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Abstract: In this project, we prioritize our study on some types of generalized torsion abelian groups. The
torsion abelian group is an important tool in the theory of modules. Analogous to this concept,
we study the totally projective modules and discuss its relation with isotype as well as separable
submodules. One of the main purposes of the present paper is to give a necessary and sufficient
condition for an isotype submodule of a totally projective module to be itself a totally projective
module.
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1. Introduction

It was discovered in the 1970s that torsion abelian groups might be included in the theory of modules.
The subject known to demonstrate how to achieve this is called torsion abelian group-like-module or for
simpleness just a TAG-module. Singh [23] was the first to think about TAG-modules, although he was
only interested in TAG-modules MR having the following conditions relating to unserial modules while
the rings were associated with unity.

(i) Every finitely generated submodule of any homomorphic image of M is a direct sum of uniserial
modules.

(ii) Given any two uniserial submodules U1 and U2 of a homomorphic image of M , for any submodule
N of U1, any non-zero homomorphism ϕ : N → U2 can be extended to a homomorphism ψ : U1 → U2,
provided the composition length d(U1/N) ≤ d(U2/ϕ(N)) holds.

Following this, many researchers have applied fundamental ideas on torsion abelian groups-like-
modules from an abelian group theory and improved the concept of module theory (see, for instance,
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[1, 25]). In 1987 Singh followed this up in his another work [24] and introduced the notion of quasi-torsion
abelian groups-like-modules (QTAG-modules, for short) by applying condition (i) only. Some authors
have presented many important papers on the development types of abelian groups; for example, Danchev
[3, 4] presented a study of isotype subgroups in abelian p-groups. Leininger and McReynolds [17] found
important results on separable subgroups of mapping class groups. In addition, Walker [26] investigated
the influence of Ulm’s theorem for totally projective groups.

Furthermore, extensive research has been conducted on the concept of generalized torsion abelian
groups in QTAG-modules (see, for example [15, 16]). Subsequently, many studies have introduced the
use of generalized torsion abelian groups in QTAG-modules, such as α-modules [9], Σ-uniserial modules
[11], and strongly U -transitive modules [21] etc. Some studies have applied these to the concept of a
direct sum of countably generated modules that contribute to enriching this research area too [10, 13].

Finally, the research is organized as follows. The first section, i.e. here, looks at the subject’s
background and related studies. In Section 2, we briefly discuss several important concepts pertinent
to our investigation. The study of totally projective modules is discussed in Section 3, and important
theorems and distinctive properties of isotype as well as separable submodules are presented. After that,
in Section 4, we pose some unanswered questions that seem to be interesting.

2. Preliminaries

We begin with some terminology. Let all rings into consideration be associative with unity (1 ̸= 0),
and let modules be unital QTAG-modules. A uniserial module M is a module over a ring R, whose
submodules are totally ordered by inclusion. This means simply that for any two submodules S1 and
S2 of M , either S1 ⊆ S2 or S2 ⊆ S1. An element u ∈ M is uniform, if uR is a non-zero uniform
(hence uniserial) module and for any module M with a unique decomposition series, the symbol d(M)
will denote its decomposition length. If u is a uniform element of M (i.e., u ∈ M), then e(u) is called
the exponent of u, and e(u) = d(uR). As usual, for such a module M , we set the height of u in
M as HM (u) = sup{d(vR/uR) : v ∈ M, u ∈ vR and v uniform}. For every non-negative integer t,
Ht(M) = {u ∈M | HM (u) ≥ t} denotes the t-th copies of M which can be viewed as a submodule of M
consisting of all elements of height at least t. For a module M , the letter M1 will always denote in the
sequel the submodule of M , containing elements of infinite height. The module M is termed h-divisible
if M =M1 = ∩∞

t=0 Ht(M), or equivalently, if H1(M) =M . With this in hand, a module M is h-reduced
if it does not contain any h-divisible submodule, i.e., it is free from the elements of infinite height. The
sum of all simple submodules of M is called the socle of M , denoted by Soc(M). For all t ≥ 0, fM (t) is
the t-th Ulm invariant of M and is equal to Soc(Ht(M))/Soc(Ht+1(M)).

Next, we add some familiarity as well in terms of infinite height of M . If α is an ordinal, and M
is a QTAG-module, then the infinite height Hα(M) is defined inductively as follows: H0(M) = M , and
if α > 0, then Hα(M) = ∩γ<αHγ(M). Clearly, Hα(M) is a submodule of M , consisting of elements of
height at least α. This submodule is also known as α-th Ulm submodule.

A submodule N ofM is said to be α-pure [20] if, for all ordinal γ, there exists an ordinal α (depending
on N ) such that Hγ(M) ∩N = Hγ(N). Besides, a submodule N of M is named isotype, if it is α-pure
for every ordinal α. A submodule N of M is said to be nice [18] in M , if the equality Hα(M/N) =
(Hα(M) +N) /N holds for all ordinals α, i.e. every coset of M modulo N may be represented by an
element of the same height.

An h-reduced module M is totally projective if it has a collection N of nice submodules such that
(i) 0 ∈ N (ii) if {Ni}i∈I is any subset of N , then Σi∈INi ∈ N (iii) given any N ∈ N and any countable
subset X of M, there exists K ∈ N containing N ∪ X, such that K/N is countably generated. Call a
collection N of nice submodules of M which satisfies conditions (i), (ii) and (iii) a nice system (see [19])
for M .

We also make use of concepts that can be found, for instance, in [12], and that we briefly review. We
say that a submodule S of M is separable if for each x ∈M there is a corresponding countably generated
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submodule N of S such that

sup{HM (x+ y) : y ∈ S} = sup{HM (x+ z) : z ∈ N}.

Likewise, two submodules S and N of M are compatible, written S∥N , if for each pair (x, y) ∈ S × N
there exists z ∈ S ∩N such that

HM (x+ y) ≤ HM (x+ z).

It is interesting to note that almost all the results that hold for TAG-modules are also valid for
QTAG-modules [20]. Many results, stated in the present paper, are generalizations from the reference
[14]. For some other rigorous treatment of the topic mentioned here, the readers can see in [5, 8]. In
what follows, all notations and notions are standard and will be in agreement with those used in [6, 7];
for the specific ones, we refer the readers to [2].

3. Chief results

Totally projective modules play an important role in the modern theory of modules. We refer to [12,
22] for details and interesting results. The totally projective modules as studied in [13], a generalization
of the concept of a direct sum of countably generated h-reduced QTAG-modules. The criterion states
as follows: If M is a direct sum of countably generated h-reduced QTAG-modules and S is an isotype
submodule of countable length then S must also be a direct sum of countably generated modules. Thus
we give here a complete description of certain submodules of the direct sum of countably generated
modules for isotype submodules. For the sake of simplicity, we have described our result for the direct
sum of countably generated modules, which is an important special case, but everything is done in the
more general setting of totally projective modules. Not only are totally projective modules determined
by their Ulm invariants but they are one of the most interesting classes of QTAG-modules.

Before proving the major statements that motivate this section, we note in passing the following
simple fact.

Proposition 3.1. Let S be a submodule of a QTAG-module M . Then S is separable in M if and only
if, for each x ∈ M , the set {HM (x + y) : y ∈ S} has a largest element whenever its supremum is not
cofinal with ω.

Proof. Assume that S is separable in M and let α = sup{HM (x + y) : y ∈ S}. If α is not cofinal
with ω, then there is a countably generated submodule N of S such that α = sup{HM (x+ z)} for some
z ∈ N . This, in turn, implies that α = HM (x+ z).

Conversely, if there exists z ∈ N such that α = HM (x+ z). Observe that

HM (x+ z) = α = sup{HM (x+ y) : y ∈ S}

where α is not cofinal with ω, then it follows at once that S is separabe in M .

The following theorem establishes a necessary condition for an isotype submodule to be totally
projective.

Theorem 3.2. Let S be an isotype submodule of a QTAG-module M . Then S is separable in M , provided
S is totally projective.

Proof. Suppose that S is totally projective. If S is not separable in M , there exist x ∈ M and a
limit ordinal α such that HM (x + y) < α for each y ∈ S. Then, if α is not cofinal with ω, we have
α = sup{HM (x+y) : y ∈ S}. Since S/Hα(S) is totally projective and S/Hα(S) ∼= ⟨S,Hα(M)⟩/Hα(M) is
isotype in M/Hα(M). Without loss of generality, we may assume that Hα(M) = 0. Then HM (x+ y) =
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HM/Hα(M)(x+ y+Hα(M)) for each y ∈ S. Suppose now that M has length α. It is apparent to see that
S is the direct sum of submodules having length less than α. Setting Sβ = 0, we obtain S = Σβ<αSβ

such that Hβ(Sβ) = 0. Now for each σ < α, there exists γ < α such that σ < HM (x + y) < α where
y ∈ Σβ<γSβ . Now we choose σ0 such that σ0 < α. Therefore there exists a sequence {yk}, 1 ≤ k ≤ r in
S, and a strictly increasing sequence of ordinals

σ0 < σ1 < · · · < σr < α

such that the following conditions are satisfied for k ≤ r.

(i) σk−1 < HM (x+ yk) ≤ σk,

(ii) yk ∈ Σβ<σk
Sβ ,

(iii) yk = Σβ<σk
yk,β for yk,β ∈ Sβ and HM (yk,β) > σn−1 such that yk,β = 0.

Let σr+1 > σr, and suppose that yr+1 ∈ S such that the conditions (i) − (ii) hold for k = r + 1.
After this, let us assume that

yr+1 = Σβ<σr+1
yr+1,β

where yr+1,β ∈ Sβ . Observe that yr+1 is a set of representatives of the non-zero elements of yr+1,β in
Hσr+1(Sβ). Thus, we see that condition (iii) from definition of yr+1 is satisfied. Therefore, there exists
an infinite sequence {σk} of ordinals less than α such that conditions (i)− (iii) are satisfied for all k.

Now, we set σ = sup{σk}, one may see that σ is a cofinal with ω and therefore σ < α. This means
that α is not cofinal with ω, and there exists y ∈ S such that HM (x+ y) ≥ σ. Now we write

y = Σβ<σ yβ +Σβ≥σ yβ

where yβ ∈ Sβ . Then, for each β, we can easily continue along condition (i) that σk−1 < HM (y−yk) ≤ σk,
provided that HM (x + y) ≥ σ. Since S is isotype in M , we have that σk−1 < HS(y − yk) ≤ σk for all
k ≥ 1. Therefore, since yk ∈ Σβ<σSβ , for each k, we get that HS(yα) ≥ σ. This, in turn, implies that
HS(yα) > σk−1 and σ = sup{σk} for β ≥ σ. Without loss of generality, then, assume Σβ≥σyβ = 0. Thus
y = Σβ<σyα, so that we may assume the QTAG-module contains y as well as yk for each k.

Furthermore, we observe that y ∈ Σβ<σr
Sβ for some r ≥ 1. Because k > r, we deduce that

yk = Σβ<σr
yk,β +Σβ≥σr

yk,β

and thus condition (iii) implies that yk,β = 0 by setting HS(yk,β) ≥ HS(y − yk) > σn−1 for β ≥ σr.
However, if yk ∈ Σβ<σrSβ for all k with r, which is absurd, then

σk−1 < HS(yk+1 − yk) ≤ σk

and Hβ(Sβ) = 0. Therefore, if k > r, then yk = yk+1 and HS(yk+1 − yk) ≤ σk, so that S is separable in
M .

The following lemma established an important connection between compatibility and separability.

Lemma 3.3. Let S and P be submodules of a QTAG-module M such that S is separable in M . Then
there exists a submodule Q of M such that

(i) Q ⊇ P

(ii) g(Q) ⊆ g(P ) = ℵ0

(iii) Q∥S.

Proof. In each element x ∈ P , we choose a sequence {sk(x)} in S such that

sup{HM (x+ y) : y ∈ S} = sup{HM (x+ sk(x)},
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for k < ω. If we assume, by way of induction, that Q0 = P , and define Q1 = ⟨Q0, sk(x)⟩ for k < ω
and x ∈ P . Write HM (y + z) = λ, where y ∈ S, z ∈ Q0, and λ is an ordinal. Then, there exists a
positive integer k such that HM (z + sk(x)) ≥ λ for x = z ∈ Q0 = P . We choose sk(x) ∈ Q ∩ S such
that g(Q1) ≤ g(P ) = ℵ0. Now if we replace Q1 by Q0 = P , then Q2 is replaced by Q1 = P such that
Q2 ⊇ Q1 ⊇ Q0 = P where g(Q2) ≤ g(P ) = ℵ0. Then for each pair (u, y) ∈ Q1×S, there exists v ∈ Q2∩S
such that HM (u+ v) ≥ HM (u+ y). On continuing the same process to Qk, we get Q = ∪k<wQk. Thus,
we see that conditions (i)− (iii) are satisfied for the submodule Q, and the lemma is proved.

In the light of the last constructions, we obtain the following strengthening of Theorem 3.2.

Theorem 3.4. Let M be a QTAG-module with an isotype submodule S of M such that M is a totally
projective module of cardinality not exceeding ℵ1. Then S is separable in M if and only if S is totally
projective.

Proof. The necessity follows directly from Theorem 3.2.

Next, we deal with the converse implication. Since M is totally projective, M satisfies a nice system
of countability (see [19]). In fact, it possesses a collection N consisting of nice submodules Ni of M for
each i.

In order to show that S is totally projective, it suffices to prove that S has an ascending chain

0 = N0 ⊆ N1 ⊆ N2 ⊆ · · · ⊆ Nβ ⊆ . . .

of nice submodules Nβ of S satisfying the following conditions:

(i) Nβ+1/Nβ is countably generated.

(ii) Nγ = ∪β<γNβ where γ is a limit.

(iii) S = ∪β<σNβ where σ is a arbitrary ordinal.

For a proof of this assertion see [10]. In accordance with Lemma 3.3, since S is separable in M , and
if P is any countably generated submodule of M . Then there exists a countably generated submodule
Q of M containing P such that Q∥S. Similarly, there exists a countably generated submodule R of M
containing Q that belongs to the collection N . On continuing the same process to these properties, we
construct a sequence

P ⊆ Q0 ⊆ R0 ⊆ Q1 ⊆ R1 ⊆ . . .

of countably generated submodules of M such that Qi∥S and Ri ∈ N .

Next, with this in hand, we ascertain the same argument that there exists a countably generated
submodule K of M such that K∥S and K ∈ N . Since g(M) ≤ ℵ1, it is plainly to see that there exists
an ascending chain of countably generated submodules

0 = K0 ⊆ K1 ⊆ · · · ⊆ Kβ ⊆ . . .

that leads up to M = ∪Kβ with the following conditions:

(i+) Kγ = ∪β<γKβ where γ is a limit.

(ii+) Kβ ∈ N for each β.

(iii+) Kβ∥S for each β.

If we let Nβ = Kβ ∩ S, it remains only to show that Nβ is nice in S. Our future aim, which we
pursue, is to give us the desired chain of submodules Nβ of S. To that goal, we suppose for any x ∈ S
that

α = sup{HS(x+ aβ) : aβ ∈ Nβ}.
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This follows immediately that

α ≤ sup{HS(x+ bβ) : bβ ∈ Kβ}.

Since Kβ is nice in M , there exists an element uβ ∈ Kβ such that HM (x + uβ) ≥ α. Moreover, since
x ∈ S and Kβ∥S, there exists an element vβ ∈ Nβ = Kβ ∩ S such that HM (x + vβ) ≥ α. Finally, S
being isotype in M implies that HS(x + vβ) ≥ α. Hence, it consequently follows that Nβ is nice in S.
We complete the proof.

As a direct consequence, we have the following corollary.

Corollary 3.5. Let M be a QTAG-module with an isotype submodule S of M such that M is a direct
sum of uniserial modules with all its Ulm invariants not exceeding ℵ1. Then S is separable in M if and
only if S is totally projective.

We are now ready to give our example.

Example 3.6. For each countable ordinal β, let Pβ be a countably generated module of length β+1 such
that Hβ(Pβ) = ⟨uβR⟩ is a uniserial module of exponent one. Now we want to construct an ascending
chain of countably generated modules Qα defined as follows. Set Q0 = P0, and suppose that Qγ is a
countably generated module such that Hγ(Qγ) = ⟨vγR⟩ is a uniserial module of exponent one. Then we
have two cases to consider:

Case (i). α is a limit. In this case, let us consider Qα = ∪γ<αQγ .

Case (ii). α− 1 exists. Let γ = α− 1 and let Qα be the pushout associated with the diagram

Hω1
(M) Pα

Qγ Qα

where Hω1(M) is mapped onto Hγ(Qγ) = ⟨vγR⟩, and similarly onto Hα(Pα) = ⟨uαR⟩. Notice that
Qγ ⊆ Qα = (Qγ ⊕ Pα)/⟨(vγ − uα)R⟩ with the property that Hα(Qα) = ⟨vγR⟩ = ⟨uαR⟩ is a uniserial
module of exponent one.

Now, if x denotes vα then HQα
(xR) = α and Qα+1/⟨xR⟩ = Qα/⟨xR⟩ ⊕ Pα+1/⟨xR⟩. Therefore, if

Q = ∪α<ω1
Qα then Hω1

(Q) = ⟨xR⟩ and Q/⟨xR⟩ is a direct sum of uniserial modules. Consider the exact
sequence

S ↣ Σ⊕Qα ↠ Q

where Σ ⊕ Qα → Q is the natural map associated with the inclusion maps Qα ↣ Q. In order to show
that S is isotype in Σ ⊕ Qα, it remains only to show that Hβ(M) ∩ S = Hβ(S) for all β. To that goal,
let us assume that M = Σ ⊕Qα where the summation is over the countable ordianls α. The proof is by
induction on β in conjuction with Hβ(M) ∩ S = Hβ(S) for β ≤ σ and let y ∈ Hσ+1(M) ∩ S.

Choose z ∈ Hσ(M) such that z′ = y where d(zR/z′R) = 1 and let z = Σ⊕uα where uα ∈ Qα. Since
z ∈ Hσ(M), uα ∈ Hσ(Qα), we have a = Σvα ∈ Hσ(Q) for each α. Therefore to finish the induction,
we choose z′ ∈ S such that d(zR/z′R) = 1 and a′ = 0 where d(aR/a′R) = 1. Moreover, a ∈ Hσ(Q)
implies that a ∈ Hσ(Qα) for some α. Then we have two cases to consider. Firstly, if a is a multiple of
x, then a ∈ Hσ(Qσ). Secondly, if a is not a multiple of x, then HQα

(aR) = HQα+1
(aR). Thus, we have

a ∈ Hσ(Qα) and a ⊇ Qα. Next, choose µ such that a ∈ Hσ(Qµ) and let ã ∈ M have only one non-zero
element. Observe that H1((z − ã)R) = y and z − ã ∈ Hσ(M) ∩ S. Hence the induction hypothesis,
Hσ(M) ∩ S = Hσ(S), implies that y ∈ Hσ+1(S), and S is isotype in M . Since S is not separable in M
and

sup{HM (x+ a) : a ∈ S} = ω1,

so referring to Theorem 3.2, we can conclude that S can not be a direct sum of countably generated
modules.
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Motivated by nice system [19] and weak nice system [12], we make the following definitions.

Definition 3.7. Let N be a submodule of a QTAG-module M . A family S of separable submodules
S ⊇ N of M is called a separable system in M if

(i) N ∈ S;

(ii) if {Si}i∈I is any subset of S, then Σi∈ISi ∈ S;

(iii) given N ⊆ T ⊆ M and T/N is countably generated, there exists S ∈ S such that S ⊇ T and
S/N is countably generated.

Definition 3.8. Let α be an arbitrary ordinal and M a QTAG-module of countable length. A family S
of separable submodules S of M containing a submodule N of M is called a weak separable system in M
if there exists a chain of separable submodules

N = S0 ⊆ S1 ⊆ . . . Sβ ⊆ . . . , β < γ,

satisfying the following conditions:

(i) Sβ+1/Sβ is countably generated.

(ii) Sα = ∪β<γSβ where α is a limit.

(iii) M = ∪β<γSβ.

The next assertion gives a comparison between two of the defined above classes.

Theorem 3.9. Suppose M is a QTAG-module. In QTAG-modules, separable system and weak separable
system are equivalent.

Proof. The first part is straightforward that separable system implies weak separable system.

As for the second part, we shall demonstrate that there exists a family S of separable submodules S
of M containing a submodule N of M satisfying all the conditions of separable system when conditions
of weak separable system are satisfied.

Let Γ denote the initial segment of ordinals less than γ; note that Γ is the index set for the chain
of separable submodules Sβ associated with weak separable system. For each β ∈ Γ, let {xβ,k} be a
set of representatives for the non-zero cosets of Sβ in Sβ+1. Without loss of generality, we may assume
that Sβ ̸= Sβ+1. Then there exist positive integers k′s depending on β such that Sβ+1/Sβ is countably
generated.

In order to show that M satisfies separable system, let us suppose that

S = {SΩ ⊆M : SΩ = ⟨N, xβ,k⟩},

where Ω ranges over the closed subset of Γ. It is fairly to see that the empty set ϕ is closed. Thus
S satisfies all the conditions of separable system. What remains to show is that SΩ is separable in M
whenever Ω is a closed subset of Γ. In order to do this, among all uniform elements in M , choose x such
that HM (x + SΩ) = σ. Our future aim, which we pursue, is to check cof(σ) = ω0. To that goal, we
assume that cof(σ) ̸= ω0. By hypothesis on separability on N , we have HM (x+N) < σ. Letting x have
the standard representation

x = xµ(1),k(1)
+ xµ(2),k(2)

+ · · ·+ xµ(r),k(r)
+ y,

we prove by induction on µ(1) in conjuction with HM (x + z) = σ for some z ∈ SΩ. Without loss of
generality, we assume that µ(i) ̸∈ Ω for each i. We construct now a coset x+SΩ of M , deleting the terms
xµ(i),k(i)

from x as mentioned in the above standard representation. Therefore to finish the induction, we
choose a ∈ SΩ such that HM (x+ a) > σ′ with σ′ < σ. Let

a = xλ(1),t(1) + xλ(2),t(2) + · · ·+ xλ(j),t(j) + b
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be the standard representation of a. Since a ∈ SΩ, λ(i) ∈ Ω for each i. Bearing in mind this construction,
it is apparent that µ(1) ̸∈ Ω and λ(1) ̸= µ(1). Finally, we let λ(1) > µ(1), and a routine computations
reveals that

HM (xλ(1),t(1) + Sλ(1)
) ≥ HM (x+ a) > σ′.

Then, there exists c ∈ SΩ∩Sλ(1)
such that HM (xλ(1),t(1)+c) > σ′. Certainly, if we set u = a−xλ(1),t(1)−c,

then u ∈ SΩ ∩ Sλ(1)
and HM (x + u) > σ′. We choose a ∈ SΩ such that λ(1) is minimal. Observe that

µ(1) > λ(1). Therefore HM (x + Sµ(1)
) ≥ σ and consequently HM (x − v) ≥ σ for some v ∈ Sµ(1)

, where
Sµ(1)

is separable. Since v ∈ Sµ(1)
, the initial term of its standard representation has a smaller index than

µ(1). Hence by induction hypothesis there exists z in SΩ such that HM (v + z) ≥ σ. This means that
HM (x+ z) ≥ σ, as required. The proof is completed.

We are now endowed with enough information to proceed by proving the following criterion for a
totally projective module.

Theorem 3.10. Let M be a totally projective QTAG-module and S be an isotype submodule of M . Then
S is totally projective if and only if M satisfies the weak separable system.

Proof. Foremost, assume that S is totally projective. Let NM and NS , respectively, be families of
nice submodules of M and S satisfying nice system. Since S is totally projective, it now follows from
Theorem 3.2 that S is separable in M . Suppose that

0 = P0 ⊆ P1 ⊆ . . . Pβ , β < λ

is an ascending chain of submodules of M satisfying the following conditions:

(i) Pβ ∈ NM .

(ii) Pβ ∩ S ∈ NS .

(iii) Pβ∥S.

(iv) g(Pβ+1/Pβ) ≤ ℵ0, β + 1 < λ

(v) Pγ = ∪β<γPβ , where γ < λ is a limit,

We consider two possibilities. Firstly, if λ is a limit ordinal, we define Pλ = ∪β<λPβ and see that
conditions (i) − (v) are satisfied for the chain of submodules Pβ . Secondly, if λ − 1 exists. Then there
exists a countably generated extension Pλ of Pλ−1 that satisfies the desired properties.

We construct now a submodule Pλ such that Pλ−1 = P . Since P satisfies conditions (i) and (ii), we
have ⟨S, P ⟩/P ∼= S/S ∩ P is totally projective, and similarly for M/P . Therefore, ⟨S, P ⟩/P is isotype
in M/P . Let x be an uniform element of M such that x + P ∈ Hγ(M/P ) = ⟨Hγ(M), P ⟩/P . Then
x + P = y + P where y ∈ Hγ(M), and x + z = y ∈ Hγ(M) where z ∈ P . Consequently, we can easily
continue along condition (iii) that x + a ∈ Hγ(M) for some a ∈ S ∩ P . Therefore, since S is isotype in
M , we get that x + a ∈ Hγ(S). This, in turn, implies that x + P ∈ Hγ(⟨S, P ⟩/P ), and so ⟨S, P ⟩/P is
isotype in M/P . It follows by hypothesis that S is an isotype submodule of M with S and M totally
projective.

Now, we set

NM/P = {Q/P : Q ∈ NM and Q ⊇ P}

is a family of nice submodules of M/P that satisfies the nice system. It is also easily varified that

N⟨S,P ⟩/P = {⟨U,P ⟩/P : U ∈ NS and U ⊇ S ∩ P}

is a family of nice submodules of ⟨S, P ⟩/P that satisfies nice system. Now, using the condition (iii),
together with the fact that S is isotype in M , it is straight forward to compute that P is nice in ⟨S, P ⟩
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and ⟨S, P ⟩/P ∼= S/S ∩ P . Therefore, we plainly obtain the family of nice submodules of ⟨S, P ⟩/P from
those in NS containing S ∩ P .

If V is any countably generated submodule of M , then there exists a countably generated submodule
Q of M containing V such that ⟨P,Q⟩/P∥⟨S, P ⟩/P from the utilization of Lemma 3.3. Then, there exists
a submodule Q of M such that the following hold:

(i+) Q ∈ NM .

(ii+) ⟨P,Q⟩/P ∩ ⟨S, P ⟩/P ∈ N⟨S,P ⟩/P .

(iii+) ⟨P,Q⟩/P∥⟨S, P ⟩/P .

Since P and Q belong to NM , it follows that ⟨P,Q⟩ ∈ NM . Thus if we set Pλ = ⟨P,Q⟩, then Pλ

satisfies conditions (i) and (ii). Moreover, if P = Pλ−1 with Q is countably generated, we observe that
Pλ/Pλ−1 is countably generated. Thus, we see that condition (iv) from definition of Pβ is satisfied. By
the choice of λ, condition (v) holds for all γ < λ, and in view of condition (iii), it remains only to
show that Pλ∥S. Suppose that HM (Pλ + x) = γ where pλ ∈ Pλ = ⟨P,Q⟩ and x ∈ S. At the same
time, by using (iii+), we get HM/P (pλ + b + P ) ≥ γ for some b ∈ ⟨P,Q⟩ ∩ ⟨S, P ⟩. It follows that
⟨P,Q⟩∩⟨S, P ⟩ = ⟨⟨P,Q⟩∩S, P ⟩, where b ∈ ⟨P,Q⟩∩S. Note that if P is nice in M , it immediately follows
that HM (pλ + b + z) ≥ γ for some z ∈ P . This, in turn, implies that HM (b − x + z) ≥ γ. Now, since
b ∈ S with P∥S, there exists c ∈ P ∩ S such that HM (c+ z) ≥ γ. Then we obtain HM (pλ + b− c) ≥ γ
and hence b− c ∈ ⟨P,Q⟩ ∩ S = pλ ∩ S. Thus pλ∥S and see that conditions (i)− (v) are satisfied for the
chain of submodules of Pβ .

Turning, therefore, to the claim, we continue to extend the chain of submodules of Pβ such that
M = ∪β<λTβ . To that goal, let us define Tβ = ⟨S, Pβ⟩ and consider the chain

S = T0 ⊆ T1 ⊆ · · · ⊆ Tβ ⊆ . . . , β < λ

Since condition (iv) for the chain of submodules of Pβ implies that Tβ+1/Tβ is countably generated and
condition (v) yields Tγ = ∪β<γTβ , where γ is a limit. In order to prove the remaining necessity part, we
have to show that Tβ = ⟨S, Pβ⟩ is separable in M . Suppose HM (y+ Tβ) = σ where cof(σ) ≠ ω0. Letting
T = Tβ , we note that

HM/P (y + ⟨S, P ⟩/P ) ≥ HM (y + ⟨S, P ⟩) = σ.

Since ⟨S, P ⟩/P is isotype in M/P , and ⟨S, P ⟩/P is totally projective. Therefore, according to Theorem 
3.2, there exists x ∈ S such that HM/P (x + y + P ) ≥ σ. Since P is nice M, HM (x + y + z) = σ for some z ∈ 
P . This means that Tβ = ⟨S, P ⟩ is separable in M. One seeing readily in view of Theorem 3.9 that  
M satisfies the weak separable system.

Conversely, suppose that S is an isotype submodule of the totally projective module M and suppose
that M satisfies the weak separable system. Let N be a family of nice submodules of M satisfying nice
system and let S be a family of separable submodules of M satisfying separable system. Then, clearly
S ∈ S is a separable submodule of M . Consequently, as early checked, P is a submodule of M satisfying
the conditions:

(1) P ∈ N ,

(2) ⟨S, P ⟩ ∈ S,

(3) P∥S.

Since ⟨S, P ⟩ is separable, there exists a countably generated submodule Q of M with Q ̸⊆ ⟨S, P ⟩
and M = ⟨S, P ⟩ such that

(1+) Q ∈ N ,

(2+) ⟨S,Q⟩ ∈ S,

(3+) Q∥⟨S, P ⟩.
Of course we claim that
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(1∗) ⟨P,Q⟩ ∈ N ,

(2∗) ⟨S, P,Q⟩ ∈ S,

(3∗) ⟨P,Q⟩∥S.

The first two conditions are immediate, and the third is a direct cosequence of Q∥⟨S, P ⟩ and P∥S.
It follows that there exists an ascending chain

0 = P0 ⊆ P1 ⊆ P2 ⊆ . . . Pβ ⊆ ...

of submodules of M satisfying conditions (i) − (iii) such that Pβ+1/Pβ is countably generated, Pγ =
∪β<γPβ where γ is a limit, and M = ∪ Pβ . Setting Kβ = S ∩ Pβ , and consider the corresponding chain

0 = K0 ⊆ K1 ⊆ K2 ⊆ · · · ⊆ Kβ ⊆ ...

of submodules of S such that Kβ+1/Kβ is countably generataed, Kγ = ∪β<γKβ where γ is a limit, and
S = ∪Kβ . To complete the proof of the theorem, it remains only to show that S is totally projective.
It suffices to show that Kβ is nice in S. In the remaining part where u ∈ S is an uniform element, we
assume that HS(u +Kβ) = γ. Note that HM (u + Pβ) ≥ γ and HM (u + z) ≥ γ for some z ∈ Pβ since
Pβ ∈ N is nice in M . Finally, since Pβ∥S provided that HM (u+ b) ≥ γ for some b ∈ Kβ . Thus, we arrive
at HS(u + b) ≥ γ where S is isotype in M . Therefore, we conclude that Kβ is nice in S. The proof of
the theorem is now completed.

4. Left-open problems

In closing we pose the following still unsettled questions. We start with

Problem 4.1. Describe the structure of the class of those QTAG-modules M for which there exist
S ⊆ Soc(M) which are separable in M and countably generated nice submodules N ⊆ M such that
M/(S +N) are totally projective?

Problem 4.2. Does it follow that the Lemma 3.3 remains true without the restriction of compatibility of
submodules?

Problem 4.3. Suppose SP and SQ are the families of separable submodules of the QTAG-modules M
satisfying separable system. What are the conditions under which f(P⊕Q)(t) = f(P )(t) + f(Q)(t)?

Problem 4.4. Suppose M1 is a QTAG-module of length α such that whenever M2 is a QTAG-module
such that M1

∼= M2/Hα(M2) and Hα(M2) are isotype in M2. Can we conclude that M1 is totally
projective?
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his/her valuable editorial work.
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