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Abstract: The last few decades have seen an increase in the determination of the parameters of the primitive
BCH codes. Indeed, BCH codes are powerful in terms of encoding and decoding. They are applied in
several fields such as: satellite communications, cryptography, compact disk drives etc, and have good
structural properties. Nevertheless, the dimension and the minimum distance of those codes are not
known in general. In this paper, we present a class of narrow sense primitive BCH codes of designed

|2

distance 0, = (¢ — 1)qm71 —1—gq . Also, we investigate their Bose distance and dimension.
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1. Introduction

In coding theory, cyclic codes are considered as an important class of codes. They include a special
subclass, discovered by Bose and Ray-Chaudhuri in 1960 [12], and independently by Hocquenghem in
1959 [2], known as BCH codes. Indeed, BCH codes have a good error-correcting capability. In many
cases, BCH codes are the best linear codes, but the exact dimension and minimum weight are considered
unsolved|11].

Recent results on the determination of the parameters of narrow sense primitive BCH codes can be
found in [1, 3-8, 10, 14].

Let F, be the finite field of ¢ elements, such that ¢ is a prime power. We recall that an [n, k, d]
linear code C over F, is a k-dimensional subspace of ]FZ, where d is its Hamming minimum distance, and
n is its length. An [n, k] code C is cyclic if it is linear and if any cyclic shift of a codeword is also a
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n—17

codeword, i.e., whenever (c,,c,,...,c,_,) isin C thensois (¢, ,,¢,,-..,c,_,). More information about
cyclic codes can be found in [16] page 121. We identify a vector (co, ceey cnfl) € IE‘: with the polynomial
Fy[X]
<z"—1>
principal ideal of the ring R,, (see [16]). If C is not trivial there exists a unique monic polynomial g that
generates the code C, g is called the (standard) generator polynomial of the code C, and g divides the
n o _

¢y + e+ +ec, 2"l in the ring R, = . Thus, we can view an [n, k] cyclic code as a

polynomial 2" — 1. The polynomial h defined by h(z) = is called the (parity) check polynomial

and gives information on the dual of the cyclic code C. Let § be an integer in {0,...,n — 1}, and « be
a primitive n" root of unity. For any integer ¢ such that 0 <7< n—1, let M () (z) denote the minimal
ploynomial of o'. A cyclic code C' is said to be a BCH code of designed distance 4, if for some integer
b > 0 its generator polynomial noted g, . , () is given by :

Gy (@) = lem (MO (@), MO (), . MOH2) ()

where lcm is the least common multiple of these minimal polynomials. Therefore, g, ., is the lowest
degree monic polynomial over F, having ab,abtl . abt9=2 ag zeros, and a word c¢ is in the code if

and only if c(a?) = c¢(a?*1) = ... = ¢(a’T?=2) = 0. In the case b = 1, we obtain the so called narrow
sense BCH codes. The BCH codes of length n = ¢ — 1 are called the primitive BCH codes. The largest
designed distance is called the Bose distance and denoted by dg. For more results on the Bose distance
of BCH codes see [6]. Let g(ws)(x) =(x— 1)9(47%6) ().

+3
m43 |

m—1

Throughout this paper, we adopt the following notation : n=¢" —1, & .= (g—1)q —1- qL , and

C\y.m 5, denotes the narrow sense primitive BCH code of designed distance § with generator polynomial

Gigm.sy: a0d C o denotes the primitive BCH code with generator polynomial g .. (). AC(Eording to

authors in [4], the code C'(q,mﬁ) is a primitive code of designed distance ¢ + 1, and since dim(C, , ;)

n —deg(C, . ), we have dim(C, . )= dim(C, ) —1. Let A; be the number of codewords with
Hamming weight 7, the polynomial 1 + A;z + Ayz? + -+ + A, 2" is called the weight enumerator of the
code C, ..

The set Ay, Az, ..., Ay is called the weight distribution of the code €' . Inspired by the results of
[4], we prove that §, is the fourth largest coset leader, and we study the parameters of the code C

(q,m,8,)"
According to [5], author determined the first largest coset leader denoted by 6, = (¢ — 1)(]7”71 — 1 and
examined the parameters of the code C, Later, authors in [4] determined the second and the

—1
m2 |

M8y

third largest coset leaders modulo n, denoted respectively d, = (¢ — 1)qm_1 -1- qL and 0, =

m— m+1l
(g — 1)g R - qL > and studied the parameters of C(q,m,52> and C With their weight
distributions. The remainder of this paper is organized as follows. In section 2, preliminaries and
notations are introduced. Section 3 is devoted to the exploration of the parameters of the codes C

and C

ym,8g) "

164)

(@msa)” Section 4 concludes the paper.

2. Notation and basic concepts

In order to present the most recent results and apply them to investigate the dimension and the
Bose distance of our class of narrow sense primitive BCH codes, we present some auxiliary results on
cyclotomic cosets. More details on cyclotomic cosets and code constructions can be found in [9].

Definition 2.1 ([16], page 122). The gq—coset modulo n containing an element t is defined by Cy =
{t,tq, tqQ, ... tq Y where l; is the smallest integer such that t¢'* =t (mod n).

The smallest integer in Cy is called the coset leader of C;. We denote by I'(, ., the set of all coset
leaders modulo n.
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In [14], the authors give a general formula for computing the dimension of narrow sense primitive BCH
code.

Proposition 2.2 ([14], Proposition 2.1). The dimension of the code C,,  ; is equal to 1+ > |C;|.
r>4
Ter‘(qﬂn)
Cyclotomic cosets can be used to determine the Bose distance of narrow sense primitive BCH codes.
The following proposition gives the connection between dp and coset leaders. For more details about the
proof we refer the readers to [13| page 3.

Proposition 2.3 ([13], Proposition 4, page 3). The Bose distance of the code C

(q,m,8)
of a q-cyclotomic coset modulo n. Furthermore if 6 is a coset leader, then d, = ’

18 a coset leader

Next, we present some lemmas, that we will need later.
Lemma 2.4 ([1] Lemma 2.1). Let a and b be two positive distinct integers less than or equal to n. Let
m—1

> ajq? and Z bjq’ be the q—adic expansions of a and b respectively. Set
§=0

k:mm{i6N:Ogigm—l,am,l,i;«ébm,l,i}.

Then we have a > b if and only if am—1_k > bm_1_k.

m—1 )
Lemma 2.5. For non-negative integers a and j with 0 < a < n — 1 such that a = > a;q* and
i=0
1<j<m—1 we have
[qja]n = (am—(j+1),am—(j+2)vam—(j+3)a - ~7am—j+23am—j+1aam—j) )
where [c]n = (Cm-1,Cm—2,...,¢1,¢0) if c=co+c1g+ -+ Cm2q™ 2 + Cmy1¢™ " (mod n).
Proof. Since
m—(j+2) m—(i+1)
a = a,+ta q+a q +- G (i42) ' +am—(j+1) '
,j+ m—j+2 m—1
a,, Jq +am 14 +a, ;.4 +---4a, ,q ,
forall1<j<m—1,
J J j+1 jt+2 m—2 -1
qga = a,q9 +a,q +a,q +---+a,  .q +a, ;.4 +
2 —14j
Q,_; +a7n7j+IQ+am—j+2q +-ta, q (mOd ’/l)
I j _ O
ence, \qg al = (am—(j+1)’am—(j+2)’am—(j+s)7"'7amfj+27am—j+17amfj)'
Lemma 2.6 ([4], Lemma 5, Lemma 7, Lemma 12). Let
m—1 m—1 |1 m—1 | maL
o,=(-1g -1,0=(-1¢ -1-qg ° add=(q-1)g —-1-q °

Then we have :
1. 0, is the first largest q—cyclotomic coset modulo n and \Cél |=m
2. 0, 1is the second largest g—cyclotomic coset modulo n. Furthermore

=m if m s odd,

<.,

c.

mo. .
=35 if m s even.

15
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e

5

3. Form > 4, 0, is the third largest g—cyclotomic coset modulo n and ‘053

Below we give an overview about the recent results on the parameters of the codes C
and C

(q,m,85) "

(a,m,81)7 7 (a,m,8,)

Theorem 2.7 ([5], theorem 13, page 5325). The two cyclic codes C,  ;  and R (1,m)* are identical,

and have parameters [q" —1,m+1, (q—1)¢™ ' —1] where R, (1,m)* is the first order punctured generalized
Reed-Muller code of length n.

According to authors in [16], a linear code C' of length n over Fy and minimum distance at least d
is called optimal, if it has B, (n,d) codewords, where B (n,d) is the largest number of codewords in the
code C. There are other perspectives on optimizing a code, for more information readers can refer to [16]
page 53.

According to authors in [5], the code C

the codes C C c and C'(qy

(am,6,)7 7 (a,m.85)7 ~ (a,m.dy)7
following theorems :

(@imsy) is optimal. The main results about the parameters of

m.sy) AT€ given in [4], and according to them we have the

Theorem 2.8 (|4], theorem 8, page 243). The code C has parameters [n, k, |, where n = q™ — 1,

(q,m,82)
s d > 09+ 1 and

m—1 Ry

dbo=(@—-1)qg —1-

2m  for odd m,

3m
- for even m.

In particular,
a- For ¢ = 2 and m any integer, d = 65 + 1.

b- For q an odd prime, d = 65 + 1.
The weight distribution in the case a, b are given [/].

Theorem 2.9 ([4], theorem 11, page 250) Let m > 2 be an integer. The code C'

=ty
d > 6y and

(am.sy) 1MGS parameters

2

nk,d], wheren=¢q" —1,6,=(q—1)¢"  —1—g¢

2m+1 for odd m,
k:

3
7m +1 for even m.

Furthermore, d = 02 if q is prime.
According to authors in [4], the codes C, gy A0 C sy ar€ sometimes optimal, and sometimes

have the same parameters as the best known Tinear codes in the tables of the best known linear codes
maintained by Markus Grassl at http://wuw.codetables.de.

Theorem 2.10 ([4], theorem 13, page 251). Let m > 4. The code C( m.s5) Mas parameters [n, k, |, where
m— m+1 g
n=q —1,8=(q—1)q 1—1—q 7 ,d>63+1 and
3m  for odd m,
5m
— for even m.
2

In particular,
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a- When q = 2 for any integer m, d = 65 + 1.

b- If ¢ is an odd prime, and m > 4 is even then d = 83 + 1.

¢- If q is an odd prime, and m > 5 is odd then d = 03 + 1.
The weight distributions in the cases a, b, ¢ and d are given in [4].

Theorem 2.11 ([4], theorem 15, page 254). Let m > 4. The code C has parameters [n, k, d], where

(a:m.63)
m m—1 L
n=q —1,03=(¢—1)q —1—g¢ d > b3 and
3m+1 for odd m,
k= om
-5 +1 for even m.
According to authors in [4], the codes C, = and C(q .5,y are sometimes optimal, and sometimes

have the same parameters as the best known linear codes in t she tables of the best linear known codes
maintained by Markus Grassl at http://www.codetables.de.

3. Parameters of the code C<q-,m-,54>

In order to investigate the parameters of C we need the following two lemmas:

(4:m,8,)7

Lemma 3.1. 0, is a coset leader in the q—cyclotomic coset C; —and C; ~ has cardinality m.

Proof. To prove the lemma, we need to distinguish two cases :

o Case 1, m is odd. Then,

1 m3 mo1 | meR m3 m_s
0,=(@-1)qg —-1-q° =n—-q¢ —q  =n-—gq 1+gq

Now, let us determine C;

. =nd7 (1447, (mod n)
3,q n—qq ;(1+q 2_5)7(modn)
n—(1+g¢q s ), (mod n)
6,0 =n—ql+q ), (modn)
m—5 m+ts
67 =n—q7 (1+q "), (modn)
64qm2_3 n—gq o (14+¢ ;5)7 (mod n)
—n-(14¢7), (modn)
54qm2_1 =n—q(l+gq ,2‘_5), (mod n)

6,q" 7 = n-q_ 7 (1+q "), (mod n).
64qm—2 = ’I’L—q

m—1

0,9

|
3

|
Q
/D
+
<
8
Q
(oW
=

1E-

[3 18
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-7
If ¢+ and j are two distinct integers in the set {O,l,...,m2}, then we have

i m+5
n—q(l+q* )=

; m+5 1 ; it

andn—q' (1+q * ) =(a=1)¢" +-+(q=2)g ++(q=2)q ° +--+(@—Da+(g-1).

It is clear, by lemma [2.4], we have n — qi(l +q 7 )#n-— qj(l +q * ).
By the same reasoning when ¢ and j are two distinct integers in the set {0,..., mT*?’}, we have

n+5

(G=1)¢" "+t (g=2)g 4+ (g-2)g " * +-+(g—-Dg+(g—1)

5

m—>5 m—5

thatnfqi(1+qT)7énfq'j(l+qT).Thus
i m+5 -7 i m=5 3
054:{71—(1 (1+q2 )712071777712}U{n_q <1+q2 )22077’””}

2
It is clear that ’054‘ =m.
Observe that 4, is the smallest integer in C

5,- Indeed, in the set
i m=5 . m+3 . . .
{n —q (1 +4q ) :i=0,..., 2}, 0, is the smallest integer. Let’s compare J, with

m—7 m—+5

n—q ® (14q * ). We have

m—7 m+5 m—7 m+3
b= (n=a T ard ™)) =a - <0
Thus 6, is a coset leader modulo n.

Case 2, m is even. Then,

m—1

m;2 m_1 m;»Z m;»Z m;4
0,=(@-1)g —-1-q° =n—-q¢ —q  =n-—gq 1+g¢q .

Let’s determine C; .

m+2 m—4
4, =n-—gq (14—q2 , (mod n).
m42 m—4
6,9 =n-qq °’ (1+q ’ ) (mod n).
m—+4
= n—(l—i—q 2 ), (mod n).
2 m+4
8,q nq<1+q2 >,(modn).

m—6 m—8 m-+4
5, ° =n—-q?® (14+q* |, (modn).
m—4 m—=6 mt4
5, ° =mn—gq 1+q * ], (mod n).
m—2 m—4 m+4
5,g° =mn—-q?* (1+q ?* |, (modn).
m—4
= n<1+q 2 >, (mod n).
m m—4
5,q° :n—q(l—i—q2 >,(modn).
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It is clear that ‘C54 =m.

. . . i med m+ 2
Observe that ¢, is the smallest integer in the set {n—q (1+¢ i =0,...,— .

m—6 m+4

Let’s compare 6, withn—¢ * (14+¢ * ). We have

m—6 m+4 m—6 m+2

b,—(n—q* (A+q” ))=q’® —q° <O.

Thus J, is a coset leader modulo n. O

Now we verify that §, is the fourth largest coset leader modulo n.

Lemma 3.2. For m > 11, §, is the fourth largest coset leader modulo n.
Proof. To prove the lemma, we need to distinguish two cases :

o Case 1, m is odd. Then,

m+3

m—1
6,=(@—-1)g¢ —1-q°
s:mT_l.Then7

. We verify that there is no coset leader between ¢, and J,. Set

L m—2 m—1 542

(¢=D" " +d" "+ tat) =g g .
=(q-2q +(@-1)qg +---+@—2)q +(@—-1)g +
(¢—1)

s

)¢ +(@-1)q  +-+(g— g+ (g—1).

With the same argument we have

m+1
m—1 —5

(¢—1)¢ —1-¢q
m m—1 s+1
q 7175]1 —4 —2 +2 +1

2)g +@-1)q¢ +--+(@-1)q +(@—2)q +

(q—
(@—1)g +(g—1g  +-+(g—1g+(g—1).

J

s =

Hence

s+2 s+1

" (q-2)¢"" —(a-1)q

Since ¢ (q—1)—1=(q—2)q +(g—1)g’ +---+(g—1),anyi € {17 g (g1 - 1} can be

written as ¢ = is+1qs+l+isqs+- -4i,q+i,, where 0 < i, <¢—2and0 < i, <q—1;1€{0,...,s}.
Let K, :=0, —i for alli e {1,..., qsﬂ(q — 1) — 1}. We are able to give the g—adic expansion of
K, and analyze it. Indeed, we have

m—1 m—2

K = (¢-2¢" +(@-1D¢ "+ +@-Dq +@-2¢" +@-Dg +@—Dg '+

. s+1 . . s— . .
et (g-g—iq —iq —i_,q —...—i.q—i,.

ot
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Therefore,

m—1

K, = (¢—2)q +(q—1)qm72+---j(q—1)qs+2+(q—2—is+1)qs+1+
(g—1—i)g +(q—1—-4,_,)g +-+(@—-1—1i)g+(g—1—1i,).

Now we need to verify that K, cannot be a coset leader. To this end, we consider two subcases
as follows.

— Case 1: g = 2. In this case, we have :

—2 s+

K =2""4 +27 41 —i)2+-+(1—i)2+ 1 —1i,).

Where i, € {0,1}.

K,
— 14, = 1. Then 2" and K, are in the same g—cyclotomic coset modulo n, and since

K, > 71, K, cannot be a coset leader.

— i, =0. Then,

K =2""42"""4+.. . 4277 1 (1-i)2 +(1—-i_)2 "+ +(1—i)2+1

Since i # 0, one of the i/s must be nonzero. Let [ denote the largest one such
that ¢, = 1. Thus, we have :

K =0x2" 42" 42" 4. 427 yox2" 427+
2 pox2 (=i, )2 e+ (1 —d)2 4+ 1
2"TTIK, = ox 2" T T T T T T T
27 +2+140x 2" (1 -, 2"+
m— m—Il—1

et (1—d)2" 42

m—2

_ 0X2m—1+(1_il71)2'm,—2+...+(1_l‘1)2m,—l+27n—l—l+
0 % 2m7l—2 + 2m7l73 + 2n1—l74 + . + 2>+2 + 25+1 + . +
s—(l—1) s—1 s—(1+1)
2 +0x2  +2 +--+2+ 1

Using lemma [2.4], we confirm that 2" 'K, < K. Hence, K, cannot be a coset
leader. In all cases there is no coset leader between ¢, and &,.

— Case 2: ¢ > 2. Then,

Ki _ (q o 2)q7n—1 + (q o 1)q1n72 + . + (q _ 1)q5+2 + (q _9_ is+1) qs+1+

(g—1—i)qg +(q—1—i,_,)g +-+(@—1—i)g+(g—1—1i,).

m—1—(s+1)

—1If i, > 1, then we verify that ¢ K, <K,.
L —2— 3

By lemma [2.5] we have [qm Kl} =((g—2—i,)i(¢g—1—-1i)(qg—1~-

i, y)ie-i(@—1—1,);(¢—1—14,);0; (¢ = 2); (¢ — 1);...5 (¢ — 1)).
Since 1 <i,,, <q¢—2,¢—2—1i,_, <q—2,and by lemma [2.4], K, cannot be a
coset leader.

— If i, > 2 for some [ with [ € {0,...,s},let K, = (¢—2)¢"  +(q—1)¢"  +---+

s—1

s+2 . s+1 . s .

(=g +(@—-2—i )¢ +(@—-1-di)g +(qg—1—i_,)g +...+(q—
oL X .

1;}{2?+...+(q—17.zl)q+(q—'1fzo). | .

[q Ki]n:((q_l_zz)§(q_1_21—1)3(q_1_11—2)§~"-;(q_1_21);((1._1_

i0);0;(q = 2);(g—1);..5(q—=1)5(q—2—i,);(g—1—4d);...;(¢—1—14,_,)).

Since i, > 2,q¢—1—1, < ¢—3 < ¢—2, and by lemma [2.4], K, cannot be a coset

leader.
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— We now assume that i, € {0,1} for all 0 </ <s—1andi_, =0. Sincei > 1,
at least one of the i/s must be 1. Let [ denote the largest one such that i, = 1.
Then we have :

K. = (-2 +(-D¢" "+ +@-Dg +@-2g" +
(=g +(a-Da" +oF(g=1)g +(a—2)q +
. (@=1—i_)g  +- (q—ll—l )q+(q—1—l;o) .
q K, = (¢—2)q +(q*1) +(a—1)g +(q*1)q +
(-1 "t (= 1)+ (g~ 2)g"" A lg-1—i i )q
o +ot(g -1 ig" +la- 12— ing o
Ko =(¢=2¢ +(—-1—d)g +-+—-1-i)g +
(@—1-4)q" " +(@-2¢" "+ T+ +@-Dg+
ot @-Dg T @D @D+ (- 1)
By lemma [2.4], K, cannot be a coset leader.
— Case 2, m is even. Then,
0, =(q— 1)qm71 —-1- qm;r2 . We verify that there is no coset leader between §,
and 6,.
Set s = mT_Q Then,
5, = (q—1q" —1-¢"
=q¢" -1-¢""—¢"
m—1 s+2

m—2 m—1
(=Dl +¢ +-+g+l)—q¢ —q »
=(¢-2q +(@-1g +--+@-2)¢ +(@-1)qg +
(g—1)

s

¢ +(@—1)¢  +-+(@—1a+ (-1

1

6, = (¢-1¢" —1-q°

m m—1 s+1
=9 = 1 gl - —2 s+2 s+1
(@=2)q¢  +(@-Yg +--+(-1g +(@-2)q +
(¢—Vg +(q—1)g +-+(@-1Lg+(g—1)
It is similar to the odd case that we follow the same steps for the remainder of
the proof.
O
Now we are able to investigate the parameters of the code €', ; , and the code C~'(q7m764) :
Theorem 3.3. Let m > 11. The code C ., has parameters [n, k,d]|, where n = ¢ —1,d> 0,+1 and

(q.m.8,)

4m if m is odd,

k= 7
m
- if m is even.

Proof. For the value of the dimension we apply the proposition [2.2]. Finally the BCH bound ensures
the bound on the minimum distance. O

Corollary 3.4. For an odd integer m, m > 11, the code C~’(2’m’64) has parameters [n,k,d], where n =
m—+3

2" 1, k=4m andd=2""" -2 °

~
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o)

Weight w Number of words of weight w
0 1
gm—1 | 9Pt (2’”—1 _ 2m51) (151 x 22™3 425 x 2™ 4 25) 22
9T _ 975 (271 4 273 ) (151 x 2273 + 25 x 2™ + 2°)(Zazl)
242" [ (2m 2 2T ) (28 x 20 4 1) (2 - 1)(T)
2l 2% [ (2m 2 2T ) (23 x 20+ 1) (2 - 1)(T)
p— 2171,;—3 gm—6 _ 2m277 om=3 _ 1)(2_=1
+ ( )( )( 45 )
gm—1_ 5" 7" "0 27T )(@mt gy (2
( + ) )E5)
m—1 Im
5 2 -1- ¥ 4
j¢0,21Y171

Table 1. Weight distribution of the code C’(Q,mm)

Proof. Since m is odd, and m > 11. Then the dimension of the code é(z,m,,54> is 4m. According to

Kassami in [15] theorem 16 page 24, the code C'(z 5, 15 the same as the code defined under [15] lemma
9 page 15, which has the weight distribution shown in table 1. And since there is a codeword with weight

d4. Then, the minimum distance of the code C~’(2‘m‘54) is exactly 4. O

According to author in [15] page 24. The dual code of the code CN'(Q’WS is a subcode of the dual

code of the code C’(z

1)

b)) which has minimum distance 7.
M0y

Example 3.5. Let (¢,m) = (2,11). Then é, = 895, and CN'(q’m’w has parameters [2047, 44, 896], with the
weight enumerator 1+ 3574742979584z +38053715589122"" +1645110033602 """ + 1864458038082 +

1152 896 1024

332260852z 4427192524z + 98603552453752
Theorem 3.6. Let m > 11. The code C(q,m,%) has parameters [n, k,d], where n =q  —1, d > dp such
that dg = 0,, and
dm~+1 if m is odd,
k= m

- +1 if m is even.

Proof. For the value of the dimension we apply the proposition [2.2], and by proposition [2.3] we find
that dp = 0, since §, € I'(4, ). Finally BCH bound ensures the bound on the minimum distance. O

Conclusion and further works

By this work we initiate our first reaserch in studying the parameters of narrow sense primitive BCH
codes. Our idea in this work was inspired from the ideas proposed by authors in [4]. Thus we give a
similar demonstration as the one proposed in [4] to find the fourth largest coset leader modulo g -1,
and the code C' The investigation of the

and then investigate the parameters of the code C(W:w (amsy)

weight distribution of the code C~'(2’m’ 5, for odd m > 11 was presented by Tadao Kassami in [15]. In
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a future work we plan to study the weight distributions of the codes €', ; and é<q,m, 5p) by adopting
the theory of quadratic forms over the finite field and the theory of association schemes. We also plan
to attack some open problemg proposed by Cunsheng Ding in [4] about the weight distribution of the

extended codes C’(q and C

M, 85) (a,m,85)"
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