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Abstract: Let p be a prime number and F,Cp» denote the group ring of a cyclic group of order p" over F,. We

study the permutation property of the polynomial ag + a1z + apa? + -+ + apn zP" with coefficients
a; € F,Cpn where i =0,1,p,...,p". Necessary and sufficient conditions on the coefficients have been
obtained so that it becomes a permutation polynomial.
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1. Introduction

Let R be a finite ring of order m and G a group of order n, then the group ring RG has m™ elements.
A polynomial f(z) € RG[z] is said to be a permutation polynomial over RG if the associated polynomial
function f : ¢ = f(c) from RG into RG is a permutation of RG, that is f, is bijective over RG. Therefore,
to check whether a polynomial f € RG[x] is a permutation polynomial, it is sufficient to check whether
the corresponding polynomial function is injective or surjective over RG.

Cryptographic systems are derived using units in group rings [9]. Group rings can also be used in
designing codes. A strong connection of self dual codes with group rings can be found in [4]. The study
of permutation polynomials over rings has several applications in many areas such as cryptography and
coding theory [1, 10, 11, 15, 17, 18]. For one, permutation polynomials over finite rings are used as random
number generators [19]. Permutations of elements of a finite ring will give sequences of random numbers.
The group ring F,Cp» which we used in this paper is also a finite ring containing p’ elements where
t = p™ and hence can be used for generating sequences of random numbers. Random number generators
play an important role in cryptography and coding theory. For example, In the RC'6 block cipher there
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is use of the permutation polynomial = + 222 over the finite ring Z,». Permutation polynomials are also
used in designing of S-boxes. Permutation polynomials with few terms are important because of their
applications. The study of permutation polynomials has been an interesting subject for many years. But
characterizing permutation polynomials and finding new families of them remains a very interesting area
of research.

Details related to the construction and applications of permutation polynomials can be found in
[12]. Some classes related to the construction of permutation polynomials over finite fields can also be
found in [6-8]. Rivest [14] characterized permutation polynomials over Za». Singh and Maity [16] studied
permutation polynomials mod 3™ and 5™ and gave conditions alike to those given by Rivest for modulo
2"™. Some other characterization of permutation polynomials over finite rings can be found in [2, 5]. But
characterization of permutation polynomials is not so easy when it comes to arbitrary commutative rings.
In this paper, we study the permutation property of a class of polynomials over the group ring [F,Cpn.

The remaining paper is organized as follows. Section 2 consists of some notations and certain useful
lemmas. In section 3, we prove our main results. In section 4, we state the conclusion.

2. Preliminaries

Let n be a positive integer and let R = F,Cpn = {co + cra + caa® + -+ + cpn_1a?" 7 | ¢; € F,},
where Cpn = (o | a?” = 1). Note that for any a € R, a?" € F,, and hence a?""" = a?" for k> 0. If
R is a commutative ring with unity, then the set of units of R denoted by U(R) forms a group under
multiplication of R called the unit group of R. For a field F', the unit group is usually denoted by F™*.

Definition 2.1. [13] The homomorphism ¢ : RG — R given by

(5o0)- 5o

geG geG

is called the augmentation mapping of RG and its kernel, denoted by A(G), is called the augmentation
ideal of RG.

Lemma 2.2. [3] Let R be a finite commutative ring with unity, then every non zero element of R is
either a zero divisor or a unit.

Lemma 2.3. Ifu is a unit and y a non unit in F,Cpyn, then uP" is a unit of F, and Yy =0.

Proof. Letz=cy+cra+coa®+ ...+ cpn,lap"_l € F,Cpn, then

n

2P = (co+ara+ 00+ .+ cpn,lapnfl)p
= co+ cr (@) + ca(@®)P" + ..+ cpn g (aP"THP" (1)

=co+tci+...+epmo1=¢€(z) as o =1

where € : F,Cpn — F, is the augmentation mapping defined in definition ??. Obviously 2" e F,

Now, u is a unit and u?” = £(u). Since ¢ : F,Cpn — F, is a ring homomorphism, it follows that
e(u) € Fy for all u € U(F,Cpn) where U(F,Cpn) denotes the set of units of F,Cpn.

If y is a non-zero non-unit in F,Cy,» then y?" = ey) € F,. Again, if e(y) # 0 then yP" is a unit,
which implies that y is also a unit. A contradiction. Hence y?" = 0. O
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3. A class of permutation polynomials over the group ring IF,C)»

In this section we consider the permutation property of f(z) = ag + a1z + apz? + -+ + apn zP" over
R =F,Cpn. We will repeatedly use lemma 2.2 and lemma 2.3 throughout the proof.

Theorem 3.1. Let f(x) = ag + a1z + apz? + - -+ + apnxp" € R[z] with a; € R fori=0,1,p,...,p"
Then f is a permutation polynomial if and only if both a1 and a1 + a, + -+ - 4 apn are units.

Proof. Since the constant term has no bearing on whether f is a permutation polynomial, we will
assume ag = 0. In this case, f: R — R is an F,— linear map.

We consider the following cases:

Case 1: a1 is a non-unit
If ay is zero, let s € R\ {0} satisfy s? =0 (for example, s =1 — oﬂ’"fl). Then,
f(8) = a15+ aps? + -+ apms? =0.
Hence f is not injective.

If a1 is not zero and a zero divisor, let s € R\ {0} be a zero divisor such that ays = 0. Since sP # 0
and s?" = 0, there is a maximal k& > 0 such that 52" # 0. Hence,

K k_ k41 ktn
f(s? ) =ayss? L ta,st 4o tams? =0,

Again, f is not injective.

Case 2: a1 + -+ apr is a non-unit

It follows that (a1 +---+ apn)pn = 0. For an arbitrary s € R, we get
)P =al" s + agnspn +ooF aZZspn = (a1 +ap+ -+ ap)? P =0.

Hence, the image of f consists only of zero divisors, and f can not be surjective.

Case 3: a1 and a1 + --- + apn both are units

It follows that also alfk and (aq + -+ + apn )pk are units for all £ > 0. We show that f is injective.

Suppose there exists s € R such that f(s) = 0. We prove by induction that sP" =0 for k = n,...,0.
For the case k = n, we see that

n n n n n n n n n
0=f(s)P =af s¥ +ab s" +-- +ap.s? =(ar+ap+-+apm)? s .

Since aq + - -+ + apn is a unit, (a3 +--- + apn)pn is also a unit, and it follows that s?" = 0.

Now, assume that sP" =0 for all £ > k. Hence

n

k ko k ko k41 k ko koK
0=f(s)" =af s" +ap s" +-4a’, " + - Fapms’ =a] s".
. L . k
Again a? is a unit, hence s? = 0.
1 )

From the case k = 0, we conclude that s = 0, and hence that f is injective. O
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4. Conclusion

In this paper, we obtained necessary and suflicient conditions on the coefficients a; € F,Cp» such
that ag + a1z + apa? + -+ + apn 2P" is a permutation polynomial over the group ring Fp,Cpn.
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