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Abstract: In this paper, we present a method to construct the root lattices based on the Taussky-Kruskemper
method which computes the generator matrix of an integral lattice, given its Gram matrix. This
yields an algebraic lattice, in the sense that the lattice is built via the embedding of a number field.

2020 MSC: 11H06, 11H31, 11H71, 52C07

Keywords: Root lattices, Number field, Minimum product distance

1. Introduction

A lattice A C R”™ is a discrete set generated by integer combinations of m linearly independents
vectors vy, va, -+ ,Um € R™ m < n. In this paper, we consider m = n. A lattice A has diversity k < n
if k is the maximum number such that for all y = (y1, - ,yn) € A, y # 0, there are at least k non-zero
coordinates. Given a full diversity lattice A C R"(k = n), the minimum product distance is defined as
dmin(A) = min{[];_, = ||}, for all y = (y1,- -+ ,yn) € A, y # 0 [6]. Signal constellations having lattice
structure have been studied as meaningful means for signal transmission over single-antenna Rayleigh
fading channel [9]. Usually the problem of finding good signal constellations for a Rayleigh fading channel
whose efficiency, measured by lower error probability in the transmission, is strongly related to the lattice
diversity and minimum product distance, and has been studied in the last years [1, 2, 3, 5, 6, 7, 8, 9,
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10, 13, 14, 15, 19]. For general lattices the minimum product distance is usually hard to estimate [17].
This parameter can be obtained in certain cases of lattices associated to number fields, through algebraic
properties. The approach in this work, following [11] and [16] is the use of an algorithm which computes
the generator matrix of an integral lattice, given its Gram matrix. This yields an algebraic lattice, in
the sense that the lattice is built via the embedding of a number field. By this method, Oggier et
al [19] constructed rotated cubic lattices in dimension up to 7 over totally real number field with small
discriminant resulting in signal constellations with maximal diversity and best minimum product distance.
In this work, using these ideas, we constructed the root lattices Ay, D3, Dy and D5 over number fields
with small discriminants, since the method allows us to control the number field K, and we also calculated
the minimum product distance as a way to measure the efficiency for the Rayleigh fading channel.

2. Basic results

Let {v1,--+,v,} be a set of linearly independent vectors in R™ and A = {>°"" , a;v;; a; € Z} be a
lattice. The set {vy,---,v,} is called a basis for A. A matrix M whose rows are these vectors is said
to be a generator matriz for A while the associated Gram matriz is G = MM" = ((v;,v;)); ;_,. The
determinant of A is det(A) = det(G). If A is a integer matrix and det(A) = +1, then AM is another basis
for A. The determinant of A is an invariant under change of basis [12]. The lattice A is called integral

when the inner products of lattice vectors are all integers.

Let K be an algebraic number field of degree n, i.e., K = Q(w), with w € C a root of a monic irre-
ducible polynomial p(z) € Z[z]. The n distinct roots of p(z), namely, wy,ws, -+ ,wy,, are the conjugates
of w. The embeddings of K are homomorphisms o;(w) = w;, for all i = 1,2,--- ,n. So, the embeddings
o;, for i =1,--- ,n, are the n distinct Q-homomorphisms from K to C such that o1, , 0., are real and
Ori41," " s Ori4rgs Orytratls  * , Or +2r, are imaginary, where o, 1,4 is the complex conjugate of o, 44,
for all ¢ = 1,---,79. In this case, n = r1 + 2ry. If all the embeddings of K are real, in this case r1 = n
and ro = 0, (resp., complex, in this case, 71 = 0 and 2r, = n), K is said to be totally real (resp., totally
complex).

The set Og = {a € K : there is a monic polynomial f(z) € Z[z] such that f(a) = 0} is called

the ring of algebraic integers of K. It can be shown that Ok, as a Z-module, has a basis {wy, - ,wp}
over Z, where n is the degree of K. Furthermore, if {wy, - ,w,} is a Z-basis of Ok, the integer
dg = (det[oj(w;)]}j=1)* is called the discriminant of K and it is an invariant over change of basis. The

norm and the trace of any element o € K are defined as the rational numbers Ng () = [T'_; oi(c)
and Trg g(a) = .7 0i(a), respectively.

Let K be a totally real number field of degree n, and denote by o;, i = 1,--- ,n its n embeddings
into R". Let o € K satisfies o;(a) > 0, Vi and A be a fractional ideal of K with a Z-basis {v1,- -, v},
ie, A=7Zvi ® - ® Zv,. An ideal lattice is an integral lattice whose generator matrix M is given by

Ul(Oé)Ul(Ul) s/ O'n(O[)Un(’Ul)
M= : s (1)

o1(@)o1(vy) <+ Jop(a)on(vy)

which satisfies that MM” = (Trg g (awvivy))i =, [5).

An order © in K is a subring of K which as a Z-module is finitely generated and of maximal rank
n = [K: Q]. We can show that ® C Ok for any order of K, so that O is also called the mazimal order
of K.

Let ©® be an order of K, A be an ideal of ® and b, a symmetric bilinear form given
by be : AXA = Z, b (2,y) = Tri jg(axy). The minimum product distance of an ideal lattice A = (A, ba)
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of determinant det(b,) is

_[det(by) min{ A}
Bronin®) =\ T [0 0]
[NV (@)

where min(A) = oin N(.A)) and [Ok : D] is the index of © in Ok [18].

If A is principal, then the minimum product distance of A is

_[det(by) 1
S )

The relative minimum product distance of A, denoted by dp, re;(A), is the minimum product distance
of a scaled version of A with unitary minimum norm vector, i.e., if the minimum norm of A is x then

1 det(by) min{A}
(Vo dg  [Ox:D]

dp,rei(A) =

In order to compare the relative minimum product distance in different dimensions, we will work
with the normalized relative minimum product distance {/dp rei(A).

Let K be a number field, and Ok be its ring of integers. If Ix denote the group of fractional ideals of
K and Pk denote the subgroup of K formed by the principal ideals, then the ideal class group, denoted

by CI(K), is CI(K) = Ix/Pg. The class number of K, denoted by h(K), is the cardinality of CI(K).

In particular, if Ok is a principal ideal domain, then hA(K) = 1. The class number of a field K can be
understand as the measure of how principal a ring of integers is, i.e., what is the proportion of principal
ideals among all the ideals.

In this work, to calculate [Og : D] and h(K) we use the software Mathematica and PARI [4],
respectively.

3. Construction of ideal lattices

In this section we present the Taussky-Kruskemper method which prove that any integral lattice
can be constructed as an ideal lattice of some algebra Z[X]/(f(X)), where f(X) € Z[X] is monic and
irreducible.

We denote by M a finitely generated free Z-module of rank n and by b : M x M — Z a symmetric

bilinear form. Let f(X) € Z[X] be a monic irreducible polynomial of degree n and 6 be a root of f.

Then Z[X]/(f(X)) = Z[6] with basis {1,0,---,6"1}. If A is an ideal of Z[f], we set A¥ = {c €
Q(8) | Tr(cA) C Z}.

Lemma 3.1. [20] The algebraic number 0 is the root of characteristic polynomial of the matriz A and
the components of the corresponding eigenvector vg can be chosen to form the basis of an ideal in the ring
formed by the polynomials in 6 with rational integers coefficients.

Lemma 3.2. [21] Let the matrix A correspond to the ideal class determined by the ideal
A = (a1, ,ay) and let the transpose A correspond to the ideal B = (31, ,Bn). Then B belongs
to the inverse class of A.

Theorem 3.3. [18] Let B € My, (Z) be a non-singular symmetric matriz. Let A € My (Z) be such
that its characteristic polynomial X4 is irreducible and B~*AB = AT. Then B is the matriz of an ideal
lattice.

341
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Proof. Let 0 € C be a root of X4. It is an algebraic integer since X4 is monic with coefficients in Z.

By Lemma 3.1, there exists an eigenvector vy = (v1,--- ,v,)T of A associated to 6, with v; € Z[#] and
such that {vq, -+ ,v,} is a Z-basis of an ideal of Z[f]. By the first proof of Lemma 3.2, there exists an
cigenvector v, = (vy,--- ,v,)T of AT associated to 6, with v;» € Q(#) and such that

Troe)/o(vivy) = 6ij, Vi, . (2)

It follows from AT = B 'AB that ATB vy = B~ 'Avy = B vy, so that v; and B~ lvg are both
eigenvectors of AT associated to . Since X, r = X4 is irreducible over Q, it is separable, that is the
eigenvalues are distinct and consequently, the associated subspaces are of dimension 1. Thus, there exists
a € Q(0) such that Ule = aB vy, ie. Bv; = avg. Denote B = (b;;); ;. We have

n n
Zbijv; = av;, Vi — Zbijv;vk = av;vg, Vi, k (3)
j=1 j=1
so that

> biiTrge)@(v;0k) = Tro) olavivk).

j=1
By Equation 2, we get b;x = TTQ(Q) /@(avivk) and we conclude that B is the matrix of an ideal lattice
A=7Zv1 D ® Zv,. O
We show now that a matrix A such as described in the hypothesis of Theorem 3.3 always exists.
Theorem 3.4. [18] Let (M,b) be an integral lattice. Then there exists an algebraic integer 6, an ideal
A of Z[0] and a € (A%)# C Q(0) such that b is isomorphic to
AxA — 7Z
(z,y) = Troeolary)

Furthermore, 6 can be assumed to be totally real.

Proof. By Theorem 3.3, it is enough to show that there always exists a matrix A € M,,(Z) whose
characteristic polynomial X4 is irreducible and totally real, and that satisfies B~'AB = AT. Let N =
(Xij) be the symmetric n x n matrix where the coefficients X;; = X; are indeterminates. It is shown
in [16] that the characteristic polynomial Xpn of BN is irreducible. By Hilbert’s irreducibilily theorem,
there exists z;; = zj; € Q such that Xp(,,,) is irreducible and totally real. Let A = B(wx;;). It satisfies

B7'AB = AT, O

4. The lattice construction algorithm

In this section we present an algorithm which takes as input a lattice Gram matrix B and outputs
a lattice generator matrix. More precisely, it computes a set of elements {v, - ,v,} and an element «
such that A =Zwv, @ --- @ Zv,, and the ideal lattice (A, b,,)

bo  AxA — Z
(z,y) = Trou)olary)

has Gram matrix B.

The steps of algorithm are explained in details in [18].
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Step 1: Computation of the matrix A

A matrix A € M,,(Z) satisfying B"'AB = AT and whose characteristic polynomial is irreducible
can be either generated randomly, or (possibly) constructed in order to obtain a specific number field
with minimal polynomial X4.

Step 2: Computation of a Z-basis of the ideal A

Recall from the proof of Theorem 3.3 that there exists an eigenvector vy of A associated to 6, a root
of X4, such that A = Zvi & - -+ § Zv,. In [20], it is shown that

v = (—1)i+inj (A — 9.[”) (4)

where A;; is the jth minor of a given fixed row, say the ith row, of (A — 6I,,). It can be shown that this
vector is indeed an eigenvector of A.

Step 3: Computation of «

’

Recall again from the proof of Theorem 3.3 that there exists an eigenvector v; = (vll, cv,)T of

rn

AT associated to 6, with v; € Q(#) and such that TTQ(g)/Q(viv;) = 0;5, V4, j. It can be shown that

n
U; = Zmi]ﬂi_l,
i=1
where (mg;)7;_; = G=H(VT)™! with
G = (Troeey 060711, (5)
and V = (v1,---,v,) is the matrix of the coordinates of vy,--- v, in the basis {1,6,---,6"~}. The

n
element « is obtained from Zbijv;- = av;, Vi (Equation 3). If B is diagonal, it is enough to compute
Jj=1
one of the v;’s.

Step 4: Computation of the generator matrix of the lattice

We have
Vaioi(vi) o \/anon(vr)
" Vaioi(v2) o yJanon(v2)
vV alal(vn) T/ anan(vn)
where 0,4 =1,--- ,n denote the real embeddings of Q() and a; = 04(a), i =1,--+ ,n.

5. Construction of root lattices

In this section, we construct the lattices Ay, D3, D4 and Dy e calculate the relative minimum product
distance. By the way, taking o = 1 in (1) with {1,6,---,0" "1} a Z-basis of Z[f] C Ok, where K = Q(6),
we have that

dg = (det[os(67-1)]7,21)% = (det(M)? = det(M)det(M) = det(M)det(M™) =
= det(MM™) == det(Trg (0" *071))1",_, = det(G),

=1~
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since by (5) we have G = Trg (6" "07~1))7"_;.

5.1. As-lattice

-1 10

A generator matrix of As-lattice is given by M = ( 0 -11

) , where the Gram matrix associated

is B= < 2 -1 ) Consider the number field K given by X2 — 3. The matrix

~1 2
~11
=(71)

satisfies X4(X) = X2 — 3, where X4 is irreducible over Q, and _B__lAB = AT. We compute the
matrices V and G as explained, as vg = (v1,v2)T, where v; = (=1)"JA;;(A — 01,,), let i = 1, we get
vg = (1—0,-2)T. Let V = (vu v12> and (1,0) <v11 v12> = (v1,v2), s0 V = (_11 _02> and

V21 V22 V21 V22
1

consequently (V)™ = ( 0 2 ) We have

2

g I'r (1) Tr (9) 20
G=(T 9i—lpi—1y\\2 < Q(6)/Q Q(0)/Q _ ,
( TQ(Q)/Q( ))1,3_1 1 TQ(H)/Q(Q) 1 7d@(@)/(@(m) 06

since 0 is a root of X4, the set of roots of X4 is {,\/g’ \/5}, this means that the real embeddings of 8 are
0'1(9) = —\/g and 0'2(9) = \/5, thus TTQ(G)/Q(D = 01(1) + 0'2(1) =2, T’I”Q(g)/@(@) = 0'1(0) + 02(9) =0
and Trog) /0 (0%) = 01(0%) +02(6%) = 01(0)* +02(0)* = 6. We have dg = det(G) = 12, and consequently

2 2
1o
-1_( 2 T 2 N\T o i—-1 i—1
G = ( (2) 1 ) Let vy = (vy,v,)" , where v; = E mi10'"", vy = E m;20'”" and
i=1 i=1

6
1 _1 _1
o= = (3 9) (0 2= (5 D1
6 2 6 12

’ ’ ’ T . . [
Therefore, v, = (vy,v,)" = (—%9, —1 — 56)" . The element « is given by avg = By, i.e.,

(157)= () (%)

Using for example the last row, we compute o = i. Since
ar =ai(a) = o1(3) = 1,
ag = oa(a) = Ug(%) = %,

0'1(1}1) = 0'1(1 — 9) = 0'1(1) — 0'1(9) =1+ \/g,

0'2(’01) = 0'2(1 — 0) = 0'2(1) — 0'2(9) =1- \/g,

01(v2) = 01(—2) = —2 and o2(ve) = 02(—2) = —2, it follows that the generator matrix of the lattice is
thus given by

= () V) - ()

We thus have det(b,) = det(B) = 3, [Ok : Z[f]] = 1 and h(K) = 1. As the minimum norm of A, is
u = 2, it follows that the lattice built over O will have relative minimum product distance given by

1/2 1/2
(1 [det(by) min{A} (L /3 =
dp,rei(Az) = (sz dg  [Ok : Z[GH> a ((\/5)2 12) =0.5
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5.2. Dags-lattice

-1 -1 0
A generator matrix of Ds-lattice is given by M = 1 —=1 0 |, where the Gram matrix as-
0 1 -1
2 0 -1
sociated is B = 0 2 —1 |. Consider the number field K given by X3 + X2 — 4X — 2. The
-1 -1 2
matrix
-1 -1 -1
A= 0o 2 1],
-1 -1 -2
satisfies Xa(X) = X3 + X? — 4X — 2, where X, is irreducible over Q, and B 'AB =
AT, We compute the matrices V and G as explained, as vy = (v1,v2,v3)T, where
v, = (=1)TIAG(A — 0L,), let i = 1, we get vg = (62 — 3,-1,—0 + 2)T. Let
V11 V12 V13 V1] V12 V13 -3 -1 2
V= | va1 va2 va3 | and (1,0,02) | v21 w22 waz | = (v1,v2,v3), 80 V = 0 0 —1 | and conse-
V31 Us2 Va3 V31 Us2 Va3 1 0 0
0 -1 0
quently (VI)™1 = 0 =2 —1 |. We have
1 -3 0
. Troeel) Trow/(®) Tree(f?) 3 -1 9
G = (Troey e "¢ Di=1 = | Traw/o(®) Trow o) T?"@(@)/@(94) ={-1 9-7],
Troe)0(07) Trowb”) Trawo(@”) 9 -7 4

since 0 is a root of X4, the set of roots of X4 is {—0.47068, —2.34292,1.81361}, this means that the real
embeddings of f are o1 () = —0.47068, 02(0) = —2.34292 and 03(0) = 1.81361, thus Trgg),q(1) = o1(1)+
02(1)+03(1) = 3, T?"Q(g)/@(e) = 01(9)+02(9)+03(9) = —]., TTQ(Q)/@(92) = 01(9)2+02(9)2+Jg(9)2 = 9,
TT‘Q(@)/Q(93) = 0‘1(9)3 + 02(9)3 + 0'3(9)3 = —7 and T?“Q(g)/@(94) = 0‘1(9)4 + 02(9)4 + 0'3(9)4 =41. We
have dg = det(G) = 316, and consequently

80 _ 11 _ 37

S i
B e A
T 158 79 158

3 3 3
/ ’ ’ ’ ’ . ’ - ’ -
Let vy = (vy,v9,v5)T, where v; = E mn0 "t vy = E mipf ™1, vy = E m30° ! and

80 _ 11 _ 37 0 -1 0 _37r _ 21 1L
79 8 15 15 1 ]
P e I e e e N e A
~is 7 wms/ AL 730 B 7 70
Therefore, v, = (vy, vy, v3)T = (—3E + 30+ 12602, - 2L — 1260 — 5607, L — 2L0 — 73—992)T. The ele-
ment « is given by avg = By, i.e.,
6> -3 2 0 -1 T+ 20+ 120
a -1 = 0 2 -1 % 21499 6 — %
—0+2 -1 -1 2 1518 =50 92

Using for example the second row, we compute a = % + EG + 1179 Since

a1 = o1(a) = 01 (55 + f550 + 5550%) = 155 + 15501(0) + 75501(0)* = 0.21285,
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ay = oz(a) = o2 (155 + 15789 +1550%) = 16558 + 17578 2(0) + 15572(0)* = 0.03391,
as = o3(a) = 03 (T + 1550 + 1550°) = 55 + 15503(0) + 15503(0)* = 1.75322,
01('01) = 0'1(92 - 3) = 0'1(92) - 01(3) = 0'1(0)2 —-3= *277846,

02(1)1) = 0'2(92 ) = 0'2(92) — (72( ) = 0'2(9)2 -3 = 2.48929,

o3(v1) = 03(0% — 3) = 03(0%) — 03(3) = 03(0)* — 3 = 0.28916,

0'1(’02) = O'Q(UQ) = 0’3(1)2) = —1,

01(’03) 0'1( 9+2)—01( 0)+0'1(2):—0'1( )+2:247068,

02(1}3) 0'2( 0+ 2) = (72( 9) + 0'2( ) = —0’2( ) + 2 = 4.34292, and

o3(v3) = o3(—=0 + 2) = 03(—0) + 03(2) = —03(0) + 2 = 0.18639, it follows that the generator matrix of
the lattice is thus given by

\/0510'1(’01) \/0520'2(’01) \/0430'3(’01) —1.28188 0.45845 0.38288
M = ,/0410'1(1}2) ,/042(72(1}2) ,/&303(02) = —0.46136 —0.18417 —1.32409
1/0[10’1(1)3) 1/&20’2(1)3) 1/&30’3(1)3) 1.13988 0.79984 0.24680

We thus have det(b,) = det(B) = 4, [Og : Z[f]] = 1 and h(K) = 1. As the minimum norm of Dj3 is
@ =2, it follows that the lattice built over Ok will have relative minimum product distance given by

1/3

1 det(by) min{A} )

1/3
3 - (1 [1 B
dpret(Ds) = ((\/17)3 dg  [Ok : Z[9]] - ((\/5)3 316) = 0.34136

5.3. Dy-lattice

-1 -1 0 0
. L 1 -1 0 0
A generator matrix of Dy-lattice is given by M = 0 1 -1 ol where the Gram
0 0 1 -1
2 0-1 0
. . . 0 2 -1 0 . .
matrix associated is B = 1 -1 92 -1 | Consider the number field K given by
0 0 -1 2
X* —8X?% 4+ 8X — 2. The matrix
-2 1 1 2
0 1 -1 0
A= 1 -1 1-1])°
1 0-1 0
satisfies X4(X) = X* — 8X2 + 8X — 2, where X, is irreducible over QQ, and B~'AB = AT. We
compute the matrices V and G as explained, as vg = (v1,v2,v3,v4)T, where v; = (—1)""A;(A -
0I4), let i = 1, we get vg = (—6% +202 +60 — 1,0 —1,-60% +20 — 1,—-6% + 30 — 1)T. Let
V11 V12 V13 Vi4 -1 -1 -1 -1
. V21 V22 V23 V24 2 p3 _ _ 1 1 23 -
V = V31 Usy U3 Vs and (1,6,60%,0°)V = (v1,v2,v3,v4), SO V = 9 0 -1 -1 and con
V41 V42 V43 Vg4 —1 0 0 0
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0 -1 -11
sequently (VT)~! = 8 (1) :é 1 . We have
-1 3 -4 2

Troe) 1) Troe) ) Troe)/q z Troe)/Q

(6°) (6"

Tr 0) Tr (6%) Tr (%) Tr (

it _ 6)/Q Q6)/Q Q9)/Q Q9)/Q

G = (Trge)@@™ 0" ")) = Trowe(®®) Traw(0®) Troee®?) Troe o
(6°) (

Troe)(0°) Trow(0*) Troe@®) Trow
170 16 -

0 16 —24 136
16 —-24 136 —320 |’
—24 136 —320 1312

since 6 is a root of Xy, the set of roots of X4 is {\f—\/Q— 2.V24+ V2 -2, -2 -2+ V2,
—V24+V2+ } this means that the real embeddings of 6 are o1 (6 =v2-v2-V2, o2(0 =2+

\/27\5, 03 \[ \/2+ 2and 04 \fﬁ* \/2+ thUS T?"Q(g)/@( ) _4, TT‘Q(@)/Q(Q) :O,

TTQ(@)/Q(Q ) = 16, T?"Q(g)/@(@ ) = —24, T?"Q(g)/@(e ) = 136 TTQ(g)/Q(9 ) = —320 and TTQ(Q)/Q(GG) =
1312. We have dg = det(G) = 2048, and consequently

67 131 9 17
R T SR T
G = ERE "R
i 88
1 8 8 8
4 . 4 . 4 4
Let vlg = (vy,vq,05,05)T, where v, = Zmi191_17 vy = Zmigﬁl_l, vy = Zmigﬁl_l,
i=1 i=1 i=1
4 .
v; = Zmiﬁz_l and
i=1
_r 7121
4 Ly, Ty—1 I
(m’LJ)zJ 1 G_ (V )_ _8§ 80 _% _21
R S URE G
g 71 78 2
Therefore, vy = (vy, vy, v5,04)T = (=3 + L9 — 562 — 393, T + 119 1g3 114 2lg_ 392 1lp3
_I 239 — 702 393)T. The element « is given by avy = Bve, ie.,
—603 +202+6 -1 2 0-1 0 —%+68907392f§93
0—1 | 0o 2-1 0 —IT+9— 168
@ —62 420 —1 -1 -1 2 -1 —1%4+%9—3792—1§193
—0*+30—1 0 0 -1 2 —Z+30- 26— 36°
Using for example the second row, we compute o = —QZ + 200 — %9 %193 Since
o =o1(a) =01 (—2 +200 — 792 2163) = —22 + 2001 (0) — T01(0)? — Zo1(0)® = 4.27312
ag = oa(a) = oy (f% + 200 — 292 2103) 2 1+ 2002(0) — T02(0)? — 2Loa(6) = 0.84820
a3 = o3(a) = 03 (=22 +200 — 762 — 2163) = —22 4 2003(0) — T03(0)? — %@,(9){3 = 0.00061
oy = o4(e) = o4 (—22 +200 — 162 — 2163) = —22 4 2004(0) — T04(0)* — Z04(0)* = 0.87806
0'1(1}1):01<—93+292+9—1):—0’1(9) 20 ( ) +0’1(9) 1 =0.21768,

0'2(’(}1) = 032647, 0'3(111) = 5172790 0'4(’01)
01('02) = 0'1(9 - 1) = 0'1(9) —1= 7035115,

—0.27202,



A. José Ferrari / J. Algebra Comb. Discrete Struct. Appl. 13(8) (2026) 339-352

0'2(1}2) = 7958 0‘3(1}2) = —4. 26197 0'4(’1}2) = —0.56645,

0'1(1}3): ( 92+20— ) —0'1( ) —|—20’1(9 —1=-0.12330,

0o (v3) = —1.39141, 03(v3) = —18.16440, 04 (v3) = —0.32087,
01(v4) = 01(—0% +30 — 1) = —01(0)2 + 301 (F) — 1 = 0.52553,

) —
o2(vg) = 0.78817, 03(vg) = —21.42640 and o4(vs) = 0.11267, it follows that the generator matrix of the

lattlce is thus given by

Voaro(v) Jagoa(v1) Jazos(vi) (/oaos(vi)

M = Varoi(v2) Jazoa(v2) (Jazos(ve) Jagoa(va) | _
Vaioi(vs) azoa(vs) Jazos(vs) /aaoa(vs)
Voio(ve) Jazoa(ve) (Jazoz(vy) \/ouos(va)

0.44998  0.30067 1.28146 —0.25489
—0.72588 1.08637 —0.10558 —0.53079
—0.25489 —1.28146 —0.44998 —0.30067

1.08637  0.72588 —0.53079  0.10558

We thus have det(b,) = det(B) = 4, [Og : Z[f]] = 1 and h(K) = 1. As the minimum norm of Dy is
@ =2, it follows that the lattice built over Ok will have relative minimum product distance given by

1/4 1/4
. _ 1 det(by) min{A} _ 1 4 B
dp,ret(Ds) = ((\/ﬁ)“ Ix Ox ZWH) = ((ﬁ)4 2048> = 0.32421

5.4. Ds-lattice

-1 -1 0 0 O
1-1 0 0 O
A generator matrix of Ds-lattice is given by M = 0 1 -1 0 0 |, wherethe Gram matrix
0 0 1 -1 0
0 0 0 1-1
2 0-1 0 0
0 2-1 0 0
associated is B= | —1 —1 2 —1 0 [. Consider the number field K given by X°® —4X* — 3X3 +
0O 0 -1 2 -1
0 0 0-1 2

12X2 + 3X — 8. The matrix

-1 -1 -3 -2 =2
-1 -1-3 0 O

A= 1 0 4 0o 1],
o 1 -1 2 0
-1 0 0 -1 0
satisfies ya(X) = X° — 4X* — 3X3 4 12X?% + 3X — 8, where x4 is irreducible over Q, and
B71AB = A!. We compute the matrices V and G as explained, as vy = (v1,v2,v3,v4,v5)", where

v; = (=1)TA;;(A—015), let i = 1, we get

v = (0% —50° +20% +70 — 4,03 +30°+60—5,0° 207 — 0 +3,-20% + 0+ 4,0+ 56% — 8)T

Let
V11 Vi2 V13 Vi4 Vis
V21 V22 V23 V24 U2s
V= V31 V32 V33 V34 VU3s and (1793927935794)‘/ = (Ul,’l}g,’l)37v4,’U5), S0
V41 V42 V43 V44 U4p
Us1 Us2 Us3 VUs4 VUss
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4 -5 3 4 -8 0-1011
7 1-1 1 0 0 2210
V= 2 3 -2 -2 5 | and consequently (VI)~1=| 0 -1 12 2
5 -1 1 0 -1 0 3521
1 0 0 0 0 1-1935
‘We have
G = (Troe) 0 '071))7 -
Troel) Trow®) Troe?) Troe)o@®) Troe)o@*)
Troe) @) Troe)f?) Troe®) Trae) @) Troeq@”)
= | Trow(?) Trow@®) Traw@*) Trow@®) Troe@®) | =
Troe) (%) Troweo@!) Trow(@®) Troweo@®) Troe) @)
Trae) ") Troe)o0) Trae@®) Troe)o) Troe) @)
504 22 64 262
4 22 64 262 1004
—| 22 64 262 1004 4000 |,
64 262 1004 4000 15852

262 1004 4000 15852 63086

since 6 is a root of X4, the set of roots of X4 is {—1.26452, —1.15765,0.87812,1.56341, 3.98063}, this
means that the real embeddings of § are o1(f) = —1.26452, o2(¢) = —1.15765, o3(f) = 0.87812,
04(0) = 1.56341 and o5(#) = 3.98063, thus Trgg) (1) = 5, Troe)) = 4, Trge)0?) = 22,
TTQ(@)/Q(GS) = 64, TTQ(@)/Q(94) = 262, T’I“Q(g)/@(es) = 1004, TTQ(@)/Q(QG) = 4000, TTQ(Q)/Q(97) =
15852 and T'rgg),q(0°) = 63086. We have dg = det(G) = 246832. So, we have

_ 17863 59777 48234 12436 3170

AN LT T
o Gy | ME WA WS N
)=t IR TR TR T
[ T T T

30854 30854 30854 30854 ~ 30854

T roo '\NT ! _ 17863 255150 8167602  164320° 65590
Therefore, vy = (v1,v2,03,04,,05)", _onde vy 15127 + Tsazy T Tsder 15427, T 30854 °
— _59TTT | 1428110 5627102 _ 86143603 + 163010* /' _ _ 48234 4 1177810 4 4953502 _ 705010° + 131050%
2 = T 15427 30854 30854 30854 30854 *“3 — T~ 15427 30854 30854 30854 30854 °
v, — _ 12436 4+ 126920 990202  138336° + 192164 /3170 _ 206576 + 230462 + 124950°  31270*
4 = T 15427 15427 15427 30854 30854 5 — 15427 30854 15427 30854 30854 *
. . / .
The element « is given by avg = B, i.e.,
6% —50% +20% + 70 — 4 2 0-1 0 0
—02+302+60-5 0 2-1 0 0}
a 63 — 262 —0+3 = -1-1 2 -1 0 |uv,
—204+0+4 0 0 -1 2 -1
—03 +50% -8 0 0 0-1 2

Using for example the fourth row, we compute

20192 231786 1453502 1517003 30686*

15427 15427 30854 T " Ibd27 15427
—202460+4

o =

Since

20192 _ 2317801(0) _ 1453501(0)> + 1517001 (0)® 306801 (6)*

15427 15427 30854 15427 15427 _ (). 08935
=0. ,

—20’1(0)2 +01(9) +4

a1 =o1(a) =

349
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20192  2317802(9) 1453505 ()2 1517002(0) 30680 (0)%

— — + —
15427 15427 30854 15427 15427
= = = 3.29642
(6%} 0'2(05) _20_2(9)2 + 0_2(9) + 4 5
R+ i - - a2
= = = 0.05212
Qs 0'3(04) 720_3(9)2 to (0) ¥ 4 5

3
20192  2317804(0)  1453504(0)> T 1517004(0)® 306804 (6)*
ay = o4(a) = 15427 15427 30854 15427 15427~ _ (56021

—20’4(9)2+04(9)+4
20192  2317805(0) 1453505 (0)2 1517005(0)° 306805 (0)*

15427 15427 30854+ 15427 15427  __
as = o5(a) = “205(0)? + oo (0) + 4 = 0.00188,
o1(v1) = 3.01313, oa(v1) = 0.13007, o3(v1) = 0.89806, 04 (vy) = —1.30014, o5(vy) = —8.74112,
o1(ve) = 0.55449, o3(ve) = —0.58569, ag(vg) = —248568, o4(v2) = 0.07481,
U5(U2) = —16.55790, 0’1(’1)3) = —0.95548, 0‘2(1}3) = —0.07413, 0'3(’()3) = 1.25679,
0'4(1)3) = 036945, 0'5(1}3) = 3040340, 0'1(1}4) = —0.46254, 0'2(’04) = 016200, 0'3(114) =
3.33501, ou(vs) = 0.67487, os(vs) —23.71030, o1(vs) = 2.01704, oa(vs) = 0.25229,
o3(vs) = —4.82159, o4(vs) = 0.39993, and o5(vs) = 8.15231, it follows that the generator matrix
of the lattice is thus given by
Voaioi(v) Jagoe(v1) Jazos(vi) yJ/ouos(vi) Jasos(vi)
Varoi(v2) Jazoa(v2) /azos(ve) /aaoa(v2) /asos(v2)
M =| Joqoi(vs) Jazoa(vs) Jazos(vs) (/oaos(vs) Jasos(vs) | =
Varoi(va) /azo2(va) /azos(va) J/aaoa(vs) /a505(vs)
Vai1o1(vs) Jagoa(vs) yJazos(vs) (/agos(vs) Jasos(vs)

0.90070  0.23615  0.20503 —0.97312 —0.37940
0.16575 —1.06339 —0.56750  0.05599 —0.71869
= | —0.28562 —0.13460 0.28693 0.27652 1.31966
—0.13826  0.29413 0.76162 0.50512 —1.02914
0.60294  0.45807 —1.10082  0.29934  0.35385

We thus have det(b,) = det(B) =4, [Ok : Z[0]] = 1 and h(K) = 1 = min{A}. As the minimum norm of
D5 is p = 2, it follows that the lattice built over Ok will have relative minimum product distance given
by

1/5 1/5
s B 1 det(by) min{A} B 1 4 B
dpret(Ds) = <(\/ﬁ)5 Ik O ZW]]) = <(\/§)5‘/246832> = 0.23466

6. Minimum product distance performance

In this section we present Table 1, comparing the relative minimum product distance of lattices
constructed in the sections above and the Z"-lattices with the best relative minimum product distance
known.

Table 1. Performance

Dimension| }/dp,rei(A) "\L/dp,rel (zm)
2 0.50000 0.66874
3 0.34136 0.52275
4 0.32421 0.43899
5 0.23466 0.38321

Despite the relative minimum product distance of lattices Ao, D3, D4 and Dy being smaller than the
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distances of the Z"-lattices, for n = 2, 3,4, 5 respectively, these distances can be improved if we consider
algorithms that search for number fields with minimum discriminant.

7. Conclusion

In this work, we construct root lattices using the Taussky—-Kruskemper method, which, from the
generator matrix of a lattice, produces as output the generator matrix of the same lattice constructed
algebraically over a totally real number field, where t is possible to compute the minimum product
distance, an important parameter when the constructed lattice is regarded as a signal constellation for
transmission over a Rayleigh fading channel. Through this method, one can control the discriminant of
the number field used in the construction and, consequently, the minimum product distance. However,
such control of the discriminant relies on computational algorithms that search for minimal discriminants,
a task that may incur a high computational cost. As future work, we intend to investigate the construction
of other families of root lattices in higher dimensions, such as the Z™ and D,, families.
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