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1. Introduction

Quadratic residue codes (QRC) over the finite field F; are cyclic codes of prime length p where [ is
another prime which is a quadratic residue mod p. QRCs have been extensively studied because they
have a rate close to # and in many cases have a large minimum distance [15]. Over Zy = F5 = {0,1} and
Zsz = F3 = {0,1,2}, we have the binary [7,4, 3] Hamming code, and the binary [23,12,7] and ternary
[11,6, 5] Golay codes as examples of QRCs [14].

QRCs over the finite ring Z4 = {0, 1,2, 3} were introduced in [13]. In [17], important properties of
QRCs over Z, such as idempotent generators, duals, and extended codes were studied.

Additive codes of length n = a + 28 over the mixed alphabet Z,Z, were introduced in [6] and have
subsequently received significant attention. A Z,Z4-additive code C is defined to be a subgroup of Zng
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where o + 28 = n [6]. Note that if @ = 0, then C is a quaternary linear code over Z4 and if 8 = 0,
then C' is a binary linear code. In [16], it was shown that additive codes of length n = o + 28 over ZyZ4
have applications in steganography. Moreover, in [1], binary linear codes with good parameters were
constructed as images of ZsZ4-additive cyclic codes. Double cyclic codes over the mixed alphabet ZyZo
were studied in [7]. In [11], double QRCs over ZZs were examined and important properties of these
codes such as idempotent generators, and self-dual and extended codes, were investigated. In this paper,
we introduce the class of separable additive QRCs over ZoZ,. The generating polynomials of these codes
are presented and their idempotent generators are given. It is shown that additive complementary dual
(ACD) codes and self-orthogonal codes can be constructed as applications of separable QRCs over ZoZ,.
We also give examples of self-orthogonal codes and ACD codes over ZyZ, generated from separable QRCs
over ZoZy.

2. Preliminaries

To make the paper self-contained, this section presents the necessary definitions and required prior
results. The reader is referred to [6] for more details about ZoZ4-additive codes and [10] and [17] for
more details about binary and quaternary QRCs over Zy = {0,1} and Z4 = {0, 1, 2, 3}, respectively.

2.1. Z,Z4-additive codes

Consider the finite rings Zs = {0,1} and Z4 = {0,1,2,3}. Let n = o + 28 where « is odd and
Rap =7 X]/(X* —1) x Zy [X] / (XP — 1). A subset C of Z is called a linear code of length o if C'is
a subspace of Z$. A subset C of fo is called a linear code of length § if C is a subgroup of Zf. If Cis
a linear code over Zy or Zy, then the hull of C is the linear code H = hull (C) = C' N C*, where C+ is
the Buclidian dual of C' [2]. A subset C of Z§ x Z% is called a ZyZ4-additive code if C is a subgroup of
73 x Zf, i.e. C is isomorphic to ZJxZ; [6]. C is called a separable ZyZ,-additive code if C =Cx x Cy,
where Cx is a binary linear code and CYy is a quaternary linear code [6]. Note that if C is a ZyZ4-additive

code, then |C| = 2" for some nonnegative integer r. The next two definitions introduce the dual of an
additive code C over ZoZy.

Definition 2.1. [6] Let u = (ag@1 ... aa—1|bob1...bg_1) and v = (dods ... da—1]e0e1...€5-1) € Z3 X Zf.
The inner product u - v is defined as

a—1 -1
u-v = [2 Z a;d; + Z biei] mod 4.
i=0 i=0
Definition 2.2. Let C be a ZoZ4-additive code. Then the dual of C is the code
Cl:{UEngZf:u-vzowieC}.

In [5], it was shown that if C is a ZsZy4-additive code, then Ct is also a ZoZy4-additive code, and if
C =Cx x Cy is a separable ZoZ4-additive code, then C+ = C% X C'}J;.

Linear complementary pair (LCP) of codes and linear complementary dual (LCD) codes over fi-
nite fields were introduced in [12]. Subsequently, they have been studied extensively because of their
applications in numerous areas such as cryptography and secret sharing [8, 12].

Definition 2.3. [12] Let (C, D) be a pair of binary linear codes of length n. Then the pair (C, D) is
called an LCP of codes if C + D =745 and CN D = {0}. If D = C+, then C is called an LCD code.

In [9], the definition of LCD codes was generalized to linear l-intersection codes over finite fields.
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Definition 2.4. Let (C, D) be a pair of binary linear codes of length n. Then the pair (C, D) is called a
linear l-intersection pair of codes if dim(C N D) = 1.

In [3], the above concepts were generalized from finite fields to finite principal ideal rings. In [4], the
concept of LCD codes over finite fields was generalized to ACD codes over ZsZy.
Definition 2.5. [4] Let (C, D) be a pair of additive codes over ZaZ4.

1. The pair (C, D) is called an additive complementary pair (ACP) of codes if C + D = Z§ x Zf and
CND={0}. If D= C"*, then C is called an additive complementary dual (ACD) code.

2. The pair (C, D) is called an additive [-intersection pair of codes if |C N D| = 2.
Definition 2.6. Two ZyZ4-additive codes Cy and Cy are (permutation) equivalent if there is a permu-
tation of coordinates which sends Cy to Cs.
We now give the definition of additive cyclic codes over ZyZ,.

Definition 2.7. [1] A subset C of Z§ x Zf is called a ZoZy-additive cyclic code if

1. C is an additive code, and
2. Zf (a0a1 [N aa_1|bob1 ‘e bﬁ—l) € C, then

(aa_lao S aa_2|b5_1bo c.. bg_g) ecC.

For an element ¢ = (agay ... aq—1|bob1 ...bg_1) € Z§ x Zf, define the polynomial
C(X) = (0,0 +a X +...+ ao(_lXa71|bo +0 X +...+ blg_lXBil) ,

in R, g. This gives a one-to-one correspondence between elements in Z$ x fo and elements in R, 3. We
know that ZyZ4-additive cyclic codes are identified as Z4[X]-submodules of R, s [1]. The structure of
additive cyclic codes is given in the following theorem.

Theorem 2.8. [5] Let C be a ZsZ4-additive cyclic code of length n = a + 8 and type (o, 3,7,0,k).
Then C = ((b|0), (I|fh +2f)) where fhg = XP — 1,7 = a — deg (b) — deg (h),5 = deg(g), k = a —
deg (ged (1g,b)), and |C| = 20~ des(b)gdeelg)gde(h) - [f | = 0, then C is a separable ZoZ4-additive cyclic
code.

2.2. Binary and quaternary quadratic residue codes

Let p and ¢ be two prime numbers satisfying p = +1 mod 8 and ¢ = +1 mod 8, and let ¢ : Zy [X] —

Z4 [ X] be the Hensel mapping. Further, let @, be the set of quadratic residue elements mod p and N, be

the set of non-residue elements mod p. It is known that (X? —1) = (X — 1) f (X) h (X) mod 2, where

f(X)= ] X—-w)and h(X)= ][] (X —w"). Similarly, (X9—-1)= (X —1)g(X)k(X) mod 2
r€QR reNQR

and X9—1 = (X — 1) g4 (X) kg (X) mod 4, where g4 (X) = ¢ (g (X)) = ¢< eE[gR(X_wT)> and kg (X) =

¢(k(X))=¢< 11 (X—wr)>-
reNQR

The binary QRCs are the following four binary cyclic codes of prime length p over Fy where 2 is a
quadratic residue modulo p

Q = {f(X),
N = (h(X)),
Q= (X-1)f(X)),
N = (X —1)h(X)).
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From [17], it is known that Q@+ = Q' and N* = N’ if p = —1mod 8, and Q+ = N’ and N+ = Q' if
p=1mod8. @ and N are equivalent codes and Q" and N’ are also equivalent codes.

The quaternary QRCs are the following four cyclic codes of prime length g over Z,4

Qs = (92 (X)),
Ny = (ks (X)),
Qy = (X =1 (X)),
Ny = (X = 1) ks (X))

In [17], it was proven that Qf = Q) and Njt = Nj if p = —1mod 8 and Qf = Nj and Nj- = Q) if
p=1mod 8. Q4 and Ny are equivalent codes and @ is equivalent to Nj.

Let e1(X) = > X" ea(X) = > X", ef(X) = > X", and e5,(X) = >, X". Further, let

rEQp rEN, r€Qq re€Ny

2 (X) =1+ X+ X%+ ...+ XP7! € Zy[X]/(XP — 1) with corresponding codeword 1 = (1,1,...,1)
inZh, and j4 (X) =1+ X + X2 +...+ X! € Z,[X] /(X9 — 1) with corresponding codeword 1 =
(1,1,...,1) in Z1. Note that e1(X) + €2 (X) +j2 (X) =1 in Zy [X] and j4 (X) — € (X) — €5 (X) =1 in
Z4[X]. The following two lemmas give the idempotent generators for binary and quaternary QRCs.

Lemma 2.9. [10] Suppose that p = +1 mod 8. Then the idempotent generators for the binary QRCs are
as follows

p=—1mod8 p=1mod 8
1.1Q = (e1(X)) Q = (1 +ea(X))
2.|N N ={(14e(X))
5.1Q" = (1 + ea(X)) Q’ {e1(X))
4 N" = (1 +e1 (X)) [N = (e2(X))

Lemma 2.10. [17] Suppose that p = +1 mod 8. Then the idempotent generators for the quaternary
QRCs are as follows

q=—148l,1 odd q=—1438l,1 even
1.1Qs = (€1 (X) + 2¢5(X)) Q4 = (3¢1(X)))
2.|Ny = (2¢4(X) + e5(X)) Ny = (3e5(X)))
3. Q4 = (1 +2€}(X) +3e5(X)) | Q) = (1 + e5(X)))
4Ny = (1+3e)(X) + 2e5(X)) [Ny = (1 + €} (X))

q=1+38Il,l odd q=1+38I,l even
1.|Qq = (14 3e5(X) +2€ (X)) |Qs = (1 + €5(X))
2.|Ny = (1 + 3} (X) + 2e5(X)) | Nay = (1 4 € (X))
3. Q4 = (2e5(X) + €1 (X)) 4= (3e1(X))
4-| N3 = (e5(X) + 2¢ (X)) Nj = (3e5(X))

3. Separable ZyZ,-additive QRCs and their properties

In this section, we define and study the properties of separable ZsZ4-additive QRCs.
Definition 3.1. The separable ZyZ4-additive QRCs are

1. Ly = {(f (X)10) ; (0]ga (X)),



A. S. Karbaski et. al. / J. Algebra Comb. Discrete Appl. 12(1) (2024) 31-42

2. Ly = {(h(X)10), (0]ka (X)),
3. Ly = (X = 1) f(X)0), (0] (X = 1) g4 (X)),
4. Ly = (X = 1) k(X)) [0), (O (X = 1) ks (X))

We are interested in finding the idempotent generators for these separable ZsZ4-additive QRCs. Let
C = Cx x Cy be a separable ZyZ4-additive code of length n. The next lemma gives the idempotent
generators for C' based on the idempotent generators for the codes C'x and Cly-.

Lemma 3.2. Let C = Cx x Cy be a separable ZoZ4-additive code of length n. Suppose that the binary
and quaternary cyclic codes C'x and Cy have idempotent generators s1 and so, respectively. Then C =

((51]0), (0fs2))-

Proof. Let ¢ = (c1]|ca) € C = Cx x Cy so then ¢; € Cx = (s1) and ¢a € Cy = (s3). Hence,
¢1 = q151 and ¢ = @282 so ¢ = (c1]ca) = q1 (51]0) + g2 (0]s2) = C C {(s1|0), (0]s2)). Now suppose that
¢ = (c1]e2) € {(s1]0),(0]s2)). Then ¢1 = ¢151, ca = go2s2 and ¢ = q; (51]0) + g2 (0]s2) € Cx x Cy, and
hence C = {(s1]0), (0]s2)). O

X

As an application of Lemmas 3.2, 2.9, and 2.10, Propositions 3.3 and 3.4 present the idempotent
generators for all separable Z,Z,-additive QRCs.

Proposition 3.3. Suppose that p=1mod 8 and ¢ =1 mod 8. Then we have the following

q—1=28l,1 odd q—1=28l,1 even
1] Ly = (1 + ea(X)]0), (O]1 + 3e5(X) + 24 (X))) | Ly = (1 + e2(X)[0) , (0]1 + €5(X)))
2.|Ly = (1 +ex(X )|0)7(0|1+36'1(X)+26§(X))> = ((1+ e1(X)[0), (O]1 + €3 (X))
3./ L1 = ((e1(X)]0), (0]2e5(X) + €3 (X)) = {(e1(X)]0), (0]3€1 (X))
4-] Ly = ((e2(X)]0) , (Ofex(X) + 2€] (X)) :<(62( )10), (0]3€5(X)))
Proof. The proof follows from Lemmas 3.2, 2.9, and 2.10. O

Proposition 3.4. Suppose that p = —1 mod 8 and ¢ = —1 mod 8. Then we have the following

q—|—1=8l,lodd q+1=28I,1 even
1.|Ly = {(e1(X)]0) , (Oley (X) + 2e5(X))) L1 = ((e1(X)]0), (03¢} (X)))
2.|Ly = ((e2(X)[0) , (02e3 (X) + €5(X))) = ((e2(X)]0), (0[3¢5(X)))
3.|Lh = (1 + e2(X)[0), (O]1 + 2¢/ (X)) + eé(X))> =<(1+62( )10), (O]1 + €5(X)))
4-|L =(( +e1(X)[0), (01 4 3e3 (X) + 2e5(X))) | L5 = ((1 + e1(X)[0), (0[]1 + €3 (X))
Proof. The proof follows from Lemmas 3.2, 2.9, and 2.10. 0

The next theorem presents some properties of separable ZyZ4-additive QRCs.

Theorem 3.5. Suppose that p = —1 mod 8 and ¢ = —1 mod 8. Then

1. Ly and L} are permutation equivalent to Ly and LY, respectively,

+1

2. |Ly| =2 4% =|L,|,

1

3. |L,| =2 4" =|L}|.
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Proof. Part 1 follows from the fact that Q and N are equivalent, Q' and N’ are equivalent, Q4 and
N, are equivalent, and @, is equivalent to Nj.

For Part 2, [Li| = |Q|[Q4] = 2% 4% and |Ls| = [N||Ny| = 2" 4",
The proof of Part 3 is similar to that of Part 2. 0

We also have the following theorem.
Theorem 3.6. Suppose that p =1 mod 8 and ¢ =1 mod 8. Then

1. Ly and LY are permutation equivalent to Lo and L), respectively,

p+1l g+l

2. |Li| =277 4% =L,
3. |L)| =2 4% = |L}).

Proof. The proof is similar to that of Theorem 3.5. O

4. Classification of separable additive QRCs over ZoZy4

In this section, we provide a classification of separable additive QRCs over ZsZ4. Some applications
are also given. Recall the following theorems from [10] and [13].

Theorem 4.1. [10] Let C; be a cyclic code of length n over F, with idempotent generators f; (X), 1 =1,2.
Then C1 N Cs and C1 4+ Cs have idempotent generators fi1(X)f2(X) and f1(X) + f2(X) — fi(X) f2(X),
respectively.

Theorem 4.2. [13] Let C; be a cyclic code of length n over Z4 with idempotent generators f; (X), i .
Then C1 N Cy and Cy 4+ Cy have idempotent generators f1(X)f2(X) and f1(X) + fo(X) — f1(X) f2(X),
respectively.

Theorem 4.3. Suppose that p = —1 mod 8 and ¢ = —1 mod 8. Then Li = L}, Ly = L}, and L and
LY are self-orthogonal.

Proof. Suppose that p = —1 mod 8 and ¢ = —1 mod 8. Since L1 = ((f (X)|0), (0]gs (X))) = Q@ X Q4
is a separable additive code over ZyZ,4, then

Ly =Q* x Qi = Q' x Q) =((X —1) f(X)]0), (0 (X —1) g4 (X))) = L.

Similarly, we have Ly = ((h(X)|0),(0lks(X))) = N x Ny and Ly = Nt x N}t = N' x N} =
(X =1 Rh(X)1]0),(0] (X —1) ks (X))) = LY. Note that

Ly = (X =1) £ (X)]0), (0] (X — 1) g4 (X))) € ((f (X)]0),(0]g4 (X))) = L,
and
Ly = (X =1) h (X)]0), (0] (X — 1) kg (X))) € ((h(X)10), (0[k4 (X))) = Lo.
Hence, L} and L) are self-orthogonal. O

Theorem 4.4. Suppose that p= —1mod 8 and g = —1 mod 8. Then

1. Ly + Ly = ZRZ,
2. LiNLs = {(§2(X)]0), (044 (X))) and the pair of codes Ly and Lo are a 3-intersection pair of codes,
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3. the codes Ly and L} are a 0-intersection pair of codes and L} + Ly = ((1+ 72(X)]0), (0|1 + j4(X))).

Proof. Suppose that p = —1 mod 8 and ¢ = —1 mod 8. We will prove Parts 1 and 2. The proof of
Part 3 is similar.

For Part 1, le

t g
((e1(X)]0), (0ler (X) +
2e5(X), (e5(X))* =

= —1 + 8] where [ is an odd integer. By Proposition 3.4, we have L, =
2¢5(X))) and Ly = ((e2(X)[0), (0[2¢1 (X) + e5(X))). Since (e1(X))? = €} (X) +
eh(X) -+ 264 (X) and ¢ (X)eh(X) — ¢} (X) + eh(X) + 3, we get

(€1 (X) + 2¢5 (X)) (2€} (X) + €5 (X)) = 2
2

= 2e1(X) +4e5(X) + e (X) + e5(X) + 3 + 4e] (X)
!
2

= —ja(X).
By Theorems 4.1 and 4.2, we get that Ly + Lo = ((wy (X)|0), (0Jws (X))) where

wy (X) = e1(X) +e2(X)— e (X)ez(X)

and

w2 (X) = €1(X) + 2€5(X) + 2€) (X) + e5(X) — (€] (X) + 2e5(X) (2} (X) + €5(X))
= —e1(X) = e5(X) +ja (X) = 1.

Thus, Ly + Lo = Z5Z3. Again by Theorems 4.1 and 4.2, we have

LiNLy = ((ex (X) ez (X)1]0), (0] (€1 (X) + 2¢€5 (X)) (2€] (X) + €5 (X))
= ((72(X)[0), (O] = ja (X)) -

Thus, L1 N Ly = {(j2(X)|0), (054 (X))) and |L1 N Ly| = 214! = 23 s0 Ly and Ls are a 3-intersection pair
of codes.

For Part 2, let ¢ = —1 + 8] where [ is an even integer. By Pr0p051t10n 3.4, we have L, =
{(e1(X)10), (013¢4 (X)) and L = {(e2(X)|0), (0]3¢5(X))). Since (¢} (X)) = 3¢} (X), (ch(X))2 = 3¢5(X)
and e} (X)eh(X) = 3ef (X) + 3e5(X) + 3, we get Ly + Ly = (w3 (X) |0), (0Jwy (X))), where

U}g(X) = 81(X)+62(X)—€1 (X)BQ(X)
= 61(X)+€2(X)—1—€1(X)—eg(X):1,

and

wy (X) = 3€1(X) + 3e5(X) — (3e1(X)3e5(X))
= 3e)(X) + 3e5(X) + 44 (X)
= 1.

Thus, L1 + Ly = (w3 (X) |0), (0lws (X))

) = ((1]0), (0|1)) = Z5Z3. Moreover, we have
LiNLy = ((e1(X)e2(X)[0), (0[e] (X)er(X)))

(

)

(2 (X)10) , (0lja (X)) -

Hence, Ly N Ly = {(j2(X)|0), (054 (X))) and |L; N Ly| = 2'41 = 23. Therefore, L1 and Ly are a
3-intersection pair of codes. O
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Similar to Theorems 4.3 and 4.4, we obtain the following theorem.

Theorem 4.5. Suppose that p=1mod 8 and ¢ =1 mod 8. Then
1. L = L and Ly = L,
2. Ly + Ly = 7874,
3. LiN Ly = {((j2(X)]0), (0]js (X))) and Ly and Lo are a 3-intersection pair of codes,
4. the codes L} and LY are a 0-intersection pair of codes and L} + L5 = (14 j2(X)]0), (0|1 + j4(X))).

Proof. The proof is similar to that of Theorems 4.3 and 4.4 and so is omitted. O

Theorem 4.6. Suppose that p = —1 mod 8 and q + 1 = 81, where | is even. Then

1. Hull(Ly) = Hull(L}) = (1 + e2(X)]0) , (0|1 + eb(X))),

2. Hull(Ly) = Hull(L) = (1 + e1(X)]0), (01 + ¢} (X))).

Proof. Suppose that p = —1 mod 8 and ¢ = —1 + 8 where [ is even. Then by Proposition 3.4 and
Theorem 4.3, we have L1 = ((e1(X)|0), (0|3€;(X))), L+ = Ly = (1 + e2(X)|0), (0|1 + e4(X))), Ly =
{(e2(X)]0), (0]3e5(X))), and Ly = L} = {(1+e1(X)[0), (0]1+¢€}(X))). Applying Theorem 4.1, we obtain
for Part 1

Hull (L) = ((e2(X) (14 €2(X))[0), (03¢ (X) (1 + e2(X))))

= ((e1(X) + e2(X)ea(X)]0), (0[3€3 (X) + 3¢ (X)e5(X)))
((er(X) + 1+ e1(X) + e2(X)[0), (03¢} (X) + 3 (3 + 3¢ (X) + 3e5(X))))
(14 e2(X)[0), (01 + €5(X))),

and for Part 2

Hull (L2) = ((e2(X) (1 + €1(X))[0), (0[3e5(X) (1 + €1 (X))))
= ((e2(X) + e1(X)e2(X)]0), (0]3€5(X) + 3 (X)e5(X)))
= {(e2(X) + 1+ e1(X) + e2(X)]0), (0]3e5(X) + 3 (3 + 3e}(X) + 3e5(X))))
((1+ €1(X)]0), (01 + €3 (X))
O
Theorem 4.7. Suppose that p = —1 mod 8 and q + 1 = 8] where l is odd. Then
1. Hull(Ly) = Hull (L)) = ((1 + e2(X)]0), (0|1 + 2€}(X) + 3e5(X))),
2. Hull(Ls) = Hull(Ly) = {((1 4+ e1(X)]0), (0]1 + 3e} (X)) + 2e5(X))).
Proof. The proof is similar to that of Theorem 4.6. O

Corollary 4.8. Suppose that p = —1 mod 8 and ¢ = —1 mod 8. Then the QRCs Ly, Lo, L, and L} are
not ACD.

Proof. By Theorems 4.6 and 4.7, C N C+ # {0} for C = Ly, Ly, L}, and L}. Therefore, these codes
are not ACD. O

Theorem 4.9. Suppose that p = 1 mod 8 and ¢ = 1 mod 8. Then the QRCs Ly, Lo, LY, and L} are
ACD.
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Proof. We will prove that L is an ACD code. The proof for the other codes is similar. Suppose that
p=1mod 8 and ¢ = 1 mod 8.

Case 1: Assume that ¢ — 1 = 8[, where [ is an odd integer. Then by Proposition 3.3 and Theorem
4.5, we have that

Ly = ((1+e2(X)[0), (0[1 + 3e5(X) + 2¢1(X))) and Li- = Ly = {(e2(X)[0), (0]e5(X) + 2¢7(X))).
Note that
(14 e2(X)) (e2(X)) = e2 (X) + €3 (X) =0,

and since e} (X)? = e} (X) + 2e5(X) and e5(X)? = 2¢}(X) + e5(X), we have

(1 + 3e5(X) + 2e1 (X)) (e5(X) + 2€7 (X)) en(X) + 21 (X) +
3(e5(X))? + 2e5(X)e) (X) + 267 (X)eh(X)

e5(X) + 4e) (X) + 3e5(X) = 0.

Hence, by Theorems 4.1 and 4.2 we have
Li+ Ly = ((1+e2(X) + e2(X) = 0]0), (01 + 3e5(X) + 2} (X) + €5(X) + 2¢(X) — 0))
= ((1]0), (0]1)) and Ly N Li = (0]0).

Case 2: Assume that ¢ — 1 = 8, where [ is an even integer. Then we have
Ly = ((1 +e2(X)[0), (0]1 + €5(X))) and Li = Lj = ((e2(X)[0), (0]3e5(X))).
Note that

(1+ea(X))ea(X) = ea(X) + (e2(X))?
= 62(X)+62(X) :0,

and since €} (X)? = 3¢} (X) and €5(X)? = 3e5(X), we have

(1+e5(X)) 3e5(X) = 3e5(X) + 3(e5(X))?
= 3eh(X) +e5(X) =0.

Therefore

Ly + L = ((1+ex(X) +e2(X) —0[0), (0]1 + €5(X) + 3e5(X) — 0))
= ((1]0),(0[1)) and L; N L = (0[0),

so L is ACD. O

In [17], supplementary quaternary QRCs were defined to be the Z4-linear codes obtained by supple-
menting the codes Q) and N with the all 2 ¢g-tuple 2(1)?. Define the following Z,Z4-additive codes

Sqlq) = (@4,2(1)7), and Sn(q) = (Ng,2(1)7).

As an application of the codes Sg and Sy, we construct ZsZ4-additive codes in the following lemma.
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Lemma 4.10. Let

Dy = Q xSq(q),
Dy = N x Sq(q),
D3
Dy = N’ XSQ q

I
<

X
n

O
S

Ol = Q X SN(Q))
Cs
Cs (

04 = N'x SN(q .

i1l
Q=
xX X
n
5=
SIS

1.Ifp=—1mod8 and ¢ = —1 mod 8, then Di = D3, Dy = Dy, Ci- = C3, and C5- = Cy. In
addition, D3, D4, C3, and Cy are self-orthogonal codes.

2. Ifp=1mod 8 and ¢ = 1 mod 8, then Di = Cy, Dy = C3, Ci- = Dy, and Cy = Ds.

Proof. For p=—1mod8, we have Q* = Q' and N+ = N’, and for p = 1 mod 8, we have Q+ = N’
and N+ = @Q'. Further, by [17, Proposition 11.19], if ¢ = —1 mod 8, then Sg(q) and Sx(q) are self-dual
codes and if ¢ = 1 mod 8, then S(Jj(q) = Sn(q) and S¥(g) = Sg(q). This completes the proof of Part 1.

Suppose that p = —1 mod 8 and ¢ = —1 mod 8. Since D1 = @ x Sg(q) is a separable additive code
over ZoZ4, then Di = Q+ x Sd—;(q) = Q' x So(q) = Ds. Similarly, we have Dy = Dy, C{- = C3, and
Cs- = C4. Hence, D3, Dy, Cs, and Cy are self-orthogonal codes. Now suppose that p = 1 mod 8 and
g = 1mod 8. Since D; = @ x Sq(q) is a separable additive code over ZsZy, then Di = Q1 x Sé‘(q) =
N’ x Sy(q) = Cy. Similarly, we have Dy = C3, C{ = Dy, and C3- = D3. This completes the proof of
Part 2. O

It is clear that the codes D; and Dy are equivalent and the codes D3 and D, are equivalent.
Furthermore, C; and C5 are equivalent codes and C3 and C} are equivalent codes.

5. Examples

In this section, we provide applications of our results and construct separable Z,Z4-additive QRCs
that are self-orthogonal and ACD codes.

Example 5.1. Let p = q = 7. If w is a primitive 7th root of unity over Zs, then X' — 1 =

(X =1 f(X)h(X)mod 2 where f (X)= [ (X —w")=X3+X+1andh(X)= [] (X—-w")=
r€EQR reNQR

X3 + X2+ 1. We also have X7 — 1 = (X —1) g4 (X) ks (X) mod 4 where g4 (X) = ¢(f (X)) =

¢( 11 (X—w")) = X3 4 2X2 4 X +3 and ky(X) = ¢(h(X)) = ¢< I (X-w)| =
reQR reNQR

X34+ 3X2 42X + 3. Based on this factorization, we get the codes

Ly = (X-1)(X*+X+1)]0), (0 (X — 1) (X*+2X*+ X +3))),
Ly = (X -1)(X*+X*+1)10), (0] (X — 1) (X*+3X*+2X +3))).

Since p = ¢ = —1 mod 8, from Theorem 4.3 we have that L and L} are self-orthogonal codes of length
n = 14.
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Example 5.2. Let p = q = 17. If w is a primitive 17th root of unity over Zs, then X7 — 1 =
(X —1)f(X)h(X)mod 2 where f(X) = [[ (X —w") = X8+ X"+ X+ X4+ X2+ X +1 and
reQR
h(X)= J] (X—w")=X8+X+X*+X3+1. We also have X'"—1 = (X — 1) g4 (X) ks (X) mod 4
reNQR
where g4 (X) = X8+ X7 +3X04+3X4+3X2+ X +1 and by (X) = X8 +2X04+3X° + X4 +3X3+2X2 +1.
Based on this factorization, we get that the codes

Ly = (X8 4+ X"+ X+ X"+ X2+ X +1(0), (0|X® + X7 +3X6 + 3X* + 3X% + X +1)),
Ly, = <(X8+X5+X4+X3+1|0) (0] X% +2X° 4+ 3X° + X* +3X° +2X° +1)),

I X8+X7+X6+X4+X2+X+1)|0)

! X8+X7+3X6+3X4+3X2+X+1))

I -1 (XP+X° 4+ X+ X?+1)|0),

2 - 8 6 5 4 3 2
X +2X6 4+ 3X°% 4+ X4 +3X? +2X% +1))

Since p = ¢ = 1 mod 8, from Theorem 4.9 we have that Ly, La, L}, and L} are ACD codes of length
n = 34.

Example 5.3. Let p = 17 and ¢ = 41. If w is a primitive 17th root of unity over Zsy, then X7 — 1 =
(X -1 f(X)h(X)mod2 where f(X) = [] X—-w") = X8+ X"+ X0+ X*+ X2+ X +1 and
reEQR
h(X)= J] (X—-w")=X8+X+X*+X3+1. We also have X*' —1 = (X — 1) g4 (X) k4 (X) mod 4
reNQR
where g4 (X) = X20 +2X19 + 3X1® 43X 4+ 216 + 3X 10 + 214 + 3X 1 +3X10 +3X% + 26 +3X5 + 2% +
3X3 4+ 3X2 42X + 1, and ky (X) = X2+ 3X19 + X174+ X164 oX15 X1 4 2x13 43X 4+ X104
3X°% +2X7 4+ X6 +2X5 + X* + X3 +3X + 1. Based on this factorization, we get the codes

Ly = ((f(X)10), (0lga (X)),
Ly = ((h(X)]0), (O0lks (X)),
Ly = (X = 1) (f(X))]0), (01(X = 1) (94 (X)) »
Ly = (X =1) (A (X))]0), (0] (X = 1) (k4 (X)))) -

Since p = ¢ = 1 mod 8, from Theorem 4.9 we have that Ly, Lo, L}, and L, are ACD codes of length
n = 5H8.

6. Conclusion

In this paper, we introduced the class of separable additive QRCs over ZsZ,4. The main properties
of these codes and their duals were presented including the generator polynomials and idempotent gen-
erators. It was shown that ACD codes and self-orthogonal codes can be constructed as applications of
QRCs over ZsZ,. We also presented examples of ACD codes and self-orthogonal QRCs over ZoZ,.

For future work, it will be interesting to generalize the results given to non-separable additive QRCs
over ZsZ,4 and study the existence of self-orthogonal and ACD codes of this type. Another interesting
research topic would be to study the applications of the self-orthogonal and ACD constructed from
separable additive QRCs over ZyZ, in areas such as cryptography and secret-sharing.

Acknowledgment: The authors extend their sincere thanks to the reviewers for their thorough
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