 2A2\/m] SC(G).

Combining the above two results, we arrive at Theorem 4.9 O

Acknowledgment: The authors are grateful to the referees’ comments and suggestions, which
helped to improve the presentation of the paper.
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