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Abstract: In this paper, we propose six new classes of permutation polynomials. Precisely, for p = 3 or p = 5,
three new classes of permutation polynomials over F2m of the form (#” — x4 6)° 4 L(x), and three
new classes of permutation polynomials over FF2m of the form (2" —z40)" + (2" —x+6)°2 + L(z),

are given where L(z) = az?" + az with a € F,m. We use a method based on the AGW criterion and
the determination of the number of solutions of certain type of equations. The sufficient conditions
on ¢ € F 2m are shown to be necessary.
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1. Introduction

For a prime power ¢, let F, denote the finite field with ¢ elements. A polynomial f(x) € F,[z] is said
to be a permutation polynomial over Fy if the associated polynomial function f : ¢ — f(c) from F into F,
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is a bijection. Permutation polynomials over finite fields have been an active area of research because
of its applications in various areas like cryptography [13, 16], coding theory [3, 7] and combinatorical
designs [4]. Counstructions of new classes of permutation polynomials over finite fields is an area of
tremendous interest.

Helleseth and Zinoviev [6] established new Kloosterman sum identities over Fon by using permutation

polynomials of the form
1\ .
—_— T
22 —x+06

where 0 in Fan and [ = 0,1 with absolute trace Tr(§) = 1. Motivated by this work, Yuan and Ding [25,
27] studied permutation polynomials of the form

(z*" — 2+ 0)* + L(z)

over F,m, where L(x) is a linearized polynomial over Fym, § € Fpm and k,m,s are positive integers.
Subsequently, many classes of permutation polynomials with the form (2" — 2+ §)* + L(z) over Fp2m for
exponent s satisfying s(p™ + 1) = p™ + 1(mod p?™ — 1) or s(p™ — 1) = p™ — 1(mod p*™ — 1), has been
constructed in [17, 18, 30]. For different values of s, many more classes of this type have been obtained
in [5, 9, 10, 12, 19, 20, 22, 26, 28, 29, 31, 32] for even as well as odd characteristic. Recently, Xu, Luo
and Cao [24] proposed four classes of permutation polynomials of the form

(zP" —z +6)° + L(x)

with L(z) = x for even characteristic. They have also found several classes of permutation polynomials
over finite fields of odd characteristic of the above form, some of which are complete permutation polyno-
mials over Fz2m. Very recently, Wu and Yuan [21] determined several classes of permutation polynomials
of the form b(z? 4+ ax + 0)® — ax over Fa2m and three classes of permutation polynomials of the form
b(z? — x + 6)® + x over Fp2m with infinitely many odd primes p.

Further, by using AGW criterion and determining the number of solutions of certain type of equations,
Xu, Feng and Zeng [23] investigated several classes of complete permutation polynomials of the form

™m

(zP" —x +0)° + az?” + bz

over Fn, for exponent s = i(p™ £ 1)+ p’ and a,b,d € Fyn, where m, n are positive integers. Recently, Li
and Cao [8], among several other classes of polynomials, proposed two classes of permutation polynomials
of the form (27" — 2 + 6)* + ax?” + bx over Fyom. Very recently, Chen, Kan, Li, Peng and Zheng [2]
constructed six classes of permutation polynomials of the form (x”m —x+0)°+ az?" + bx over Fp2m,
where p is an odd prime.

By using a link between two classes of permutation polynomials over finite fields, Li, Qu and Zhou [11],
constructed four classes of permutation polynomials of the form (22 + x + §)%t + (22 + 2 + 0)2 + 2 over
Fan. Very Recently, Liu, Xie, Liu, and Zou [15] gave nine classes of permutation polynomials over Fyn of
the form

(2P —z+ 6+ (@ —x+ 62+

over F,n, where exponents s; and so are positive integers, m|n and § € Fy» and five classes of complete
permutation polynomials over F2m of the form az?” + bz 4 h(xzP" — x) with the help of AGW criterion
and determining the number of solutions to certain equations over finite fields.

In this paper, we further study the permutation behavior of polynomials of the form (zP" — x +
8)* + L(x) and (2P" — x4 6)* 4 (2" — z + 6)*2 + L(x) over finite fields of odd characteristic. More

precisely, three classes of permutation polynomials of the form (P — 2 +§)® + L(z) and three classes of
permutation polynomials of the form (27" — x + 6)t + (27" — x4 6)*2 + L(x) over the finite field F,zm

are given, where p=3 orp =5, L(z) = azP” +azx and a € Fpm. The method used in this paper has also
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been used in [15]. Determining the number of solutions of certain lower degree equations in a subset of
Fp2m plays a key role in our constructions.

The rest of the paper is organized as follows. In Section 2, some basic definitions and useful lemmas
are given. Section 3 includes the main results of this paper. In Section 4, we state the conclusion.

2. Preliminaries

Hereby, we clarify the notation used in the paper. We always use p for an arbitrary odd prime and
m,n for positive integers. Let F,» denote finite field with p™ elements. For each element ¢ in the finite
field Fp2m, we denote 6P" by 4 in analogy with the usual complex conjugation. Obviously, § 4+ 8 € Fpm
and 6 € Fym. For m|n, we use Tr7(.) to denote the trace function from Fyn to Fpm, i.e.,

(n—m)

T (z) =z + 2P + 2" P

Define J = {a?" —a:a € Fyn} = {a € Fyn : " +a = 0}. First we recall the definition of g-polynomial
as follows:

Definition 2.1. [1/] Let q denote a prime power. A polynomial of the form

n
L(z) = Z a;x?
i=0
with coefficients in an extension field Fon of Fy is called a g-polynomial over Fyn.

We recall a result followed from the AGW criterion.

Lemma 2.2. [1] For positive integers m,n with m|n, let ¢(x) be a p™-polynomial over Fpm, h(x) € Fyn[x]
be any polynomial such that h(zP" —x) € Fpm\{0} for allx € Fyn, and let g(x) € Fpyn[z] be any polynomial.
Then h(z?" — z)¢p(x) + g(a?" — z) is a permutation of Fyn if and only if the following two conditions
hold:

(i) ¢(x) induces a permutation of Fpm ;
(i) h(z)p(x) + g(x)P" — g(z) permutes J.
By taking g(x) = Z;Zl(x +6)%, h(z) = 1 and ¢(z) = az?” + ax, where a € F},., in Lemma 2.2,
we obtain the following lemma.

Lemma 2.3. For given positive integers m,n,t with m|n, non negative integers sj for1 < j <t,a € Fpm
and a fized § € Fpn, the polynomial

(zP" —z+6)% +az®” + ax
1

t
j=

permutes Fpn if and only if Z;Zl((aﬂ +6)P"%5 — (x4 0)%) + az?” + azx permutes J.

3. Permutation polynomials over finite fields with odd char-
acteristic

In this section, six classes of permutation polynomials over the finite field F,2m are proposed, where
p=3orp=>5.

w

~
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[e3)

Theorem 3.1. For any a € F5.. and § € Fz2m, the polynomial
fx) =" —2+ 62" 1 a2’ +ax
is a permutation polynomial over Fzzm .

Proof. From Lemma 2.3, it is enough to show that for each d € J, the equation
(x4 0)3" 23"+ (4 6)23" ! L 02" fax =d (1)

has at most one solution in J. Since z + 3" = 0 for x € J, the left-hand side of equation (1) can be
simplified as

(x4 0)3" 23"+ (14 6)23" 1 4 02" 4ax = (2 +6)2(—x +06) — (—x + 6)%(z +0)
V(= +0)(2x + 6 — 9)

= (—2® + (0 — 0z +66)(2x + 6 — 5)
=23 4 (260 — (6 — 8)>)x + 56(5 — 0)

=23 — (Tr2™(8))%z + 66(5 — 6).
Thus, if suffices to prove that the equation

2 — (Tr2™(8)) x4+ 66(0 — 0) = d (2)

has at most one solution in J. Suppose on the contrary that Eq. (2) has two solutions x and x + b, where
0 # b€ J. Then we have

(z+b)3 — (Tr2™(6))*(z + b) 4+ 66(6 — 6) = d. (3)

By subtracting Eq. (2) from Eq. (3), we get

b — (Tr27m(5))%b = 0. (4)
Since b # 0, the above equation leads to
b= +Tr2m(s). (5)

Taking 3"-th power on both sides, we get
—b = £Tr2™(5). (6)

By adding Eq. (5) and Eq. (6), we get b = 0, which is a contradiction. This completes the proof.

Theorem 3.2. For any a € F5,. and § € Fzam, the polynomial
fx) =" —z+ 5)32m+3m+1 + @ —z+ 5)3m+1+1 +az®" + ax
is a permutation polynomial of Fszm if and only if Tr2™(5) # 1.
Proof. From lemma 2.3, the polynomial f(z) permutes F3zm if and only if for each d € J, the equation

(x4 6)3" G _ (g 4 §)FT L (o4 57O (246" pad® paz=d  (7)
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has at most one solution in J. Since z + 23" = 0 for z € J, the left-hand side of equation (7) can be
simplified as

($+5)3’"(32’"+3’"+1) (w+5)32’" +3741 ($+5)3"‘(3"L+1+1) _ (;13—1—5)37"““ +az®" + az
28T (4 62 (24 0)PH — (x4 6)PTH

6?2 —(—x+0)(x+ 6>+ (x+6)>(—x+06) — (—x+6)>(x +9)
8)(—2x + 22(5 4 6) — 6% + 6% + (6 — 9))
0)(2x(6 4+ —1)+ (6 —08) — 0%+ 6?)
5) D(z+6) (=2 +68)(2z — 5 +9).

—~ — — ~—~ ~—

If Tr2™(8) = 1, then the left hand side of Eq. (7) is equal to 0 and this implies that Eq. (7) clearly
has more than one solution if d = 0. Therefore f(z) is not a permutation polynomial if Tr2™(§) = 1.

Next, we assume Tr2™(§) # 1. It is enough to show that the equation

d

2 — (Tr2m(6))x + 66(—6 + 6) = Tron(s) 1 (8)

has at most one solution in J. Suppose on the contrary that Eq. (8) has two solutions x and x + b, where
0 # b € J. Then we have

o d
3 (ry2m 5\ 2 5 =
(x4+b)° — (Tr2(0))*(x + b) + 66(6 — ) TrEm@) 1 (9)
By subtracting Eq. (8) from Eq. (9), we get that

b — (Tr2™(5))%b = 0,

which is same as Eq. (4). By following the same arguments as in the proof Theorem 3.1, we get a
contradiction. This completes the proof. O

Theorem 3.3. For any a € F5.. and § € Fz2m, the polynomial
f@)=@" —2+6)" P+ (@ —2 402" 4wz’ +ax
is a permutation polynomial of Fszm if and only if Tr2™(5) #1 .

Proof. From lemma 2.3, the polynomial f(z) permutes F3zm if and only if for each d € J, the equation
(z+06)2"C" ) (2 46)3" 3 4 (2 40)>" @3 _ (2 40)23"H L fax=d (10)

has at most one solution in J. Since z + 23" = 0 for z € J, the left-hand side of equation (10) can be
simplified as

(z+ 5)BM(3’"+3) @46 (w4 0PI (5 4 528" 00" 4
x + 6)+3" mt1 (@4 6P (w4 5)P 2 = (1 4 528
W=z +0)2 = (—x+8)(x+06)>+ (x+0)*(—x + ) — (—x + 6)*(x +0)
= (z+06)(—x +0)(2x — 22(5 + ) + 5% — 6% + (=6 +6))
AT 0)(=2(8 48 — 1) + (=6 +6) + 62— 6%)
= —(Tr(8) = 1)(z + 8)(—z + 6)(2x — 6 + ).

If Tr2m(8§) = 1, then Eq. (10) reduces to 0 = d which clearly has more than one solution if d = 0.

Therefore f(z) is not a permutation polynomial if (T7r2™(§)) — 1 = 0.
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Next, we assume Tr2"(8) # 1. It is enough to show that the equation

d

2% — (Tr2m(0))%x + 66(—6 + 6) = = T2 (s)

(11)
has at most one solution in J. Suppose on the contrary that Eq. (11) has two solutions x and z + b,
where 0 # b € J. Then we have

= d

(z+b)> = (Tr2™(8))*(z + b) + 66(6 — 6) = T T ) (12)

Subtracting equation (11) from equation (12), we get

B — (T727(8))%b = 0.

m

which is same as Eq. (4). By following the same arguments as in the proof Theorem 3.1, we get a
contradiction. O

Theorem 3.4. For any a € FE.. and § € Fzem, the polynomial
fz) =" —2+6)>°" T 1 az® +ax
is a permutation polynomial of Fg2m .

Proof. From Lemma 2.3, it is enough to show that for each d € J, the equation
(x4 0)°" 25"+ (14 6)25" 3 L aa" fax=d (13)

has at most one solution in .J. Since z + %" = 0 for z € J, the left-hand side of equation (13) can be
simplified as

(x4 0)°>" 5743 _ (1 4 6)2°" 3 L 0™ + ax
z+0)2(—z+0) - (—x+0)%*(z+0)?
z+0)%(—z +0)%(—2x — 6+ 9)

24 6% 4 220) (2% 4 6% — 220)(—2x — 5 + 0)

= (
= (
= (
= (2" 4+ 2(6 — 0)a® + (6% + 62 — 466)2® + 260(6 — 8)x + 6262)(—2z — 6 + 9).

x
x
Thus, if suffices to prove that the equation

—22° + Tr2m(8)2x3 + (6 — &) Tr2™(8)%a? 4 250Tr2™(6)%x + 626%(6 — ) = d (14)

has unique solution in J. Suppose on the contrary that Eq. (14) has two solutions x and = + b, where
0 # b € J. Then we have

—2(x 4+ b)® + Tr2m(5)%(x + b)® + (6 — &)Tr2m(6)* (= + b)* + 266 Tr2™(8)* (x + b) + 626%(6 — &) = d. (15)
By subtracting Eq. (14) from Eq. (15), we get

30° + Tr2m(8)2(b® + 3zb® + 322b) + (6 — 6)Tr2™(8)%(2bx + b?) + 2b66Tr2™(6)? = 0. (16)
Since b # 0, the above equation leads to

36 + Tr2m(8)2(b? + 3ab + 322) + (6 — 8)Tr2™(6)*(2x + b) + 206Tr2™(5)? = 0.

Note that Tr2™(§) # 0. Therefore the above equation can be rewritten as
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_ 3t _ _
2 _ 2 _ =
3z 4+ (3b+2(6 — 6))x + Tr2m(5)? +b°4+0b(0—0)+256=0
_ b4 _ _
2 2
— 4 —_ —
Let A=b—(6—0) and B = Trzn (o) +2b% 4 2b(6 — §)) +4385. Then the discriminant of the polynomial
o
on the left hand side of the above equation is
_ b4 _ _
A2+ B=(0b—(6-0))+ sg5rey + 20> +2b(6 — §) + 465
FB= (b= (5= 0)* 4 s + 22O -0+
_ _ b4 _ _
=b>+ (6 —6)* —2b((6 — o+ 2b% +2b(6 — &) + 4
b+ (6 —9) b((6 5))+Tr7%1m(5)2+ b° +2b(0 — 0) + 499
2 52 !
=304+ (0 +0)"+ Trom (5)?
3020+ 6)2 4 (6 +6)* + b
N Tr2m(§)?
-0+ 5)?)?
Tr2r ()2
_ JA? _
Thus z = W Note that A = —A and VA? + B € F,. Since z € J, we must have

—Ai\/A2+B+—Ai\/A2+B B —Aj:\/A2+B+Aj:\/A2+B
2 2 N 2 2

which implies VA2 + B = 0, ie., b = Tr2"(5)%. It follows that b € J NTF, and hence b =
contradiction. This completes the proof.

=0,

[y

Theorem 3.5. For a positive integer m and § € Fg2m, the polynomial
fz) =@ —z+ 0> 1 a® +ax

for a € Fi.. is a permutation polynomial of Fszm if and only if Tr2™ () # 0.

Proof. From lemma 2.3, the polynomial f(z) permutes F5zm if and only if for each d € J, the equation
(x4 0)°" 25"+ _ (14 6)25" 1 L 02" fax =d (17)

has at most one solution in J. Since z + 23" = 0 for 2 € J, the left-hand side of equation (17) can be
simplified as

(2 +06)°" ") (3 40)25" L ar®” +ax
= (@ +0)2(~z+0)* — (—x +0)2(z + 0)*
= (24 0)2(—z + 6)%(—22(6 + &) + 62 — 62)
=Tr>™(8)(z + 6)*(—x + 6)*(—2x + 0 — 0)
= Tr>™(8)(z* 4 6% + 220) (2® + 6% — 2x0)(—2x + 6 — )
= Tr2m(8)(z* 4+ 2(6 — 8)a® + (62 + 62 — 466)2% 4 206(0 — 0)x + 620°%) (=2 + 6 — ).

If Tr2m(§) = 0, then Eq. (17) reduces to 0 = d, which clearly has more than one solution if d = 0.
Therefore f(z) is not a permutation polynomial if Tr2™(5) = 0.

331
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332

Next, we assume Tr2"(8) # 0. It is enough to show that the equation

—22° + Tr2™(6)2x3 + (0 — 6)Tr2™(8)%2® + 260Tr2™ (8)%x + 6262(6 — 6) = TQL (18)
o (0)

has unique solution in J. Suppose on the contrary that Eq. (18) has two solutions x and = + b, where
0 # b € J. Then we have

—2(x4+b)5+Tr2m™(8)2(x+b)3+(0—0)Tr2™(8) (x+b)*+280Tr2™ (8)* (2 +b) +026%(0—0) = Tr2dm(5)' (19)

By subtracting Eq. (18) from Eq. (19), we get
30° + Tr2™(8)2(b® + 3xb® 4 322b) + (6 — 6)Tr2™(8)%(2ba + b?) 4 2b66Tr2™(8)* = 0,

which is same as Eq. (16). By following the same arguments as in the proof of Theorem 3.4, we get a
contradiction. O

Theorem 3.6. For a positive integer m and § € Fszm , the polynomial
f@) =" —z+ 82" 4 @ —2+ 62" L ax® 4 ax

for a € Fi,. is a permutation polynomial of Fsem if and only if Tr2™(8) +1#0 .

Proof. From lemma 2.3, the polynomial f(z) permutes Fs2m if and only if for each d € J, the equation
(@ 4 6)>" 5" H) — (¢4 6)>5" 3 4 (w4 0)>" Y — (g 4 6)>" =4 (20)

has at most one solution in J. Since x + 2% = 0 for « € J, the left-hand side of equation (20) can be
simplified as

(.T +5)5m(2.5m+3) _ (x + 5)2'5m+3 + (JJ + 5)5"‘(2.5m+4) _ (l‘—l— 6)2.5m+4 +ax5m +azx
3

=@+ 0~z +0)° — (2 +0)*(z+ ) + (z +0)*(~z + )" — (2 +0)*(z + )"
=(x+0)*(—z+0)*(—22(6 + 5+ 1)+ (6 — &) + 6% — §?)

= (Tr2™(8) + 1)(z + 6)*(—x + §)*(—22 + 6 — 6)

= (Tr?™(8) 4+ 1)((z* + 6% + 220) (2% + 6% — 220)(—2x + 6 — §))

= (Tr2m™(8) + 1) (x* + 2(6 — 8)z® + (0% + 6% — 480)x* + 206(6 — &) + 6%6%) (=22 + § — 0).

If Tr2™(8) +1 = 0, then Eq. (20) reduces to 0 = d, which clearly has more than one solution if d = 0.
Therefore f(z) is not a permutation polynomial if Tr2™(§) + 1 = 0.

Next, we assume Tr2™(§) + 1 # 0. It is enough to show that the equation

. - - d
_ 9,5 2m(5\2,.3 _ 2m(£)2,.2 2m [ £)2 282(5 &\
22° + Tr™(8)x” + (6 — §)Tr(6) x” + 206Tr. " (8)°x + 6767 (0 — §) Trom(6) 1 (21)

has unique solution in J. Suppose on the contrary that Eq. (18) has two solutions z and z + b, where
0 # b€ J. Then we have

—2(x +b)5 + Tr2™(6)2(x + b)> + (6 — &) Tr2m™(8)*(x + b) + 266Tr2™(8)2 (z + b)
o 22

By subtracting Eq. (21) from Eq. (22), we get
30° + Tr2™(8)2(b% + 32b? 4 322b) + (6 — 6)Tr2™(8)?(2bx + b*) + 2b66Tr2"(5)? = 0,

which is same as Eq. (16). By following the same arguments as in the proof of Theorem 3.4, we get a
contradiction. O
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4. Conclusion

In this paper, for p = 3 or p = 5, we present three classes of permutation polynomials of the form
(zP" —x+0)*+ L(z) and three classes of permutation polynomials of the form (z?" —x+0)% + (2P — 2+
§)2 + L(z) over the finite field Fj2m are given, where L(z) = az?” +ax and a € Fym. We also proved that
the conditions on § are necessary and sufficient. In the Table 1 and Table 2, we list all the known classes
(to the best of authors’ knowledge) of permutation polynomials of the form (zP" — z + 6)® + az?" + bx

and (2P" — 24 6)° + (2P —x +0)%2 4+ aaP” + bz, respectively.

Table 1. Known permutation polynomials of the form (atpm —z+9)°+ az”?™ + bx over F,2m, where
p is odd.
i |Values of s Conditions on p,a, b, § Reference
132t 423m! p=3,a=b=1,all§ [19, Theorem 4.1]
32m41 32 42.3m 1
2 ) 2 )
2 |32m _gm 4 p=3,a=b=1,all § [19, Theorem 4.2]
or 2.32m~1 4 gm~1
3 | podd,a=b=1, Tr2"(5) #0 [29, Theorem 1]
4 |2 podd, a=b=1,allé [9, Theorem 2] and
2 [26, Theorem 4.1]
5 % + p?m podd,a=b=1,all§ [9, Theorem 6]
6 % + p?m podd,a=b=—1,all § [9, Theorem 7]
7 123™ =1 p=3,a=b=1,allé [18, Theorem 1]

i(p™ + 1) + 1 where

b—a*" +11is a square in Fim, all &

8 lo<i<p™—1 podd, a=b=1, Tr2"(§) =0 [18, Theorem 5]
ged(1+ 2i,p™ — 1) = 1
am * m ¢
9 pmﬁi +1 podd, a=b¢€Fym, Tri7"(5) =0 [28, Theorem 3.3]
P v + 1,
10(P™ E,}m (I?Od d), podd, a=b¢€Fym, Tri"(5) =0 [28, Theorem 4.11]
ged(BF—-— +1,d) =1
d>1
11 #, p™"=1 mod4 |podd,a=b=1,Tr2™(5) =0 [31, Theorem 1]
1241 p=3a=>b=1Tr2"5) #0 31, Theorem 2]
13 Hp™ — 1) +1, podd,a=b=1Tr2"() =0 [22, Theorem 3.2]
0o<t<pm
14]i(p™ + 1) where i e N |P 044> 8,0 € Fram with a 45 € Fym, [10, Proposition 5]
b#aP ,all§
1505 is even D odd,niz, beEF, 2m witha+b € Fpm, N
b a®" , Tr2m(s) =0 [10, Proposition 5]
16]2p™ podd, a,b € Fpzm with a +b € Fym, [10, Proposition 6]
2Tr2™(8) +b—aP #0
17(32m-1 4 2.3m 1 p=3, ;b€ Fyzm with a+b € Fzm, [10, Proposition 6]

18

p' + p? where i,j < 2m

podd, a,be ]F;zm with a +b € Fym,
b#a?", Tr2™(5) =0 or
Tr2™(8) # 0 with

b=a” g (o't "1 o€ J}

Trm(s)P e o

where J = {y?" — |y € Fp2m }

[10, Proposition 7]

333
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334

19

pm+1 4 1

podd, a,b € F;Zm witha+b€Fpm |

b#£a®", Tr2"(5) =0

(Tr2m (6))P —btaP™
Trm(8)

is (p — 1)-th power in Fym

or

[15, Theorem 10]

20

2p%, 0 < i < 2m

podd, b=a?",
a+b#0and Tr2"(5) #0

[2, Theorem 3.11]

21

p27n +3
2

podd, b= apm,
a+b#0and Tr2™(5) #0

[2, Theorem 3.13]

22

pP+1,0<i<2m

podd, b=a?",

ged(2(p* = 1),p*™ — 1) = 4,
p"™ —1=0 (mod 4)
a+b+#0and Tr2™(5) #0

[2, Theorem 3.14]

_ —
23|p™ +p', i m podd, b=a"", 2 [2, Theorem 3.15]
a+b#0and Tr;"(6) #0
podd, b=a"",
24|s > 0 with ged(s,p™ —1) = 1|4 4+ b £ 0 and Tr2™(5) = 0; [2, Theorem 3.17]

or all § € Fyn if s is a power of p.

25(p™ + 2 p =3, b:a”m,aeryéO, all § [2, Theorem 3.18]
— " 2m sy _
26[i(p™ + 1) + 1,0 < i < pm —1|P 0dd b=a",at b0, Try"(6) =0 [2, Theorem 3.18]

ged(1 4 24,p™ —1) =1

27|p™tt +1 podd, b=a’",a+b#0, Tr2"(5) #0 [8, Proposition 2]
28 |2p™ podd,a=b=1, Tr2™(5) #0 [8, Proposition 3]
2m _
29[i(p™ —1) + 1 podd,a+b70and Tr"(0) =0, [23, Proposition 9]
and (—1)"MTrZ™(a+b) + b7 TP —a? t1£0
_ 2m 2 _ "
30(p™ + 2 p=3,atb#0and (Tr;;"(9)" +b—a [23, Proposition 13]
is a square in Fpm
_ 2m 2 "™
31)2p™ + 1 p=3,a+b#0and (Try"(9))" —b+a [23, Proposition 13]
is a square in Fpm
— 2m —
32|2.p2m—1 4 pml p=3,a+b#0and Tr;"(9) =0 [23, Proposition 13]
a’ #b
— 2m
33[2.p?m L 4 pm—t p . 3, a+b#0and Tri"(9) #0 [23, Proposition 13|
a? —bis a square in Fpm
34(12.3™ +1 p=3,a=b¢€F5m,all§ This paper
35|2.5™ +3 p=5,a=>b€Fim, all § This paper
36(2.5™ +4 p=>5,a=>b¢&Fim, Tr2™(8) #0 This paper
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m

Table 2. Known permutation polynomials of the form (2" — x + 6)*t + (27" — 2 + 6)°2 + az? + bz

over F 2m, where p is odd.

i |s1 and s2 Conditions on p, a, b, d Reference
sp =2.3m+k 4 3l p=3,a,b€Fi, with a+b € Fim,
1 |82 = 2.3mtk | gmit b—a*" is a square in Fim, all & [10, Proposition 6]
k,l are non negative
integers and ged(k, 2m) =1
p=3,a,b € Fjs,, with a4+ b € F3m,
2 |s1=3"+4;52=5 b—a®" £0,b—a®" + (Tr2(s))* | [10, Proposition 6]
is an square element in F3m
y =372 p=3 ab&Fam, atheli,
52 =2.3" i€ {0,1} [(Trn" (@) = G =D +b—a [10, Proposition 6]
is a square in F3m
i(p2—1 . * . *
4 [51= @ﬁni_l) +1,mis even; |podd, a,b € F 2 with a+b € Fym [15, Theorem 11]
So = “”17277;1)—&—1)”,771 is even|b # a” | all §
podd, a,b € Fy2n with a +b € Fym,
— m m m
5 (01T 2", (b- az ) # O,Trf,}n (6) B 0 [15, Theorem 12]
_m+1 (Trz7(8))P—b+aP  —2Tr77(8)
S2=p +1 or T2 (5)
is (p — 1)-th power in Fym
p=3,0a,b€F, and a +b € Fim
6 %17 2.87; b—a®" #—Land Trj"(6) =0 [15, Theorem 13]
s = 32m~1 4 23m ! or 2172 (8) —a®" + b+ 1is
a square elements in F3m
. 51 = 32m71 + 2.3771*17 p= 37 a,b € F;zm with a + be ]F;-m,7 [15 Theorem 14]
59 = 2.3¥m~1 4 3m—! b—a®" #0,all § ’
3 s1=3>" +3™ 4+ 1 p=3,a=>b¢€TFim, This paper
s =3"H 11 Tr2m(§) #1
g [:1= 3m 43, p=3,a=0b¢€Fim, This paper
52 =23"+1 Tr2m(8) #1
10]%t = 2.5™ +3, p=5a=>b€F5m, This paper
52 =2.5™ 4+ 4 Tr2m(8)+1#0
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