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Abstract: Let p be a prime, and q = pn be a prime power. In his works on Sidon sets over Fq × Fq, Cilleruelo
conjectured about polynomials that could generate q-element Sidon sets over Fq × Fq. In this paper,
we derive some criteria for determining polynomials that could generate q-element Sidon set over
Fq × Fq. Using these criteria, we prove that certain classes of monomials and cubic polynomials
over Fp cannot be used to generate p-element Sidon set over Fp × Fp. We also discover a connection
between this class of polynomials and the class of planar polynomials.
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1. Introduction

Sometimes we use some objects to satisfy some other means, but we do not know whether any other
similar object exists.

1.1. Background

LetG be an abelian group, written additively. A subsetA ⊆ G is a Sidon set if, for any a1, a2, a3, a4 ∈
A that satisfy a1 − a2 = a3 − a4, {a1, a4} = {a2, a3}.

Sidon sets have been studied extensively since the 1940s, and have appeared on subjects such as
finite geometry, graph theory, and coding theory, to mention some instances.
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In this paper, we focus on Sidon sets over the group (Fq × Fq,+), with Fq being a finite field with
q being a power of a prime p. A precursor of the set first appeared in [11], by considering that the
map N × N → Z given as (k, k2) → (2pk + (k2 (mod p))) with 1 ≤ k ≤ p and N × N → Fp × Fp

given as (k, k2) → (k, k2) both gives a Sidon set over the respective groups. The Sidon set over this
group is resurgent in 2010s, with applications in additive number theory [5, 6] and extremal graph theory
[1, 9, 16, 17].

It turns out that the Sidon sets over this group can be parametrized by two polynomials in Fq[x]. We
aim to give some criteria of polynomials that can (or cannot) parametrize a Sidon set over (Fq × Fq,+),
and derive some results regarding the parametrization from them.

1.2. Maximum Sidon sets

Consider a Sidon set A over (Fq × Fq,+). We first notice that when Fq is of characteristic 2,
there do not exist non-trivial Sidon sets over (Fq × Fq,+) based on our definition. This is true since
(a, b)− (c, d) = (c, d)− (a, b) for all (a, b), (c, d) ∈ Fq × Fq. However, if we use another definition of Sidon
sets, that is, there are no elements a1, a2, a3, a4 ∈ A with at least three of them different that satisfy
a1−a2 = a3−a4, then some non-trivial Sidon sets over the set (Fq×Fq,+) may exist. In particular, this
family of Sidon sets may be used to construct almost perfect nonlinear functions, see [4, Section 11.3]

We may now assume that char(Fq) > 2 in this paper. By a counting argument based on the set
{a− a′, a, a′ ∈ A}, we have that |A| ≤ q. If equality occurs, we say that A is a maximum Sidon set over
Fq × Fq.

Now, let Fq = {x1, x2, . . . , xq} be an indexing of Fq. By Lagrange interpolation Theorem, for any
q-element multiset

X = {{(a1, b1), (a2, b2), . . . , (aq, bq)}} ⊆ Fq × Fq,

one can always find P,Q ∈ Fq[x] with degP,degQ ≤ q−1 such that (P (xi), Q(xi)) = (ai, bi) for 1 ≤ i ≤ q.
We note that this representation of X is not unique.

By this observation, we see that any maximum Sidon sets over Fq × Fq can be written in the form

(P,Q) := {(P (x), Q(x)) : x ∈ Fq}

where P,Q ∈ Fq[x]. Furthermore, we can assume that all polynomials are taken modulo xq − x. Hence,
we assume degP,degQ ≤ q − 1 from now on.

We now restate a family of maximum Sidon sets constructed by Cilleruelo.

Lemma 1.1. [5] Let P,Q ∈ Fq[x] be non-constant polynomials with degree not more than two, such that
for any k ∈ Fq, P−kQ is not constant. Then, (P,Q) is a maximum Sidon set over Fq×Fq. In particular,
(x, x2) is a maximum Sidon set.

It is conjectured in [3] that when q = p, these families are the only possible maximum Sidon sets
over Fp × Fp. The precise statement is as follows.

Conjecture 1.2. [3] Let p be prime, and A be a maximum Sidon set over Fp × Fp. Then, there exists
P,Q ∈ Fp[x] with 1 ≤ deg(P ),deg(Q) ≤ 2 and A = (P, Q).

The only progress known to the authors regarding this conjecture is over subsets of the form (x, Q)
over Fp × Fp, which is stated without proof (albeit with typographical errors) in [3].

Lemma 1.3. [3] If (x, Q) is a maximum Sidon set over Fp × Fp, then Q is quadratic.

We later see that the proof of this statement is immediate from Theorem 2.8. On the other hand,
for the case q 6= p, a maximum Sidon set other than the family in Lemma 1.1 may exist. This can be seen
from Theorem 2.8. However, it is also not known whether any other maximum Sidon set exists outside
of these families.
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2. Sidon polynomials

2.1. Definition of Sidon polynomials

In this paper, we consider a related question to Conjecture 1.2. First, we define a class of related
polynomials as follows:

Definition 2.1. A polynomial P ∈ Fq[x] is Sidon over Fq ×Fq if there exists Q ∈ Fq[x] such that (P,Q)
is a maximum Sidon set.

From Cilleruelo’s construction in Lemma 1.1, and considering that if (P,Q) is a (maximum) Sidon
set, (P,Q + aP ) is also Sidon, we see that all linear and quadratic polynomials are Sidon polynomials
over Fq × Fq.

By using this definition, we are able to derive the equivalent form of Conjecture 1.2 in terms of Sidon
polynomials. However, in order to do this, we first need an observation on the polynomials over Fq, and
a new definition that is related to them.

Let (P,Q) be a Sidon set over Fq × Fq and σ : Fq → Fq be a bijection. It is easy to see that
(P ◦ σ,Q ◦ σ) and (σ ◦ P, σ ◦Q) are Sidon sets as well.

We note that for any bijective map σ : Fq → Fq there exist a polynomial R ∈ Fq[x] such that
σ(r) = R(r) for any r ∈ Fq. Based on this, we define a polynomial R ∈ Fq[x] as a permutation polynomial
if R is a bijection over Fq. From the observation in the preceding paragraph, we are motivated to define
the following equivalence.

Definition 2.2. Let P, P ′ ∈ Fq[x]. The polynomials P and P ′ are permutation-equivalent over Fq[x],
denoted by P ∼ P ′, if P ′ = R ◦P ◦ T , for some permutation polynomials R, T ∈ Fq[x]. When the context
is clear, we may only say an equivalence when referring to a permutation equivalence over Fq[x].

The following result is immediate from the observation and the definition of ∼.
Theorem 2.3. The relation ∼ is an equivalence relation. Moreover, if P ∼ P ′ and P is a Sidon
polynomial, then P ′ is also a Sidon polynomial.

We now define two functions over Fq[x] that act as invariants under relation ∼. Both functions are
related to the roots of the polynomial P (x)− γ in Fq.

Definition 2.4. For P ∈ Fq[x] and nonnegative integer n, define f(P, n) as the number of γ ∈ Fq such
that the polynomial P (x) − γ has a root in Fq with multiplicity at least n. Also, define g(P, n) as the
number of γ ∈ Fq such that the polynomial P (x)− γ has exactly n distinct roots in Fq.

As stated before, these two functions are invariants over Fq[x] with respect to ∼. The proof of this
statement is given in Section 5.

Theorem 2.5. Let n be a positive integer and P, P ′ ∈ Fq[x] such that P ∼ P ′. Then, f(P, n) = f(P ′, n)
and g(P, n) = g(P ′, n)

As the first application of these invariants, we first classify the equivalencies of linear and quadratic
polynomials in Fq[x] over ∼.
Corollary 2.6. Let a1, b1, a2, b2, c ∈ Fq with a1, a2 6= 0 and char(Fq) > 2. Then,

a1x+ b1 ∼ x

and

a2x
2 + b2x+ c ∼ x2.

However,

x 6∼ x2.
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Proof. The proofs of the first two statements are considered straightforward, hence we only provide
the proof of the last statement. To do this, we observe that g(x, 2) = 0. However, because the equation
x2 = 1 has two solutions in Fq, we have g(x2, 2) > 0. We conclude the proof by applying Theorem 2.5.

Using these notations and results that we have introduced, we can now restate Conjecture 1.2 in
terms of ∼.

Conjecture 2.7. Let p be a prime, and P ∈ Fp[x] be a Sidon polynomial. Then, either P ∼ x or P ∼ x2.

We end this section with noting that the last conjecture may be proven by brute force for p ≤ 5.

2.2. Connection with planar polynomials

A polynomial P ∈ Fq is planar if, for any nonzero a ∈ Fq, the polynomial P (x + a) − P (x) is a
permutation polynomial. This polynomial family was first introduced by Dembowski and Ostrom in [10],
with applications in finite geometry.

If q = p, it is known that the only planar polynomials are quadratic polynomials [12, 13, 15]. This
fact may be used to give a short proof of Lemma 1.3, which goes as follows. Suppose that A = (x,Q) is
a maximum Sidon set over Fp × Fp. Let k be a fixed nonzero element of Fp. Consider the elements

(x+ k,Q(x+ k))− (x,Q(x)) = (k,Q(x+ k)−Q(x)) ∈ A−A

for all x ∈ Fp. Since A is a Sidon set, by considering the above equality, we have that

Q(x+ k)−Q(x) = Q(y + k)−Q(y) ⇐⇒ x = y.

Therefore, the polynomial Qk(x) := Q(x+k)−Q(x) is a permutation polynomial in Fp, for each nonzero
k ∈ Fp. This implies that Q itself is a planar polynomial over Fp, which implies that Q itself is quadratic.

However, if q is not prime, another family of planar polynomials can be constructed [2, 7, 8]. We
now state a connection between Sidon polynomials and planar polynomials.

Theorem 2.8. Any planar polynomial is a Sidon polynomial.

Proof. Let P ∈ Fq[x] be planar. We now prove that the set (x, P ) is a Sidon set. Now let x1, x2, x3, x4
satisfy the equation

(x1 − x2, P (x1)− P (x2)) = (x3 − x4, P (x3)− P (x4)).

Suppose x1 6= x2 (and x3 6= x4). By letting x1 − x2 = x3 − x4 = a, we see that P (x2 + a) − P (x2) =
P (x4+ a)−P (x4). However, since P is planar, this implies x2 = x4, and x1 = x3. This proves the initial
assertion.

To end this section, we note that x is a Sidon polynomial over Fq × Fq for any q, however it is not a
planar polynomial.

3. Criteria of Sidon polynomials

In this section, we prove some criteria for determining whether a polynomial in Fq[x] is Sidon. To
do this, we first define some functions over Fq[x] as follows.

Definition 3.1. For any P ∈ Fq[x] and r ∈ Fq, let

dr(P ) = | {(a, b) ∈ Fq × Fq : P (a)− P (b) = r}|
vr(P ) = |{x ∈ Fq : P (x) = r}|.
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When the discussed polynomial is clear from the context, we simply write dr and vr instead of dr(P ) and
vr(P ).

Now we are ready to state the criteria, as follows:

Theorem 3.2. If P ∈ Fq[x] is a Sidon polynomial, then

dr(P ) ≤

{
2q − 1, r = 0

q, r 6= 0,

and ∑
i∈Fq

vivi+r ≤

{
2q − 1, r = 0

q, r 6= 0.

Proof. We first bound dr(P ). Let H = (P,Q) be a maximum Sidon set, and

H −H = {h1 − h2, h1, h2 ∈ H}.

Suppose for a fixed r ∈ Fq, (r, w) ∈ H−H for a certain w ∈ Fq. This implies that the system of equations

P (x)− P (y) = r (1)
Q(x)−Q(y) = w

has a solution in Fq × Fq. Furthermore, since H is a Sidon set, this solution is unique if (r, w) 6= (0, 0).

If r 6= 0, because H is a Sidon set, each w ∈ Fq generates at most one pair (x, y) ∈ Fq × Fq that
satisfy Equations (1). This implies

dr(P ) ≤ q

for all nonzero r, which completes the proof in this case.

Next, we consider the case where r = 0, and bound d0(P ). By the preceding argument, each nonzero
w ∈ Fq contributes to at most one solution of Equations (1). Then, when w = 0, since H is a Sidon set,
the only possible solutions of Equations (1) are when x = y. By these observations, we have

d0(P ) ≤ q − 1 + q = 2q − 1,

which completes the proof of the first inequality.

We now prove the second inequality. To do this, we prove that the left-hand side of this inequality is
equivalent to the first inequality. By the definition of vi, the number of x, y ∈ Fq such that P (x) = i+ r
and P (y) = i is vivi+r. Summing over all possible i, we have

dr(P ) =
∑
i∈Fq

vivi+r.

This completes the proof of this theorem.

We note that P = x2 satisfies the equality case for both inequalities for r = 0. Also, P = x satisfies
the equality case for r 6= 0.

We note that Theorem 3.2 generalizes the observation in Remark 3 of Rónyai and Szönyi [15].

Before giving another criterion to determine a Sidon polynomial, we first prove a short lemma on
the number of solutions of a linear equation over a Sidon set H. We recall that for a set H equipped
with an addition operation, we define

H +H = {h+ h′ : h, h′ ∈ H}.
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Lemma 3.3. Let H be a Sidon set. If s ∈ H +H, the equation x+ y = s has exactly one solution in H
if and only if s = 2h, for an h ∈ H. Otherwise, the equation has exactly two solutions in H.

Proof. Since s ∈ H + H there exist (a, b) ∈ H × H with a + b = s. Suppose (c, d) ∈ H × H with
c+ d = s as well. Then,

a− c = d− b.

Since H is a Sidon set, we have (a, b) = (c, d) or (a, b) = (d, c). If a = b then (a, a) is the only solution of
the above equation, and if a 6= b there are exactly two solutions, namely (a, b) and (b, a). This completes
the proof

We can now derive another criterion to determine a Sidon polynomial.

Theorem 3.4. If P ∈ Fq[x] is a Sidon polynomial, then for all r ∈ Fq,

v2−1r +
∑
i∈Fq

vivr−i ≤ 2q.

Proof. Let P ∈ Fq[x] be a Sidon polynomial and H = (P,Q) be a Sidon set. First, we prove that, for
a fixed r ∈ Fq

|{(a, b) ∈ Fq × Fq : P (a) + P (b) = r}| =
∑
i∈Fq

vivr−i.

This is done by considering that, for an arbitrary i ∈ Fq, there are vivr−i ways of choosing a, b ∈ Fq with
P (a) = i and P (b) = r − i.

Consider a map Fq × Fq → H +H defined as

(x, y) 7→ (P (x) + P (y), Q(x) +Q(y)).

By Lemma 3.3, this map is two-to-one, except when x = y.

Now, for a fixed r ∈ Fq, we consider an element (r, w) ∈ H +H. By definition, there exist a, b ∈ Fq

that satisfy the system of equations

P (a) + P (b) = r

Q(a) +Q(b) = w.

By the observation in the preceding paragraph, and dividing the cases where a 6= b and a = b, we
have that there are exactly

1

2
|{(a, b) ∈ Fq × Fq, a 6= b : P (a) + P (b) = r}|+ v2−1r

elements of the form (r, w) in H +H, for a fixed r ∈ Fq. Since there are at most q distinct element of
the form (r, w) for a fixed r, we have that

1

2
|{(a, b) ∈ Fq × Fq, a 6= b : P (a) + P (b) = r}|+ v2−1r ≤ q.

On the other hand,∑
i∈Fq

vivr−i = |{(a, b) ∈ Fq × Fq : P (a) + P (b) = r}|

= |{(a, b) ∈ Fq × Fq, a 6= b : P (a) + P (b) = r}|+ v2−1r.
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From these two statements, we may get

v2−1r +
∑
i∈Fq

vivr−i ≤ 2q,

which proves the theorem.

We also notice that when r = 0, P = x2 and q ≡ 1 (mod 4), equality occurs in Theorem 3.4.

4. Classifying Sidon polynomials

As the first application of the criteria in the previous section, we classify a class of Sidon and non-
Sidon monomials.

Proposition 4.1. Let r > 2 be a natural number, p > 3 be a prime and q be a prime power of p. Then,

(i) P (x) = xr ∈ Fq[x] is not a Sidon polynomial in Fq × Fq if r | q − 1.

(ii) P (x) = xr ∈ Fq[x] is a Sidon polynomial in Fq × Fq if (r, q − 1) = 1.

(iii) In Fp × Fp, the set (xr, Q) is a Sidon set if and only if Q(xk) is a quadratic polynomial (modulo
xp − x), where k is taken to satisfy p− 1 | kr − 1.

Proof. We first prove the first statement. Let P = xr ∈ Fq[x] with r | q−1 and r > 2. For an arbitrary
nonzero i ∈ Fq we notice that the equation xr = i has exactly zero or r solutions in Fq. Furthermore,

there are exactly
q − 1

r
values of i such that this equation has r solutions. By counting, we may get

d0(P ) = |{(a, b) ∈ Fq × Fq : a
r = br}| = 1 + r2 · q − 1

r
> 2q.

This violates Theorem 3.2, therefore, this polynomial is not a Sidon polynomial.

Now we prove the other statements. Firstly, since (r, q−1) = 1, there exists k such that q−1 | kr−1.
Since (r, q − 1) = (k, q − 1) = 1, that (from [14], for example) xr and xk are permutation polynomials
over Fq.

Hence, since composition with permutation polynomial (modulo xq−x) preserves the Sidon property
of a set, we see that (xr, Q) is a Sidon set if and only if ((xk)r, Q(xk)) = (x,Q(xk)) is also Sidon. Picking
Q = x2r, we have that xr is a Sidon polynomial. And, from Lemma 1.3, we see that Q(xk) (mod xq −x)
must be quadratic, which proves the last statement.

We then proceed with classifying cubic Sidon polynomials. We prove that all cubic polynomials in
Fq[x] are classified, with regards to ∼, in one of three equivalence classes.

Theorem 4.2. Let q be a prime power with char(Fq) > 3, P ∈ Fq[x] be a cubic polynomial, and k be
a nonsquare in Fq. Then, P is equivalent to one of x3, x3 − x, and x3 − kx. Additionally, these three
polynomials are not permutation-equivalent with each other.

Proof. We first prove that for any cubic P ∈ Fq[x], there exists a w ∈ Fq with

P ∼ x3 − wx.
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Let P = ax3 + bx2 + cx+ d, and ba−1 = e, ca−1 = f . We get

P ∼ x3 + ba−1x2 + ca−1x+ da−1

∼ x3 + ex2 + fx ∼
(
x− e

3

)3
+ e

(
x− e

3

)2
+ f

(
x− e

3

)
∼ x3 −

(
f − e2

3

)
x = x3 − wx,

which proves the statement.

Next, we prove that

x3 − k1x ∼ x3 − k2x,

where k1, k2 ∈ Fq are both nonzero squares in Fq or are both not squares in Fq. Notice that in either
cases, k1/k2 is a square in Fq. Let k1/k2 = r2. Then, we have that

x3 − k1x = x3 − k2r2x ∼ (rx)3 − k2r2rx = r3(x3 − k2x) ∼ x3 − k2x,

which proves the statement.

By this point, we see that any cubic polynomial P ∈ Fq is equivalent to either x3, x3−x, or x3−kx,
for a fixed nonsquare k ∈ Fq. We now prove that these three polynomials are not equivalent over ∼.

We first prove that x3 is equivalent to neither x3−x nor x3−kx, with respect to ∼. By Theorem 2.5,
it suffices to prove f(x3, 3) 6= f(x3 − x, 3) and f(x3, 3) 6= f(x3 − kx, 3). We can easily show that

f(x3, 3) > 0, f(x3 − x, 3) = f(x3 − kx, 3) = 0,

which completes the proof.

Next, we prove that x3 − x and x3 − kx are not equivalent. We have that

f(x3 − x, 2) > 0

Now we prove x3−x and x3−kx are not equivalent over ∼. By Theorem 2.5, it is sufficient to prove

f(x3 − x, 2) 6= f(x3 − kx, 2).

We recall that f(x3 − x, 3) = 0. Therefore, f(x3 − x, 2) > 0 if and only if there exists an α ∈ Fq

such that the polynomial x3− x−α has a double root γ ∈ Fq. The last scenario is possible if and only if
3γ2 − 1 = 0, which implies 1/3 is a square in Fq. By the same reasoning, we have that f(x3 − kx, 2) > 0
if and only if k/3 is a square.

Since k is a nonsquare, 1/3 and k/3 cannot both be squares in Fq. Hence, when f(x3 − x, 2) > 0,
we have f(x3 − kx, 2) = 0 and vice versa. This completes the proof.

We also prove that these classes are distinct from the equivalence classes of linear polynomials and
quadratic polynomials, except at two special cases.

Theorem 4.3. Let q be a prime power with char(Fq) > 3. The classes x3, x3 − x, and x3 − kx (where
k is a nonsquare) are equivalent to neither x nor x2 in Fq[x], except in the following cases:

1. x3 ∼ x when q ≡ −1 (mod 6)

2. x3 − kx ∼ x2 when q = 5.
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Proof. We first prove that x3 is equivalent to neither x2 nor x. We first see that if 6|q − 1, x3 is not
a Sidon polynomial by Proposition 4.1. Therefore, in this case, this polynomial is equivalent to neither
x2 nor x2. Next, we see that when 6|q + 1, x3 is a permutation polynomial over Fq. Therefore, we have
x3 ∼ x in this case. This completes the proof of the initial statement.

Next, we prove that x3 − x is equivalent to neither x nor x2. From Theorem 2.5, it is sufficient to
prove g(x3 − x, 3) is equal to neither g(x, 3) nor g(x2, 3). We see that

g(x, 3) = g(x2, 3) = 0.

However, since x3 − x = 0 has three roots in Fq, we have

g(x3 − x, 3) > 0.

This implies that x3 − x 6∼ x3 and x3 − x 6∼ x2, which completes the proof.

Now we prove that x3 − kx (where k is a nonsquare) is not equivalent to x. Using the normalized
permutation polynomial table in [14, Table (7.1)], we see that the only possible normalized permutation
polynomials with degree 3 on this case is x3 (if q ≡ 1 (mod 6)). However, since we already see that
x3 6∼ x3 − kx, it is not possible for x3 − kx to be a permutation polynomial. Hence, x3 − kx 6∼ x.

Lastly, we prove that x3− kx is not equivalent to x2 when q 6= 5. To prove this, we compare g(x2, 2)

and g(x3 − kx, 2). Firstly, since there are exactly
q − 1

2
nonzero squares in Fq, we have

g(x2, 2) =
q − 1

2
.

We now calculate g(x3− kx, 2). We notice that the polynomial x3− kx−α has exactly two roots in
Fq if and only if this polynomial has double root. Suppose that the root is γ ∈ Fq. We then have

3γ2 − k = 0.

This equation has exactly zero or two solutions over Fq. Since each solution of the equation corresponds
to a different α, we have

g(x3 − kx, 2) ≤ 2.

Now suppose that x2 ∼ x3 − kx. Then, g(x2, 2) = g(x3 − kx, 2). Hence,

q − 1

2
≤ 2.

This implies that q = 5, since char(Fq) > 3.

It remains to prove that x2 ∼ x3 − kx in F5. To do this, we observe that

(x3 − 3x, x3 − 2x2 + 3x) = {(0, 0), (3, 2), (2, 1), (3, 3), (2, 4)} = (2x2, x).

Since 3 is not a square in F5, this completes the proof of the theorem.

After classifying all classes of cubic polynomials over Fq[x], we now apply the criteria of Sidon
polynomials that we have to the three polynomials. First, we see that the following statement follows
directly from Proposition 4.1 and Theorem 4.3.

Corollary 4.4. Let q be a prime power with char(Fq) > 3. Then, the polynomial P (x) = x3 ∈ Fq[x] is a
Sidon polynomial over Fq × Fq if and only if q ≡ −1 (mod 6).

For other classes of cubic polynomials, we have the following classifications when q = p is a prime.
The proof of this proposition is given in Section 6.
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Proposition 4.5. Let p > 3 be a prime. Then, any polynomials that are equivalent to one of these
polynomials are not Sidon polynomials in Fp × Fp:

(i) P (x) = x3 − kx, if k is a nonsquare in Fp and 12 | p+ 1.

(ii) P (x) = x3 − x, if 12 - p− 1.

The other cases are still open, as per the authors’ knowledge. However, the authors believe further
criteria on Sidon polynomials are needed.

5. Proof of Theorem 2.5

5.1. The invariant f

We first prove that f(P, n) = f(R ◦P ◦T, n) for any positive integer n and permutation polynomials
R, T ∈ Fq[x]. For this purpose, we define

Fn(Q) = {α ∈ Fq : Q(x)− α has a root of multiplicity at least n},

for a Q ∈ Fq[x].

By definition, we have |Fn(Q)| = f(Q,n). Hence, in order to prove the original statement, it
is sufficient to exhibit a bijection between Fn(P ) and Fn(R ◦ P ◦ T ). We now prove that the map
φ(α) = R(α) for all α ∈ Fn(Q) satisfies this criterion.

First, we observe that since R is a permutation polynomial, the map φ is a bijection between Fn(P )
and φ(Fn(P )). It remains to prove that the range of φ is Fn(R ◦ P ◦ T ).

We now prove that R(α) ∈ Fn(R ◦ P ◦ T ) for each α ∈ Fn(P ). We first prove that α ∈ Fn(P ◦ T ).
Since α ∈ Fn(P ), there exist γ ∈ Fq and Q1 ∈ Fq[x] with

P (x)− α = (x− γ)nQ1(x).

Substituting x→ T (x), we have

P (T (x))− α = (T (x)− γ)nQ1(T (x)).

Since T is a permutation polynomial, we see that T−1(γ) is a root of T (x)−γ. Hence, x−T−1(γ) | T (x)−γ,
and

(x− T−1(γ))n | P (T (x))− α.

This implies T−1(γ) is a root of P (T (x))− α with order at least n, which completes the proof.

We now prove that R(α) ∈ Fn(R ◦ P ◦ T ). We observe that

P (T (x))− α | R(P (T (x)))−R(α).

Hence, by the relations above, R(P (T (x))) − R(α) has a root of multiplicity at least n as well (namely,
T−1(γ)). This proves the initial assertion, and hence the original statement.

5.2. The invariant g

We aim to prove that g(P, n) = g(R◦P ◦T, n) for any positive integer n and permutation polynomials
R, T ∈ Fq[x]. For this purpose, we define

Gn(Q) = {α ∈ Fq : Q(x)− α has exactly n distinct roots in Fq}
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for a Q ∈ Fq[x].

By definition, we have |Gn(Q)| = g(Q,n). Hence, in order to prove the original statement, it is
sufficient to exhibit a bijection between Gn(P ) and Gn(R◦P ◦T ). We now prove that the map ψ(α) = R(α)
for all α ∈ Gn(Q) satisfies this criterion.

We first observe that since R is a permutation polynomial, the map ψ is a bijection between Gn(P )
and ψ(Gn(P )). It remains to prove that the range of ψ is Gn(R ◦ P ◦ T ).

We now prove that R(α) ∈ Gn(R ◦ P ◦ T ) for each α ∈ Gn(P ). Because α ∈ Gn(P ), the equation
P (x) = α has exactly n different solutions in Fq. Because T is a permutation polynomial, the equation

P (T (y)) = α

also has exactly n solutions in Fq, by letting y = T−1(x).

Then, because R is a permutation polynomial, the equation

R(P (T (y))) = R(α)

has exactly n solutions in Fq. Hence, R(α) ∈ Gn(R ◦ P ◦ T ), which completes the proof of the initial
assertion.

6. Proof of Proposition 4.5

By Theorem 3.2, we may count the solution of P (x) = P (y) in Fp to determine whether a polynomial
is a Sidon polynomial over Fp × Fp. In the case of P = x3 − cx, the equation P (x) = P (y) is equivalent
to

x = y or x2 + xy + y2 = c.

We now calculate the solutions of x2 + xy + y2 = c, where c ∈ Fp is nonzero.

Proposition 6.1. Let c ∈ Fp, c 6= 0. Then,

|{(a, b) ∈ Fp × Fp : a
2 + ab+ b2 = c}| =

{
p+ 1, if p ≡ −1 (mod 6)

p− 1, if p ≡ 1 (mod 6).

Proof. Let h(a, b) = a2 + ab+ b2. We notice that

h(a, b) =
(
a b
)( 1 2−1

2−1 1

)(
a
b

)
and

det

((
1 2−1

2−1 1

))
= 2−2 · 3.

By [14, Theorem 6.26], the number of solutions of a2 + ab+ b2 = c over Fp × Fp, where c 6= 0, is

p− η(−2−2 · 3) = p− η(−3),

where η is the quadratic character of Fp. Since

η(−3) =

{
−1, if p ≡ −1 (mod 6)

1, if p ≡ 1 (mod 6),

this completes the proof of the proposition.
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We proceed to count the number of solutions of the equation P (a) = P (b), where P = x3−cx ∈ Fp[x].
We recall that this quantity is denoted by d0(P ).

Proposition 6.2. Let P (x) = x3 − cx with c 6= 0. Then,

d0(P ) =


2p− 3, p ≡ 1 (mod 6), c/3 is a square,
2p− 1, p ≡ 1 (mod 6), c/3 is a nonsquare,
2p− 1, p ≡ −1 (mod 6), c/3 is a square,
2p+ 1, p ≡ −1 (mod 6), c/3 is a nonsquare.

Proof. By the algebraic manipulation done before, we only need to calculate the number of solutions
of

a2 + ab+ b2 = c

over Fq × Fq, with a 6= b.

Without the restriction a 6= b, we see that the problem is equivalent to Proposition 6.1. Now, we
proceed to count the number of solutions in the case a = b. We see that the equation

3a2 = c

has exactly two solutions if and only if c/3 is a square; else, there are no solutions. Adding the p solutions
of P (x) = P (y) where x = y, the proof can now be completed by careful case division.

We recall that, from Theorem 3.2, if P is a Sidon polynomial, d0(P ) ≤ 2p − 1. Hence, by Propo-
sition 6.2, we see that when p ≡ −1 (mod 6) and c/3 is a nonsquare, P (x) = x3 − cx is not a Sidon
polynomial in Fp × Fp. Now, notice that 3 is a square in Fp if and only if 12 | p± 1. By using quadratic
reciprocity, we have the following results:

(i) If p ≡ −1 (mod 12) and k is a nonsquare in Fp, P (x) = x3 − kx is not a Sidon polynomial.

(ii) If p ≡ 5 (mod 12) and c is a square in Fp, P (x) = x3 − cx is not a Sidon polynomial.

The first result implies the first part of Proposition 4.5, and the second result implies the second part of
Proposition 4.5, for the case p ≡ 5 (mod 12). We now to prove the second statement of Proposition 4.5.
Namely, we prove

P (x) = x3 − x

is not a Sidon polynomial in Fp × Fp for p ≡ −1 (mod 12) or p ≡ −5 (mod 12). We use the criterion
in Theorem 3.4. We first notice that vi = v−i. Therefore, by substituting r = 0 in the left-hand side of
Theorem 3.4, we have

v2−1·0 +
∑
i∈Fq

viv0−i = v0 +
∑
i∈Fq

v2i

= v0 + d0(P )

= d0(P ) + 3,

where the last equation can be deduced from the fact that x3 − x = 0 has three distinct solutions in Fp.

We first let p ≡ −1 (mod 12). This implies that p ≡ −1 (mod 6). Since 1/3 is a square in Fp, we
have that

d0(P ) + 3 = 2p+ 2

from Proposition 6.2. By Theorem 3.4, P is not a Sidon polynomial.
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Next, let p ≡ −5 (mod 12). This implies that p ≡ 1 (mod 6). Since 1/3 is not a square in Fp, we
have that

d0(P ) + 3 = 2p+ 2

from Proposition 6.2. Hence, P is not a Sidon polynomial from Theorem 3.4. This completes the proof
of the theorem.
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