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Abstract: The power graph P(G) of a group G is defined as the simple graph with vertex set G, and two distinct
vertices z and y are joined by an edge if and only if either z = y* or y = 2*, k € N. In this paper,
first, we obtain the characteristic polynomial of P(Z., X Z,) for any two positive integers m and n.
Then, we determine the full spectrum of P(Z,, x Z, ) for some particular values of m and n.
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1. Introduction

All graphs considered in this article are simple and undirected. A graph H is typically denoted as
H = (V(H),E(H)), where V(H) is the vertex set and E(H) is the edge set of H. For u,v € V(H), by
the notation u ~ v, we mean u and v are adjacent. For S;,Ss C V(H), S;NSe = 0, S; ~ S2 means
all the vertices in Sy are adjacent with all the vertices in S;. For u € V(H), N(u) denotes the set of
all neighbours of u. An r-regular graph is the one in which every vertex is of degree r. The complete
graph K, on n vertices, is an (n-1)-regular graph. The characteristic polynomial of a square matrix N
is defined by det(zI — N), which we represent as ¥(N,x). For any simple graph H with n vertices,
the adjacency matrix A(H) = (aj;;) is defined as an n x n matrix, where a;; = 1 if the i*" vertex is
adjacent to the j* vertex, and zero otherwise. The spectrum of H is the multiset of all eigenvalues

of A(H) and is denoted by {/\iml},)\gmﬁ, . .,)\imr}}, where A1, Aa,..., A, are distinct eigenvalues of
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A(H) with multiplicities mq, ma, ..., m,, respectively. The Kronecker product of two matrices F and
N of order px g and r x s, respectively, denoted by F' Q) NV, is the block matrix [f;; N], where F' = (fij)pxq-

A partition Vi UVo U...UV,, of V(H) of a graph H is known as an equitable partition if, for all
i,j, 1 <4,5 <m,and all u,v € V;, |N(u) NV;| = |[N(v) NV;|. For v € V;, we take ¢;; = |N(v) NV},
1 <4,j <'m, and the matrix @ = (¢;j)mxm. The matrix Q is called the quotient matriz of the partition
ViuWVaU...UV,,. The join Hy V Hy of graphs H; and Hs is the graph obtained from the disjoint
union of H; and Hs by connecting every vertex in H; to every vertex in Hs by an edge. For an n-vertex
graph H with vertex set V(H) = 1,2,...,n and a family of vertex-disjoint graphs Hi, Ha, ..., H,, the
H-generalized join of Hi,H, ..., H, [3], denoted as G = \/ y{H1, Ha, ..., H,}, is a graph with vertex
set V(GQ) = Ui, V(H;) and edge set

E(G) = (U E(HZ-)) Ul U f{w:ueV(HE)veV(H)}

ij€E(H)

If n; is the order of H;, 1 <4 < n, and v, € V(H;), then degg(v,) = degy, (vi,) + X jepim - 1If
H = K>, then the H-generalized join coincides with the join of two graphs.

Theorem 1.1 ( [14]). Let H; be an r;i-regular graph, 1 < i < m, and H be an m-vertex graph. Then
V(Hy) UV (H)U...UV(H,y,) is an equitable partition of H[Hy,Hs,...,Hy], and the characteristic
polynomial of H[Hy, Ho, .. Hy) is G(H[Hy, Ha, .. Hyl,) = $(Qo) [y t(Hi, )/ (& — 7s), where Q
is the quotient matriz.

Chakrabarty et al. [4] defined ingeniously the power graph P(G) of a group G, where the vertex
set of P(G) is G, and two distinct vertices are adjacent when one is the integral power of the other.
The direct product of two groups G; and G, is the group G; x G2 = (a,b) : a € G1,b € G4, where the
operation is component-wise. Mehranian et al. [10] studied the adjacency spectrum of power graphs of
cyclic groups, elementary abelian groups of prime power order, the Mathieu group M1, and the dihedral
group of order twice a prime power. For distinct primes p,q, and r, Ghorbani et al. [7] obtained the
characteristic polynomial for power graphs of groups with order p? and pqr. Chattopadhyay et al. [5]
determined the characteristic polynomial of power graphs of the dihedral group and the generalized
quaternion group. Bhuniya et al. [2] explored some relationships of P(G1 x G2) with P(G1) and P(Gs).
Fast forward to 2021, Jafari and Chattopadhyay [8] contributed to the spectrum of proper power graphs
of the direct product of finite element prime order groups (EPO-groups). Singh [15] determined the
Laplacian spectra of power graphs of certain prime power abelian groups. Banerjee [1] studied the
structural and spectral properties of the reduced power graph of finite groups. In 2024, Romdhini et
al. [13] obtained the spectrum of the power graph of the generalized quaternion group. Very recently,
Rajkumar et al. [12] determined the adjacency spectrum of the reduced power graph of finite groups.
For more interesting findings on the power graph, one may refer to [9].

In this article, we undertake an analysis of the spectrum of power graphs within the direct product
of cyclic groups. In Section 2, we focus on the structural properties of P(Z,, x Z,). In Section 3, we
provide the characteristic polynomial of P(Z,, x Z,) when m | n. In addition to this, we elaborate the
characteristic polynomial of P(Z,, x Z,) for m = p, pq, and p?. In Section 4, we find the full spectrum of
P(Zyp % Lpq) and P(Zy2 x Zy2). Finally, in Section 5, we obtain the characteristic polynomial of P(Z,, x Z,)
when m { n, and then provide explicitly the characteristic polynomial of P(Z,2 x Z,) for p*> { n but p | n.

2. Properties of P(G; x Gs)

In this section, we present some properties of P(G1 x G2), where G; and G4 are any two finite groups.
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Notation 2.1. We denote J, I, M and O as the matrix comprising of all ones, the identity matrix,
permutation matrix and the zero matrix of appropriate orders, respectively. F,«, denotes a matrix of
order r x s which has all one in the last row and zero otherwise. L,y denotes a matrix of order r X s
in which (r, s)*™® element is 1 and zero otherwise. For finite groups G1,Gs and (a,b) € G1 x Ga, {(a,b))
denotes the subgroup of G x Gy generated by (a,b), and [((a,b))| denotes the order of {((a,b)). T(a,p))
denotes the set of all generators of ((a,b)). We denote all the divisors of n as dy,ds,...,dk, for some
integer k. For any integer m, ¢(m) denotes Euler’s totient function.

We define a relation p on P(G; x G3) as (a1,b1) p (az,bs) if and only if ((a1,b1)) = ((ag,bs2)).

Clearly, p is an equivalence relation. The disjoint equivalence classes of p are exactly T4, b,))s T((az,b0))>
<oy Ti(ay,by))» for some positive integer I and (a1,b1), (az,b2) ..., (a;,b;) € V(P(G1 x G2)). Then we have
the following partition of V(P(G1 x G2))

V(:P(Gl X GQ)) = T((ahbl)) U T((az,bz)) U... ’T<(al7b1)> (1)

Throughout the paper, we represent A(P(G)) as a block matrix whose rows and columns are indexed by
Ti(arb0))s Te(az ba)ys - - > Ti(arbu)) -

Lemma 2.1 (Corollary 2.9, [11]). Let Sy, So be distinct cyclic subgroups of group G with generator sets
Ts, and Ts,, respectively. Then an element of Ts, is adjacent to an element of Ts, in P(G) if and only
if all the elements of Ts, are adjacent to all the elements of Ts,.

Lemma 2.2. For (a,b) € G1xG2, Ti(qp)) induces a complete subgraph of P(G1xGs) of order ¢(|((a,b))]|).

Proof.  As Ty)) is the generator set of the cyclic subgroup ((a,b)), |T((ap))| = ¢(|((a,b))]). By the
definition of the power graph, the result is straightforward. O

Lemma 2.3. The partition T((q, b,)y YT ((az,b2)) Y- - -UT((ar,by)) (With respect to p) is an equitable partition
of the vertex set of P(G1 x G2) with Q = (¢i;)ix1, where

o([{(a;,b;))]) if i # J and Ty, b:)) ~ T(az,b:))
qij = § o(|((ai, b)) =1 ifi=j, (2)

0 otherwise.

Proof. From Lemma 2.1 and Lemma 2.2, the adjacency matrix of P(G; x G2) can be represented in
terms of the following block matrix:

Titay.b1)y 0 Tiayvgyy 0 Titagnp)
T((a1.b1)) :
T((a,;,bi)) B(ai,a;,bi,b]-)
Ti(ay,bp))
where
Jo(1((ai b)) ) x b (1((az,b5))]) if i # j and T(a, b)) ~ T(ay.05))5
Blai,a3,bi,b5) = 4 (J = Do((aibnhxo(@ b i 8= J;
Os(1((@s,b:)) ) x b1 {(az.b:))]) otherwise.

We obtain that the row sum of the matrix B(a;, a;, b;, b;) is g;; as given in Equation (2). Thus, the given
partition is equitable. O

ot
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Lemma 2.4. In P(Zy, X L), a vertex of T((a, s,)) is adjacent to a vertex of Ti(a,p,)) if and only if either
((@i, bi)) < ((a;, b)) or ((a;,b5)) C {(ai, b)) in Ly X L.

Proof. Suppose a vertex of Ti(q4,p,)) is adjacent to a vertex of Ti(4; ;). By Lemma 2.1, all vertices
of T(a;.b,)) are adjacent to all vertices of T4, p,))- Without loss of generality, by the definition of the
power graph there exists an integer ¢ such that (a;,b;)" = (a;,b;). This implies that (a;,b;) € ((a;,b;)).
Then we get ((a;,b;)) C ((ai,b;)).

Conversely, without loss of generality, let ((aj,b;)) C ((as,b;)). Then (a;,b;) € ((a;,b;)). That
means, there exists an integer ¢ such that (a;,b;)" = (a;,b;). This implies that (a;,b;) is adjacent to
(CLj,bj) in T(Zm X Zn) ]

Lemma 2.5. Consider a graph H with V(H) = {1,2,...,1} and i ~ j in H if and only if either
((ai,bi)) C <(aj,bj)> or ((aj,bj)> C <(ai,bi)> n Zm X Zn. Then,
P(Zn X Zn) = H[Kp(|((ar b)) Ko ((azb2))D)> - Ko(i(abn)p]-

Proof. The result follows from Lemmas 2.4, 2.2, and 2.1. O
Lemma 2.6. [6] The spectrum of the complete graph K, is {n —1,(=1){»=1}},

3. Characteristic polynomial of P(Z,, x Z,) with m | n

In this section, since we are taking m | n, the order of cyclic subgroups of Z,, x Z,, are divisors of n.
In the rest of the paper, we take S = {d;,da,...,d;} as the set of all divisors of n.

Theorem 3.1. Let G = Zy, X Z,, with m | n. The characteristic polynomial of A(P(QG)) is
PAP(G),z) = (1+2)" ¥(Q, ),

where o = Zle ni(¢(d;) — 1), n; is the number of cyclic subgroups of G of order d; and Q = (gij)ix; with

o(|{(aj,b5))!) if i # J and Ty, p,)) ~ Ti(a,0:))
gij = § o([{(as, b)) =1 if i = j,

0 otherwise.

Proof. As m | n, all the elements of the group G have possible orders dy,ds, ..., d;. This implies that
all the cyclic subgroups of G are of orders dy,ds,...,d;. Let ni,ng,...,n; be positive integers with
Zle n; = 1. Without loss of generality, suppose ((a1,b1)), ((az,b2)),...,{(an,,bn,)) are the cyclic sub-
groups of G of order dy, and for 1 <t < k—1, <(aZ:=1 i1’ bZ:=1 m+1)>’ <(aZ:=1 2 bZ:=1 m+2)>’ e
<(azt+1 . bzt+1 ,..)) are the cyclic subgroups of G' of order dy1.

i=1 i=1 "

We index the rows and columns of A(P(G)) in the order of the generator sets of the subgroups listed
above. By Lemma 2.1 and Lemma 2.2, the block matrix of P(G) corresponding to Ty(a, b,)y X T((a;.b,)) 18

B(Tiaib))> Ti(ay b;)) ), where

Jo(1((ai b)) ) x b (1 ((az,b5))]) if i # j and T(a, )y ~ Ti(ay,b5))>
B(Tas ) Ti(az b)) = 3 (= Dig(((as by hxs(l((arbi)yy  if @ = 4,
Op([((as b)) ) xd(1{(az,6:))]) otherwise.

By Lemma 2.3, Lemma 2.5, Lemma 2.6, and Theorem 1.1, we get the required result. O

356
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We apply Theorem 3.1 in the next few results, namely Theorems 3.3, 3.5, and 3.7, to study spectrum
of P(Zy, X Z,,) where m = p, m = pq, and m = p? respectively, for distinct primes p and ¢. If p{ n then
Ly X Ly, = Zpy. The spectrum of Z, is discussed in [10]. So in Theorem 3.3 below, we consider the case
p | n. Before that, we present the following lemma.

Lemma 3.2. Let prime p divides n. Without loss of generality, suppose the first r elements in S are
divisible by p?, then the next t elements in S are divisible by p but not by p?, and the rest of the elements
in S are relatively prime to p. Then all possible cyclic subgroups of Z, x Zy, are as given below:

(0, 2 AL 20 {22 (=1, 20 for 1< @ < 7 (0,2 (1, 2, (2, ).,
((P=1), ) (L, ) forr+1<i<r+t;and ((0, 7)) forr+t+1<i<k.

Proof. There may not be any d; which is divisible by p?, and so 7 may be zero. Since p | n, there
exists at least one d; such that p | d; but P> td;. Sot > 1. And we have at least one d; which is relatively
prime to n. We have following cases depending on values of r and t.

Case:1 If r > 1, then dy, da, . . ., d, are divisible by p?. So, ged(p,d;) = p and ged(p, %) =pforl1 <i<r.

The number of cyclic subgroups of G of order d; is (‘b(l)d’(di&f;(p )¢(di))
(O, 2N A@, N A2 2))s - ((p— 1), F)) for L< i <7
Case:2 Here d, 1 1,d, 2, . .., d.14 are divisible by p but not by p?. So, ged(p, d;) = p and ged(p, %) =1 for

) ) i
r+1 <i <r+t. The number of cyclic subgroups of G of order d; is ¢(1)¢(d1)+¢(p)(z(‘dl)+¢(p)¢( 2 _ (p+1).

These (p+ 1) subgroups are ((0, 7)), ((1, 7)), (2, £))s---, (P — 1), 7)) (1, %); forr+1<i<r+t.
Case:3 Here d;yt41,drqt42,...,d; are relatively prime to p. So, ged(p,d;) = 1 forr+t+1<i <k
then the number of cyclic subgroup of G of order d; is W = 1. This cyclic subgroup is ((0, g))
forr+¢t+1<i<k. / O

= p. These p subgroups are

By Lemma 3.2, there are total pr + (p+ 1)t + (k — r — t) = l(say) cyclic subgroups of Z, x Z,,. We
list all these in the order as follows : the cyclic subgroups of Case 1 (of Lemma 3.2) are S1 = ((0, 7)),
Sy = (1, 7))s---»Spr = {(p—1, 7)), then the cyclic subgroup of Case 2 are Sp,4+1 = ((0, ﬁ)% Spraa =

((1, ﬁ)), ooy Spraperny = ((1, ﬁ)) and finally the cyclic subgroups of Case 3 are Sy, puy1)+1 =
(0, 7)), o, 81 = {(0, 2)).

Theorem 3.3. Let r and t be as given in Lemma 3.2 and G = Z, x Z,, with p | n. Then,
V(AP(G)), ) = (1 +2)* ¥(Q,x),
where o = p>1_y (¢(di) = 1)+ (p+ 1) 107 (6(de) — 1) + Zf:r+t+1(¢(di) —1) and Q = (qi;)1x1 with

o(1551) ifi#j and Ts, ~Ts,,
aij = o(ISi]) =1 ifi=j,

0 otherwise.

Proof. We have V(P(Z, x Zy)) =Ts, UTs, U...UTs,. By Lemma 3.2, number of cyclic subgroups of
order d;ispfor1<i<r;p+lforr+1<i<r+t; 1forr+t+1<i<k. Then, by Lemma 2.5 and
Theorem 3.1, we get the required result. O

Remark 3.1. Taking n = p? yields Corollary 3.2 of [7] as a particular case of Theorem 3.3.

If ptnor ¢fn then Z,, X Z, is isomorphic to Zy X Zy, or Z, X Z,q respectively, and this case is
discussed in Theorem 3.3. So in the next theorem, we consider pq | n.

Lemma 3.4. For distinct primes p and q, let pq | n. Without loss of generality, in S, suppose the
first r1 elements are relatively prime to pq, next ro elements are divisible by p but not by p?> and
q, next r3 (may be zero) elements are divisible by p*> but not by q, next r4 elements are divisible by

~
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o)

q but not by ¢*> and p, next rs (may be zero) elements are divisible by ¢*> but not by p, next rg el-
ements are divisible by pq but not by p*q and pg?, next r; (may be zero) elements are divisible by
p?q but not by pqg®, next rg (may be zero) elements are divisible by pq® but not by p?q, and the re-
maining elements (may be zero) are multiple of p*q®>. Then all possible cyclic subgroup of Zyy X Zn,

are as given below: ((0, 3)) for 1 <@ < ri; ((0, 7)), (¢, 7)), ((2¢, 7)), - ((alp — 1), 7)), ((¢: )
forrm +1 <0 < 22 Tj < Z?:lrj; <(0,%)>, <(q7 . )>, <(2q7d )> <( ( - ) )> for Z 175t

L<i < 30y (0,2, (o 22)) {2 %»7 A (¢—1), % )>,<( ) fo Zr 1l sas
Yjari < X (0, dﬂ)> (2, 3))s (2, o))y - ((plg = 1), 3)) for Zf 1 << s
(0, 7)), (L, ) (2 )5 - (( -1z, (

d;

7)AGMWWWQW$W>M%DML%%
5

<<,"2 ), .- ,<< ”““ ), (p, >>7<<, 9)) for S0+ 1< i < Y0y < ks ((0,2)), (1, 2),

<<2, ), (g — 1,20, (s f» (1, 2)), <<2,%?>>, Alp—1,20) for Y5y <i< Yl my <
>>, (1, dﬂ» << L)), o ((pg — 1, 3), <<1,”—f’>> <<1,"2P>>,...7 <<1,%7”>>, ((q,22)) for

2]7‘:17"3 <Z§Zj 175 < ks (0, d£)> <(17d7)>7 <(2’dﬂl)>’ s {(pg — )> forzj 175 <i<k.

Proof. As pg | n, the order of an element of Z,, x Z,, is a divisor of n. Then, we have the following
cases depending on the values of r1,7r2,73,74,75, 76,77 and rg.

Case:1 We have at least one d; which is relatively prime to pg. Let ged(pg,d;) =1 for 1 <4 <ry. Then
the number of cyclic subgroup of G of order d; is W = 1. This cyclic subgroup is ((0, 2+)) for
1<i<r. 1

Case:2 Since p | n, there exists at least one d; such that p | d; but pg 1 d;. Let ged(pg,d;) = p for
rm+1<:< Z?‘:l r; < k. Then, the following two subcases arise depending upon p? | d; or p*1d;:
Subcase:2(a) If ged(pg, %) =1lforrm+1<i< 2321 r; < Z?:l r;, then the number of cyclic subgroups

. (D)d(di)+6(p)d(di)+6 () d(F) . n
of G of order d; is Z;(di) P)elm) (p+1). These (p+ 1) cyclic subgroups are {(0, dj)%

(@ 200 (202, (gl — 1), 20}, (g 22)) for m +1 < < 2075 < 00, 7y

Subcase:2(b) If 2?21 r; < Z?Zl r;, then there exists at least one d; such that p? | d;. Let
ged(pg, %) = p for Z?zl ri+1<i< Z?=1 rj. Then, the number of cyclic subgroups of G of order d; is
eWe(d)op)é(di) — p, Thege p cyclic subgroups are (0, 7)), (g, 7)), ((2¢, 1)), -, {(alp — 1), 7)) for

d;

2 . 3

Zj:l rj+l<i< Zj:l Ty

Case:3 Since ¢ | n, there exists at least one d; such that ¢ | d; but not by pq. Let ged(pg,d;) = g for
2321 r;+1<i< Z?Zl rj. Then, the following two subcases arise depending upon q?|d; or ¢* 1t d;:
Subcase:3(a) If ged(pq, %) =1 for Zj’:l ri+1<i< Z?Zl rj < 2?21 rj, then the number of cyclic

) ) i
¢(1)¢(d1)+¢(t(1¢))(¢;(i<;l1)+¢(q)¢( ) _ = (¢+1). These (¢ + 1) cyclic subgroups are

(0, 200, {0y 3)), (2P, )5 -5 ((plg = 1), 25)), (P, 1) for 307y my + 1< < 300y <300y

Subcase:3(b) If ijl r; < 25:1 r;, then there exists at least one d; such that ¢* | d;. Let

ged(pg, %) = q for Z?:l rj+1<i< Z?zl r;. Then, the number of cyclic subgroups of G of order d; is

2 Eel@elds) — g These q cyclic subgroups are (0, 7)), ((p, ), (2P, ), - {(p(g — 1), 1)) for
4 . 5

Dot l<i<

Case:4 Since pg | n, there exists at least one d; such that pg | d;. Let ged(pg,d;) = pq for

Z?Zl rj +1 <4 < k. Then, there are four subcases arise:

v d;

subgroups of G of order d; is

Subcase:4(a) Since pq | d;, there exists at least one d; such that ged(pg, %) = 1lied; = pg. Let
ged(pg, %) =1 for Z?Zl ri+1<i< 26 175 < k. Then, the number of cyclic subgroups of G of order d;

i i di di
is ¢(1)¢(di)+¢(z)(fi$f§li)+¢(q)¢(d D4 ¢ (pa)d(di)+6(pa) d( ) +6(pq)( ¢)+d>(pq) () +6(p) (%) +d(a) () — pg+p+q+1.
These (pg + p + g + 1) cyclic subgroups is ((0, 7)), ((1, dﬂ)> (2,20 - llpg =1, 1)), (1,2,

1
((1,222)), . (1, 22921 ) (g, 22)), ((1,29)), <<1 m20)), o, (1,22 ((p, B9)), ((1,129)) for
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Z?:ﬂ'j +1<i< E?:ﬂj <k
If Z?:l r; < k, then these three subcases may occur:
Subcase:4(b) If ged(pg, gq) p for ZJ 1 <i< Z 17 < k, then the number of cyclic subgroups of

) ) i i
G of order d; is LA AR LGOI ODIEIODNE) _ 10 Lo These (pg + p) cyclic

¢ (d;)
Subgroups are <(Oa d%»a <(1’ dil», <(2> %»v R <(pq - 1; d%»’ <(pa %?», <(]-a %?», <(2> %»a LR <(p - ]-, %»
for Z?:1 r; <i< 25:1 r; < k.
Subcase:4(c) If ged(pg, %) = g for 217:1 ri+l<i< 28 175 < k, then the number of cyclic subgroups

of G of order d; is ¢(1)¢(di)+¢>(z’)¢>(di)+¢(Q)¢(di)¢f(¢;i1;4) (di)+o(P)o(F)+e(pa) o () = pq + q. These (pg+ q)

eyelic subgroups are ((0, £). (1 #)). (2 3)). - {(pg — 1 3)), (L 22)), (1, 222)). .. {(1, "2lg=10),
7

(g, 5 a4 ) fOI"Z] 17 <Z<Z =17 <k

Subcase:4(d) If ged(pg, q) = pq for 23—1 r; < ¢ < k, then the number of cyclic subgroups of G of

d(L)¢(di)+d(p)(ds )+df(Q)¢(d i)t+o(pa)d(di) _ pg. These pq cyclic subgroups are ((0, di>>’ (1, dﬂl)>’

(2, 2)), . ((pg — 1, &) for 35 7y <i <. O

order d; is

By Lemma 3.4, there are total r1 + (p+1)ra +prs+ (¢+ 1)ra+qrs + (pg+p+q+1)re + (pg +p)r7 +
(pq+ q)rs + pg(k — Z§:1 r;) = l(say) cyclic subgroups of Zpq x Z,,. We list all these in the order of their
occurrence in the statement of Lemma 3.4, that is Sy = ((0, 7)), S2 = {(0, £)),.... St = {(pg — 1, 7-))-

Theorem 3.5. Let r1,72,73,74,75,76,77,7s be as given in Lemma 3.4 and G = Zpq X Ly, with pg | n.
Then,

PAP(G),z) = (1+2)" ¥(Q, ),

where a = Y1 (3(di) = 1)+ (p+1) 102 t1+1(¢( D=0+, 1 (B(d) = 1)+ (g+1) ity 1 (6(di) —1)
+q 300241 (0(di) = 1) +(pg +p+ g+ 1), 11 (6(di) — D+ (pg + p) iy 41 (6(di) — 1) + (pg +
Q)Zz t7+1(¢(d) -1 +pq2¢:t8+1(¢(di) —1), and ty = ri,l2 = Zj:lr]’t?) = E?:N"jatél =
YT ts = Y Tyt = Yo Ty tr =3 ity =Dy 7y and Q = (gij)ixa with

o(15;1) ifi#j and Tg, ~Tg,,
g = § oUSi) =1 ifi =,

0 otherwise.

Proof. We have V(P(Zpq X Zy,)) =Ts, UTs,U...UTs,. By Lemma 3.4, number of cyclic subgroups of
order d; is 1 for 1 <i <ty; (p+1)fort1 +1<i<tg;pforto+1<i<ts;(g+1)forts+1<i<ty;q
fortg+1<i<ts (pg+p+qg+1)forts+1<i<tgs pg+plorts+1<i<ty pg+qfort;+1<1i<tg;
pq for tg + 1 < i < k. Then, by Lemma 2.5 and Theorem 3.1, we get the required result. O

Remark 3.2. Theorem 3.5 can be extended to the case Z,, X Z, when m is product of distinct
primes. Let m = pips...p,. Then, the divisors of m are in order 1, p;, pip;(1 < i < j < r),
pipip(1 <i<j<l<r),...,and pips...p,. We name these divisors as &1, &, ..., £2r. Analogous to
Lemma 3.6, we will have a lemma where there will be 2" cases, one corresponding to each &;, 1 <17 < 27,
If & = pi, pi,---pi, then the case corresponding to &; will have 2! subcases. Number of cyclic subgroups in
a subcase corresponding to &; can be determined by the number of possible arrangement of divisors of §;
and d;(some divisor of n) such that there least common multiple is d;. Finally we will have a theorem
analogous to Theorem 3.5.

If p t n then Zfz X Zp = Zyey = Zy, for some ny € N, and this case is discussed in [10]. Thus, we
consider the case p* | n.

=

359
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Lemma 3.6. For prime p, let p* | n. Without loss of generality, in S, suppose the first r1 elements are
divisible by p3, the next ro elements are divisible by p? but not by p3, the next r3 elements are divisible
by p but not by p?, and the rest of the elements are relatively prime to p*. All possible cyclic subgroups
of Zy2 X L are as given below: ((0, 7)), (1, 7)), (2, £))s---, ((p* -1, ) for 1< <ri; (0, 2)),

(L3, (2, 2)), o (PP =1, 2), (1L 22), ((2,5R)), - (((p— 1), 22)), <(1,n71f)> forrm+1<i<
ry+ T2; <(Oa dil»a <(pa dﬂl»a <(2p7 dﬂl)% LR} <(p(p - 1)7 dﬂl)>7 <(p7 %f» fO’/’ r+ 7Ty + 1 S { S ry+re + r3;
(0, 1)) forri+ra+r3+1<i<k.

Proof. As p? | n, the order of all the elements of the group G are the divisors of n. There may not be
any d; which is divisible by p3, and so r; may be zero. Since p? | n, there exists at least one d; such that
p? | d; i.e. ro > 1. Since p | n, there exists at least one d; such that p | d; i.e. r3 > 1. And we have at
least one d; which is relatively prime to n. We have following cases depending on values of r1, ro and rs.
Case:1 If 71 > 1, then di,da, ..., d,, are divisible by p®. So, ged(p?,d;) = p? and gcd(p?, %) = p? for
¢<1)¢(di)+¢(p(gzzsd(ic§i>+¢<p2)¢(di> — p2. These

1 < ¢ < r1. The number of cyclic subgroups of G of order d; is

p? subgroups are ((0, d%)), ((1, d%)>, ((2, d%)), a2 =1, dﬂ)> for 1 <i<r.
Case:2 Here d,, y1,dy, 12,...,dr +r, are divisible by p? but not by p3. So, ged(p? d;) = p* and
gcd(pg,%) =pforry +1 < i < r;y + ry. The number of cyclic subgroups of G of order d; is

. _ . S(?) (L) +o(p?) (L
d’(lw(dl)+¢(p¢2&(f)l)+¢(p2)¢(d’) + @) (”d))(di)(p 10GE) _ (p* +p). These (p* + p) subgroups are ((0, 7)),
n 2 .
(L) (2 3))s o {0 = 1 10))s (L)), ((2,%82)), - (((p = 1), 5R)), (1, %)) for rp +1 < i <

1+ ro.
Case:3 Here d,, 11y t1,dry 11942, -+ dpy +ryiry are divisible by p but not by p?. So, ged(p?,d;) = p for

) ) di
ri+ro+1 < i < ri4ro+rz. The number of cyclic subgroups of G of order d; is ¢(1)¢(d1)+¢(12¢(dl)+¢(p)¢( r)

(di)
= (p+1). These (p+ 1) cyclic subgroups are ((0, 7)), ((p, 7)), {((2p, 7)), --- . (PP — 1), 7)) {(p, ')
forry +ro+1<i<ry+ry+rs.

Case:4 Here dy, ryirgt1,rytrytrst2,---,di are relatively prime to p. So, ged(p?,d;) = 1 for
rr+12+7r3+1 < i < k. The number of cyclic subgroup of G of order d; is % = 1. This
cyclic subgroup is ((0, d%)) forry +ro+r3+1<i<k. O

By Lemma 3.6, there are total p?r1 + (p? + p)ra + (p + V)rs + (k — 1 — o — r3) = I(say) cyclic
subgroups of Z, x Z,,. We list all these in the order of their occurrence in the statement of Lemma 3.6,
that is Sy = <(O’ %»a Sp = <(1a %»a . 'aSl = <(Oa i»

Theorem 3.7. Let 11,72 and r3 be as given in Lemma 3.6 and G = Zy2 X Ly, with p*| | n. Then,
Y(A(G)),z) = (1 +2)" P(Q, 2),

where a = p3L (¢(di) — 1) + (p + DI (0(ds) — 1) +p* XTI (6(d) — D+ (0° +
p) Z?:T1+r2+7‘3+1 (d)(d’t) - 1)7 Q = (Qij)lxl with

o(1S;1) ifi#j and Ts, ~ Ts,,
qij = o(ISi]) =1 ifi=j,
0 otherwise.

Proof. We have V(P(Zyp2 x Zy,)) =Ts, UTs,U...UTs,. By Lemma 3.6, number of cyclic subgroups of
order d; ispfor 1 <i <ry; (p+1)forry +1<i<ry+ro;p?forry +ro+1<i<r+ro+r3; (p?+p)
for r1 + 19+ 13+ 1 <i < k. By Lemma 2.5 and Theorem 3.1, we get the required result. O
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4. Full spectrum of some P(Z,, x Z,)

Theorem 4.1. Let G = Zy, X Zyq, where p, q are distinct prime numbers. Then, the spectrum of P(G)
consists of:

1. —1 with multiplicity p>q — p — 4.
2. (p—1)g — 1 with multiplicity p.

3. And the roots of the polynomial
—z* + (pq — )2 + (*¢* — p*q — p@® + 3pq + p* + q — T)x? + (—p*(q — 1)* + 3p?¢* — bp*q — pg* +
4p® — ¢* + pg+ p+ 5q — 8)x — p*(q — 1)? + 3p*¢* — 6p?°q — pg* + pg + 4p* — ¢* + 4q — 4.

Proof. For G = Z, X Zpq, an element of G is of the order pg, ¢, p or 1. We can easily deduce

that G has exactly % = (p + 1) cyclic subgroups of order pq, W = (p+ 1) cyclic
subgroups of order p, one cyclic subgroup each of order ¢ and 1. Then by Case 2 of the proof of
Lemma 3.4 the cyclic subgroups of order pg are ((0,1)),{(1,1)),{((2,1)),...,{(p — 1,1)),{(1,p)) and the
cyclic subgroups of order p are ((0,¢)), ((1,q)), ,((2,9)), ..., {(p — 1,9)),{(1,0)). And by Case 3 of the
proof of Lemma 3.4 the cyclic subgroup of order ¢ is ((0,p)) and the subgroup of order one is ((0,0)).
Let Qpq = {Ti0,1), Ty -+ L1 Tiamn b 0 = T4 0,00 Tt Tt -+ Tiw-1,00 Ttaon b
Qq = Tyo,p)), and Q1 = {T0,0)) }- By Lemma 2.2, each element of the set Q,, U, U, UQ; induces
a complete subgraph in P(G). No two distinct elements of €2,, are adjacent because otherwise the
corresponding subgroups will coincide. Similarly, no two distinct elements of ), are adjacent. Every
element of €, is adjacent to exactly one (distinct) element of 2, and one element of §,, because every
cyclic group has a unique subgroup of particular order. No element of (2, is adjacent to an element of
), because an element of order p cannot be generated by an element of order ¢ and vice-versa. Every
element of the set Q,, U Q, U (), is adjacent to the element of €2;. It is to be noted that the rows and
columns of A(P(G)) are indexed in order by the elements of Q,, U, UQ, UQ;. So, A(P(G)) is given by

T
Ity x i) QU = Dowayxawa  ME i1 xwin @ Jowaxew  Jwrnx1 @ Jowaxs@ Jrinx1 @) Jomax

Mapinxmin @ Jsmxswa  Iwinxwin @ = Domxom Owinx1 @Q Ovmxe@ Tt x1 @) Jom)x1
Tix 1) Q) To(a) x 6 (pa) O1x (1) Q) Oy xo(r) Lt QU = Dyyxo  Jix1 @) Jorxa
Jixp+1) Q) J1x6(pa) Jixp+1) Q) J1xo(p) J1x1 Q) J1x¢(q) O1x1

where M is a permutation matrix.

By Lemma 2.5 and Theorem 3.3, we have

V(A(P(G), z) = Y(Q, z) (1 + z)[PHDEED+e(P)=2)+é(@)—1] (3)
where
(9(pg) — 1 — 2)(p11)x(p+1) PPIME 1) i) (@) pr1yx1 Jprnyx1
P(Q,x) = O(P0) Mp+1)x (p+1) (@) =1 =) priyx+1)  Oprnxt Jpryxi|
¢(pCI)J1x(p+1) Ol><(p+1) (6(q) =1 —x) 1
o(Pq)J1x (p+1) () J1x (p+1) #(q) —

After suitable interchange of rows and columns simultaneously (no effect on sign of determinant), we
can convert M to an identity matrix and this will not effect other blocks. Then,

(p(pg) — 1 — I)I(p+1)x(p+1) ¢(p)f(p+1)x(p+1) ¢(Q)J(p+1)x1 J(;D+1)><1
W(Q,x) = (b(pQ)I(erl)x(erl) (p(p) — 1 — x)I(p+1)><(p+1) O(p+1)><1 '](p+1)><1
’ A(Pq) J1x (p+1) O1x(pt1) (¢(q) —1—x) 1
¢(pQ)J1x(p+1) ¢(P)J1x(p+1) #(q) -

Taking common ¢(pq) from the first (p + 1) columns , ¢(p) from the next (p + 1) columns and ¢(q)
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from the last column and taking a =

@pn)—1-z) ; _ (p(p)—1-z)  _ (¢(¢)—1-x) L
é(pq) b= (p) y €= (@) , and d = —x, we have

lipryx(p+1) Lprixe+1) Jp+nx1 Jprxa

I bl @ J
$(Q.x) = o(pg) " Vo(p) T g (g) | T pED BEE DX Hlod A i
1x(p+1) 1x(p+1) ¢
Jix (p+1) Jix(pt1) 1 d

Applying the row operations R; — R; —aR;ypy1 for 1 < i <p+1, Ropys = Roprs — (Rpt2 + Rpts +
ot R2p+2) and R2p+4 — R2p+4 — (Rp+2 + Rp+3 + ...+ R2p+2), we get

(19<p+1>x<p+1> (1 —bIab)I<p+1>x<p+1> é(zﬂrl)xl (1 —Ja)J<p+1>x1
— (p+1) (p+1) (p+1) % (p+1) (p+1)x (p+1) (p+1)x1 (p+1)x1
W(Q z) = d(pg) " o) (q) Orr i) b1 (i) . 1—(p+1)
O1x(p+1) (1 =0)J1x(ps1) 1 d—(p+1)

Now we apply the row operation on the last row Rgpis — Ropia — Ropys. Then, we expand the
determinant along first (p + 1) columns successively and get

i) oo 1) o |7 Dernx@r) Tornxa (L= a)Jpina
Y(Q,z) = ¢(pg)" " d(p)" " d(q) —bJ1x(pt1) c —p
Jixp+1 1-c¢c d—1
We write the above equation in the form:

(1 — ab)Ipxp Op><1 Jp><1 (1 - a>J(PX1

w(Q.) = 9(p0) o) "ot | Qe T L (0
Jixp 1 1—c¢c d—1

Applying the column operations C; = C; — Cpy1 for 1 < i < p, we get

(1 — ab)Ipxp Op><1 Jle (1 - G)Jpxl

_ (p+1) 4 \(p+1) —(I—ab)Jixp (1—ab) 1 l-a
$(@Q2) = olpg) " o) Vela) | o T T _p
O1xp 1 1—¢ d-1

We apply the row operation R,;1 — Ri + Ry + ... + R, + R,41 in the above determinant. Then,

(1 7ab)1p><p Op><1 Jp><1 (1 *G)me
O1xp (1—ab) (p+1) 1—a)(p+1)
O1xp —-b c —p )
O1xp 1 1—c d—1

$(Q,2) = ¢(pa) "M o) P o (q)

Applying the row operations R,11 — Rpt1— (1—ab)Rpt3, Rpra — Rpia+bR,43 and by taking common
(1 — ab) from first p columns, we get

Ipxp Opxi JIpx1 (1_‘1)Jp><1
1 1 O1x 0 c+ab(l—c 1—a 1)— (1 —ab)(d—1
¥(Q, ) = ¢(pa) "V (p) "V (q) (1 — ab)? oy b pretlloa (-apth (-a)d-1)
1xp 1 1—-c d—1

Expanding the above determinant along the first (p + 1) columns and then applying the row operation
R1 — Ry — aR3 to the resulting determinant, we have

D(Q,x) = p(pg) P o (p) PV b(q) (1 — ab)Pdet(C),



K. Kumari and P. Panigrahi / J. Algebra Comb. Discrete Struct. Appl. 13(8) (2026) 853-371

where

_Ip+c—ac p+(1—-a)+(1—-d)
detC) =1t pe —p-bi-d) |

Thus, $(Q, ) = ¢(pa) "V 6(p) "V 6(q) (1—ab)?[(p+c—ac) (—p—b(1—d)) — (b+c—be) (p+(1—a) +(1-d))].
The factor (1 — ab)? = ((Hx)wﬁ%%‘?g)_l_w)p gives the eigenvalues —1 and ¢(pq) + ¢(p) — 1 with both

multiplicities p. And ¢(pq)d(p)P(q)det(C) is the quartic polynomial given in the hypothesis and from
this factor we get four eigenvalues. Finally by Equation (3), we get multiplicity of —1 is p?¢ —p—4. O

Example 4.2. We illustrate Theorem 4.1 for p = 3 and ¢ = 2. So we get the partition of V(P(Zs3 x Zg))
as

V(P(Zs x Zg)) = T(0,1) U T1,1) U T(2,1) UT(1,3) UT(0,2) UT(1,2) U T(2,2) UT(1,0) UT(0,3) UT(0,0-

By indexing the rows and columns in the order of the above partition, we get

L@ —I)axas M{ Q@ Jax Jix1 @ Jax1  Jax1 Q Jaxi

My@ Jaxa IiQ@(J —1I)axa Oax1 QO2x1 Jax1 Q) Jax1

A(P(Z 7 =

P2 ¥ Ze) = | J1 @ ixs Orxa®O01x2 L@ — Dt Jix1 @ Jroa
J1><4®J1><2 J1><4®J1><2 J1><1®J1><1 Ol><1

where M is a permutation matrix

SO O =
o~ OO
oo = O
_= o OO

Then by Theorem 3.3, we get ¥(A(P(Z3 x Zg),x) = (Q, z) (1 + x)8, where ¢(Q, x) is given by

(1 — 17)14 QME J4><1 J4><1
2My (1 —2)ls Osx1 Jaxa
2J1x4 O1xa -z 1
2J1><4 2J1><4 1 —T

After interchange the rows Rg and Ry, and columns Cg and C7 simultaneously,we get

-0l 20 Joa Jia 4321 ( 14) Jax1 Jaxa
214 (1 — JJ)I4 Oux1 Jax1 4784 I 177“3] 0 J
- = (2)*(2 4 4 Ogx1 Jax1
1/)(Q,93) 2J1><4 01><4 —x 1 ( ) ( ) J1><4 021><4 e 1

2J1x4 2J1x4 1 —x Jix4a J1x4 1 -z

We put a = (1§z), b = —xz, apply the row operations R, - R; —aR;4 for 1 <i <4, Ryg — Ri9— Ry,
and get

04 (1 —a2)I4 J4><1 (1 —Cl)J4><1
) al. 0 J.
- (2 8 4 4 4x1 4x1
¢(Qa$> ( ) Jix4 O1x4 b 1
O1xa  Jixa 1-0 b—1

Now applying the row operation Ry — Ry — (R5 + Rs + R7 + Rs), and expanding along the first four
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columns, we get

(]. — (12)[4 J4><1 (]. — a)J4><1
V(@) = (2)%| —aJixa b -3
J1x4 1-0 b—1

First, applying the column operations C; — C;—Cy, 1 < ¢ < 3, then row operation Ry — R4+ R3+Ro+ Ry,
and expanding along first three columns, we have

(1—-a?) 4 4(1—a)
V(Q,x) =281 —-a*)?| —a b -3
1 1-b b-—1

After putting the values of a and b, we get |Q — zI| = (1 +2)3(3 — 2)3(z + 3)(x — 1)(2? — 4o — 17). So,
the adjacency spectrum of P(Zs x Zg) is

-3 -12-+v2113 2++21
1 11 1 13 1 '

Theorem 4.3. Let G = Z,> X Zy2, where p is a prime number. The spectrum of P(G) consists of:

1. —1 with multiplicity p* — p?> — 2p — 2.

2. p? — p — 1 with multiplicity p*> — 1.

3. L(p* £+ (p—1)\/5p? — 2p + 1 — 3) with multiplicity p.
4. And the roots of the polynomial (23 + (3 —p?)x? + (—2p* +3p® —4p® +p+3)x —p° +p* —2p*> +p+1).

Proof. For G = Z,» x Zy2, an element of the group G is of order 1, p or p?. We get that G has exactly

¢(p2)(2+;(4;(2p))+¢(p2)) = p(p + 1) cyclic subgroups of order p?, W = p+ 1 cyclic subgroups of

order p, and one subgroup of order 1.

By Case 2 of the proof of Lemma 3.6, the cyclic subgroups of order p? are ((0,1)),{(1,1)), {(2,1)),
AP =110, (1), ((2,p)), ..., ((p—1,p)), ((1,0)). By Case 3 of the proof of Lemma 3.6, the cyclic
subgroups of order p are ((0,0): {(.0)): {(20:2))s - (0 — )p,p)), {(p.0)) and by Case 4 of the same
lemma, the subgroup of order 1 is <(0,0)> Let sz = T<(0,1)>,T<(171)>,T<(2’1)>, NN ,T<(p2_171)>,T<(17p)>,
Tz Tio-100 Ty, B = Tio): Tiwm)> Ti@pm) - > L1 Tiwo) and @1 = Ti,0).-
No two distinct elements of €),,> are adjacent because otherwise the corresponding subgroups will coincide.
Similarly, no two distinct elements of 2, are adjacent. Each element of €),> is adjacent to exactly one
(distinct) element of €, because every cyclic group has a unique subgroup of particular order. And every
element from the set 2,2 U €}, is adjacent to the element of ;. It is to be noted that the rows and
columns of A(P(G)) are indexed in order by the elements of Q; U, UQ,. So, A(P(G)) is given by

0 T2+ @ Tixaw?) Tix 1) Q) Tix o)
A(P(@) = | o241 @ Tow2rxr L2 4mx w249 @V = D2y xsr2) . o1t @ (M1 o+ @ Top2) 00
1 @ Jomx1 Jixp Q) (M(p+1)x<p+1> X J¢<p>x¢(p2>) Iy x 1) QT = D gy x é(n)

where M is a permutation matrix.

Then by Lemma 2.5 and Theorem 3.1, we get

VAPG)),z) = (1+ m)(¢(p2)—1)(p2+p)+(¢(p)—1)(p+1) W(Q, ),
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where

- ) ¢(p2)J1x(p2+p) ¢(P)J1x(p+1)
P(Q, ) = |Jp2px1 (¢(p7) — 1 75)1(’7’«2+P)X(p2+p) Tpx1 @ (6(0)Mpy1)x (pr1))
Jp+nx1 Jixp @ (¢(p )M(p+1)x(p+1)) (@(p) = 1 = 2)(pr1)x (p+1)

After suitable interchange of rows and columns simultaneously (no effect on sign of determinant), we
can convert M to an identity matrix and this will not effect other blocks. Taking common 1 from first
column, ¢(p?) from next (p? + p) columns and ¢(q) from last (p + 1) columns, we get

-z o0 J1x (p2+p) Jix(p+1)
2 ) —1—x
P(Q,x) = ¢(p2)p +p¢(p)p+1 Jp24p)x1 (p¢3p2) )I(P2+P)X(p2+p) Jpx1 @ (I(p+1)X(p+1))
—1—x
Tesxr T ® Tpsnxpen) LB 1))
By taking (¢(p;gp;1)71) =a, (‘b(p(;(fpl)fx) =b, and —z = ¢, we have
¢ J1x (p2+p) J1x (p+1)

2
W(Q,2) = o) PO Tz alprypyxran)  Joxt @ (Lpr1)x(pi1))
Tipr1yx1 Jixp @ (Lpt1)x(pi1)) bl(py1)x(p1)

By applying the row operations on blocks R; — R; — R,41) for 2 <i < p, we get

c Jix(p+1) Jixry Jix(p+1) Jix(p+1)
8(p+1>x(p+1) aof(p+1)x<p+1) OI(p+1)x(p+1) *a§<p+1>x(p+1) 8<p+1>x<p+1>
e+ x(p+1) O+ xp+1) e+ xp+1)  ~Hprnx e+ O+ x(p+1)
_ 2\p*+p p+1
Y(Q,z) = ¢(p°)" "Po(p) : : : : :
Jo+x1 Op+ixp+1) Op+ixp+1)  HUepirnxe+1)  Lp+1)xe+1)
Jp+1)x1 Ipryxp+1)  Ip+vxe+n) 0 e+ xe+n)  Yprnxep+)

Applying the column operation on (p + 1)** block, Cpi1 — Cz + C3 + ... + Cpi1, We get

c Jixp+) Jixe+n) 0 Plixet) Jixptn)
O al O O O
O al O O
2
W(Q,x) = (P*)" HPo(p)Pt!
Jipt1)x1 o) 16 . al I
Jpt1)x1 I I pl bI

Expanding along the rows Ry, R3, ..., Ry, we get

2\p°+ 1 (p+1)(p—1) ¢ PJix(p+) Tixw+y
Y(Q,z) = ¢(p°)" TPo(p)P T a1 adpinyx 1) Lpr1)x(p+1)
Jpr1yx1 PLpsyxp1) Wlpi1)xp+1)

By applying the row operations Ry — Ry — (Ra + R3 + ...+ Ry12), Rpto4i = Rppo1i — bR;4y for
1<i<p+1, we get

s 1) c—(p+1) (P —a)Jpr1)x1 O1x(p+1)
Y(Q,x) = d(p*)? Po(p)P T a'? Jp+1)x1 al(p+1)x (p+1) Tpr1)x(p+1)
(L =b)Jpriyx1 (P = ab)lpr1)yxp+1) Ow+1)x(p+1)
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Expanding along the last p + 1 columns, we get

— H(p2\P P p+ -1 | c—(p+1) (p—a)Jpy1)x1
'(/)(Q,l') ¢(p ) ¢(p) a (1 _ b)J(p+1)><1 (p _ a/b)[(p+1)><(p+1) .

Applying the row operations R; — R; — Ry for 3 < i < p + 2 and then the column operation Cy —
Co+C3+4 ...+ Cpyo, we get

Czl(pvl;l) (p+1)(pb—a) (paa) (paa)
- p—a
$(Q.2) = o(p?)" Po(p)a® N0 0 poab 0

(:) O 0 . P — ab
This implies that
B(Q,x) = $(*)P TPH(p) 1 a TV (p — ab)P[(p — ab)(c — (p+ 1)) — (p+ 1)(L —b)(p—a)] (4

Here, (p — ab) is a quadratic polynomial and [(p — ab)(c — (p+ 1)) — (p+ 1)(1 — b)(p — a)] is a cubic
polynomial. By putting values of a, b and ¢ in Equation (4), then (Q, ) is
27
S (P (B(p%) — 1— )T TV (=2 (02 = B)x 4 pt = 3P+ 4p” — p—2)7 [P+ (3 pP)a® +
(=2p* +3p® —4p* + p+3)x —p° +p* — 2p* + p+1]. O

5. Characteristic polynomial of P(Z,, x Z,),m { n

If m t n and ged(m,n) = 1, then Z,;, X Zy, = Zpnyn. So here we study the spectrum of P(Z,, X Z,,) when
m tn and ged(m,n) # 1. Recall that we have taken the set of all divisors of n as S = {d1,dz,...,di}.
Let 8" = {&1,&,...,&,&+1,...,&s} be the set of divisors of m. Since ged(m,n) # 1, without loss of
generality let SNS" = {dr41, dri2y. -y dierin}t = {&+1,&42, - - - s Es=t4+n } for some positive integers r, ¢
and h. Let T = {difj tged(d;, €5) =1,1<i<k1<j< s}, and TV =T/{SUS'}.

Theorem 5.1. Let G = Zy, X Z,, with m{n and gcd(m,n) # 1. Then,
PAP(G)), z) = (1+2)"9(Q, ),

where a = Ele ni(p(d;) — 1) + 22:1 m;(P(&5) — 1) + D uer Na(Pla) — 1), ny,mj,m4 are respectively the
number of cyclic subgroups of G of order d;,&;,a, and Q = (gij)ix1 with

o(I((aj,0;))) if i # J and Ty, p,)) ~ Ti(a;,05))
Gij = ¢([{(as, b)) =1 ifi = j,

0 otherwise.

Proof. We obtain that SU S’ UT is the set of all possible orders of the cyclic subgroups of G. Then
we proceed exactly in the similar way as in the proof of Theorem 3.1 and get the required result. O

Lemma 5.2. Let G = Z,2 X Zy, withp | n and p? t n. Let the first ¢ elements in S be relatively prime to p?,
and the next k—c elements in S be divisible by p. Then, the cyclic subgroups of G of different orders are as
given below: the cyclic subgroups of order d; are {(0, d%)> for 1 <1 <e¢; ((0, d%)}, {(p, d%)), ((2p, d%)>, cee
((p(p = 1), 2)), {(p, ) for c+1 <i < k; and the cyclic subgroups of order dip? are {(1, 2L 25))
(2,750 (p =1, %)) for1<i<ec.
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Proof. We have at least one d; which is relatively prime to p>. So ¢ > 1. Since p|n, there ex-
ists at least one d; such that p|d;. So k — ¢ > 1. Then, the order of the elements of G are
di,do,...,dg,dip?, dop?, ... d.p?. Now the cyclic subgroups of G of different orders are obtained as
below.

Case:1 For each i, 1 < i < ¢, the number of cyclic subgroup of G of order d; is % = 1. This
cyclic subgroup is ((0, 7)) for 1 <i <ec.

Case:2 For each i, ¢ +1 < ¢ < k, the number of cyclic subgroups of group G of order d; is

ds d; L .
(et eniGH] _ 4 1). These (p+1) eyelic subgroups are (0, 2)), (2. ). (25, 2).

é(di)
o Alpp = 1), ), ((p, ) for e+ 1 < i < k.
Case:3 For each i, 1 < i < ¢, the number of cyclic subgroups of group G of order d;p? is

2p W”*d‘fgp Joldir) — p. These p cyclic subgroups are {(1,25)), (1, 25)), (2, 75)), ... {(p — 1, 7))
for1<i<e. O

By Lemma 5.2, there are total ¢ + (p + 1)(k — ¢) + pc = l(say) cyclic subgroups of Z,> x Z,,. We
list all these in the order of their occurrence in the statement of Lemma 5.2, that is S1 = ((0, 7)),

Sy = (0, )-8 = ((p — 1,%)). Without loss of generality, let d. = 1. S’ = {p? p,1} and
T = {dip? dop?, ... ,dc_1p*}.

Theorem 5.3. Let G = Zy> X Zy, with p | n and p? tn. Let the first c elements in S be relatively prime
to p?, and the next k — c elements in S be divisible by p. Then,

PAP(G),z) = (1 +2)" ¥(Q,2),

where a = Y25 (6(d;) = 1) + (p+ 1) D1 (6(d) = 1)+ p X5 (9(dip?) — 1) and Q = (qi)ixt with

o(1S;1) ifi#j and Ts, ~Tg,,
qij = ¢(|Si]) =1 ifi=j,
0 otherwise.

Proof. We have V(P(G)) =Ts, UTs, U...UTs,. By Lemma 5.2, number of cyclic subgroups of order
diis1for 1 <i<c¢; (p+1)for c+1<i<k. The number of cyclic subgroups of order p? is p. And the
number of cyclic subgroups of order d;p? is p for 1 < i < ¢ — 1. Then, by Lemma 2.5 and Theorem 5.1,
we get the required result. O

Theorem 5.4. Let G = Z,2 X Zypq, where p,q are distinct prime numbers. Then, the spectrum of P(G)
consists of:

1. —1 with multiplicity p>q — 2p — 6.
2. p?q — pq — 1 with multiplicity p — 1.
3. pq — q — 1 with multiplicity p — 1.

4. And the remaining 8 eigenvalues are the roots of the determinant

1—ab O -b 1-b —-b 1-b

1 0 c 1 1 1

0 1—ed O 0 —-d 1-d (5)
1—a 0 l-pd-p —-p 1-p

1 1 1 0 e 1

l—-a 1—=c 1—=p 1l—p 1-2p f—2p

= 745('1;_‘11)_“; and f = —x.

e

where a — ¢>(p2q)—1—w’ b— ¢(p22—1)—w _ dpg)—l-z 4 _ é(p)—l-z

#(p%q) o (p? » € é(pq) 7 ép) 7
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Proof. The possible orders of the elements of G are 1, ¢,p, pq,p? and p?q. By Lemma 5.2, the cyclic

subgroups of G of different orders are as follow: order p?q are ((1,1)), ((2,1)), ..., {((p —1),1)),{(1,p));
order p? are ((1,9)), ((2,q)), ---,(((p — 1),q)), ((1,0)); order pq are <(0’ )5 <(p, 1)), ((2p,1)),.
(((p—1)p,1)), ((p,p)); order p are ((0,q)), ((p,q)), ((2p, )>,~~~7 (((p —l)p, ), {(p,0)); order g is <(07 )>,
and the order 1 iS <(0,0)> Let Qp2q = {T<(1’1)>, T<(2’1)>, .. <((p 1) 1 ) } Q 2 = {T ’q) ((2 )>
Tiw-1.0)> Tiaonts Qe = {Ti0,1))> L1y, T<<2p,1>> ; T<<<p 1>p, iy <(,,,p)>} Q, = (T ((0,9))>

Ty Ti@pa)ys - Tio-vpa) Twon s Qo = {Ti0,p) } and O, = {T0,00) }-

No two distinct elements of (2,2, are adjacent because otherwise, the corresponding subgroups would
be the same. Similarly, no two distinct elements of €,2,€,, or €, are adjacent. Each element of €,
is adjacent to exactly one distinct element of 2,2 because every cyclic group has a unique subgroup of
a particular order. Every element of €22, is adjacent to T )y € Qpg, Ti(p,0)) € & and Ty )y € Q-
No elements of €2,2 are adjacent to elements of €),, or €, because p? 1 pg and p? 1 q respectively. Each
element of €2 is adjacent to Ty, 0) € €. Each element of €, is adjacent to exactly one distinct
element of Q, and to T'(g p)) € €24 No element of 2, is adjacent to an element of {2,. Every element of
Qg U Q2 U, UQ,UQ, is adjacent to . It is to be noted that the rows and columns of A(P(G))
are indexed in order by the elements of €2, U Q2 U, U, UQ,U Q4. So, A(P(G)) is given by

Lnxr QU =Dy20yst?a) Mpxn @ Tom2a)xs(p2) Eli1ysr @ Tow2 )< om0y Bl i1ywr @ Tom2a) x o)
My @) o2y xop2a) Toxe Q=1 4(p2) xsp2) Opo(p2) x (p+1) b (pa) Bl 1)k @ o) xom)

Ept+1yxp ® J¢(pq)><d>(p2q) O(p+1)¢(pq)><p¢(p2) Itpr1yx(p41) ®(J*I)<ﬁ(m)><¢(pq) Ng;)+1)><(p+l) ® Jo(pa)x $(p)
Epityxe @ Jomxowza Ewinxr Q) Jom xom?) Nopiix it @ o xswa It x (1) @I =Dg(m)xs(p)
Tiscr @ oy x on?a) O1xpphi(p2) Tix 1) @ Jota)x o (pa) O1x (p11)phi(p)
Jixpo(p2a) J1xpo2) J1x(p+1)6(pa) J1xpe(p)

JPX1®J¢(P24)X¢(Q) JPX1®J¢(P2<1)><1
Oporx1 Tox1 @ Top2)x1
Tpr1x1 @ Jstwayxs(@) Twr1x1 Q) Jswayx1

Opé(p)x 6(a) Tpx1 @) Jopx1
(J=D () x d(a) JTo(a)x1
Jixe(q) 0
where M and N are permutation matrices.
By Lemma 2.5 and Theorem 5.1, we have
V(AP(G), z) = %(Q, 2)(1 + z)PEE°DTeE*)=2)+(p+1) (D) +é(p)=2) +é(0) -1 (6)
where ¥(Q, x) is
(¢(P2Q); 1-— w)Ipo ¢( )ngp ¢(PQ)E;1;;+1)><p ¢(p)E§;)+1)Xp ¢(Q)Jp><1 Jpx1
d(P ) Mpxp (¢(p )—1—a)lpxyp Opx(p+1) ¢(p)E(p+1)><p Opx1 Jpx1
S(P° ) E(pr1)xp O(p+1)xp (¢(pq) — 1 — ) [(pr1)x(p+1) ¢(P)N(7;,+1)X(p+1) (@I p+1yx1 x|
#(p* Q)E(p+l)><p d(P*) B(p41)xp (PN (p+1)x (p+1) (6(P) =1 =) (priyxp+1)  Oix+1)  Jp+1)x1
¢(P°q) J1xp O1xp ?(Pq)J1x (p+1) O1xpt1 o(q) —1—=x 1
¢(P*q) J1xp d(P*) J1xp &(Pa)J1x (p+1) &(P)J1x (p+1) 1 -z

After suitable interchange of rows and columns simultaneously (no effect on sign of determinant), we can
convert M, N to identity matrices and this will not effect other blocks. Then,
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(6(p2q) — 1 — 2)Ipyp () Ipxp ¢<pq>E(p+1)Xp OB 1y ?(@)Ipx1 Ipx1
d(2 ) Ipyp (6(p2) =1 = a)Ipyp Opx (p+1) SOEL 1 Opx1 Ipx1
P(Q,x) = o2 SOE @+ xp Tpt+1)xp (@(pa) =1 =) (5 11)x (p+1) @) (p+1) x (p+1) Y DI(pr1)x1 Tp+1)x1
s(? 9 E+1)xp PPDE(pi1)xp PO (p41)x (p+1) @P —1=apinxern 9L+ Je+nxt
b(p2a) Jixp O1xp PP Ty x (p+1) O1x (p+1) P(q) —1—= 1
(P2 ) J1 % p o(»?) J1xp (P T1 x (p1) (P 1x (pt1) 1 —o

Taking common ¢(p?q), #(p?), #(pq), ¢(p) and ¢(q) from the first p columns, the next p columns, the

2
next (p+1) columns, the next (p—|—1) columns and the last second column respectively. Let a = %,
_ ¢(@°)—1-a ¢(pg)—1-z 5 __ —l-z _ ¢(@-1l-z _
b= ) ,d= (p) €= 00 and f = —z. Then, we get
alpxp Toxp E(j;1+1)><p E’I’;‘Fl))(p Jpx1 Jpx1
Ipxp blpxp Opx (p+1) E(p+1)><p Opx1 Jpx1

P(Q,x) = d(p*q)Pd(p*)Pd(pg) " o (p)P T d(q) |Ew+vxr Qwtnxr ltnxpss Twsnxons  Jornxa Jornxa

Ep+yxp EBp+vxp Ip+1)xp+1) Hp+xp+1) Op+ixt Jpt1x1
Jixp 1xp Jix(p+1) 1X (p+1) € 1
Jixp Jixp J1x (p+1) J1x (p+1) 1 f

Suppose w = ¢(p*q)PP(p*)Pd(pq)P T p(p)P¢(q). Apply the row operations R,.; — R,; — bR; for
1<i<p, Rapyo = Rapio— (R1+ Ro+ ...+ Rp) and Rupia — Rapya — (R1+ Ro + ... Rp,). We get

alpxp Ipxp (p+1)><p E(:;+1 Xp Jpx1 Jpx1
(1 — ab)Ipxp Opxp —bEl 1) (1= El 1) p —bJpx1 (1 = b)Jpx1
P(@Q,x) =w| Potvxr  Ooinxe  atnxet Tp+1) % (+1) T+ x1 T x1
1=a)Epiiyxp Ow+iyxp I —pL)pinyxp+1) (A —pL)pi1yx(p+1) —PLp+1yx1 (J = PL)(py1)x1
1xp 1xp 1x(p+1) 1x(p+1) e 1
(1—-a)Jixp O1xp (J = pL)1x(p+1) (J = pL)1x(p+1) 1—-p f—-»
Expanding the determinant along the columns Cpi1,Cpya, ..., Cop, we get
(1 — ab)Ipxp —bEl 1yp (A=EL 1) —bJpx1 (1 —b)Jpx1
E(p+1)xp cl(p41)x (p+1) Ip1)x (p4+1) Jp+1)x1 Jp+1)x1
Y(Q,7) = w (1 = ) Epirynp (I =PL) i1y pt1) (@ = PL)pinyxpt1) —PLpanyxa (J = PL)p1yxa
1xp 1% (p+1) 1X(p+1) e 1
(1 —-a)Jixp (J = pL)1x(p+1) (J = pL)1x (p+1) 1—-p f-p

Applying the column operations Cpi; — Cpyi; — cCopriqs for 1 < i < p, Cspy3 — Csprz — (Copga +
02p+3 +...+ Cgp_H) and 03p+4 — 03p+4 — (02p+2 + 02p+3 +...+ C’3p_|_1)7 the determinant is

(1 — ab)Ipxp VEl 1y p (A =D)El 1 xp —bJpx1 (1 —b)Jpx1
Epi1yxp CL< +1)x (p1) Tpinyxp+1) Ly Lpt1yx1
W (1 —-a)Epiiyxp (L—cd)I—(p—cd)L)pr1yxpt1) (@ —pL)(pr1yx(pr1) (—dJ + (d— P)L)(p+1)x1 (1 =d)J + (d = p)L) (p+1)x1
Jixp Jix(pt1) O1x (pt1) 1
(I —=a)Jixp (1 =c)J — (P—(')L)lx(erl) (J = PL)lx(p+1) 1—2P f—2p
Expanding along the rows Rpi1, Rpi2,..., Rap, ¥(Q, ) is
(1 —ab)Ipxy Bl i1yxp a-bv)Jr, —bJpx1 (1 —b)Jpx1
J1>< CLIX(p+1) 1 1 1
w(1- a)E(p+1)><p (1 =cd)I = (p = cd)L) (p41)x (p+1) (d— P)L(p+1)><1 (=dJ + (d - P)L)(p+1)><1 (1 =ad)J 4+ (d=Dp)L)(p+1)x1
Jixp Jixp+1) 1
(1 —a)Jixyp (1=¢c)J = (p—c)L)ix(p+1) (1—19) 1—220 f—=2p

Apply the column operations C; = C; —Cp for 1 <i<p—1land C; - C; —Cyp for p+1<j<2p—1,



K. Kumari and P. Panigrahi / J. Algebra Comb. Discrete Struct. Appl. 13(8) (2026) 853-371

we get
(1—ab)(I —E+ L)pxp Opxp —bJpx1 (1 —=0)Jpx1 —bJpx1 (1 =b)Jpx1
lep lep (&) 1 1 1
¢(Q Jf) = w Opxp (1—cd)(I—E+L)pxp Opx1 —dJpx1 (1 —d)Jpx1
’ (1 —a)Lixp O1xp (1—-p) d—p —p 1-p
1xp L1><p 1 0 e 1
(1 —-a)Lixp Lixp 1—p 1—p 1—-2p f—2p

Taking common (1 — ab) from the first (p — 1) columns and (1 — ed) from Cpi1,Cpya, ..., Cop_1, then

P(Q,x) is

(I—-—E+(1—ab)L)pxp Opxp —bJpx1 (L—=0)Jpx1 —bJpx1i (1 —=0b)Jpx1
L1><p Ol)(p c 1 1 1
_ p—1 _ p—1 Opxp (I-E+(1—cd)L)pxp Opx1 Opx1 —dJpx1 (1 —d)Jpx1
w(l — ab) (1—cd) (1 —=a)Lixyp O1xp 1-p d—p -p 1-p ’
1xp Lixp 1 0 e 1
(1 —a)Lixp (1 —=¢)Lixp 1—p 1—p 1—-2p f—2p

Apply the column operations C, — Cp,—(C1+Co+...4+Cp_1), Copr1 — Copi1—(Cpra+Chis+...+C2),
Y(Q, x) is

(I —abL)pxp Opxp —bJpx1 (1 =0)Jpx1 —bJpx1 (1—10)Jpx1
Lixp O1xp c 1 1 1
o p—1 o p—1 Op)(p (I—CdL)po Op><1 Opxl —dexl (1_d)JpX1
’U}(l ab) (1 Cd) (1 —a)Lixp O1xp 1—p d—p —p 1—-p :
Lixyp Lixp 1 0 e 1
(1—a)Lixp (1 —c¢)Lixp 1—p 1—p 1—2p f—2p

Expand along the columns C1,Cs,...,Cp—1 and Cpi1,Cpya, ..., Cop_1, we get

1—ab 0 -b 1-b —b 1-0
1 0 c 1 1 1
_ _ 0 l—ecd O 0 —d 1—-d
— _ p—1(1 _ p—1
¢<an)—w(1 ab) (1 Cd) 1—a 0 l-pd—p —p 1—p
1 1 1 0 e 1

l—-a 1—¢c 1—=p 1—p 1-=2p f—2p

The factor (1—ab)P~! = ((Hﬁ;gig)‘fé%l‘“ )p71 gives the eigenvalues —1 and (p?q —pq—1—2) with both
multiplicities p— 1, and (1 —cd)r—! = (L0 P™ gives the eigenvalues —1 and (pg—q—1— )
with both multiplicities p — 1. By putting value of w, ¥(Q, z) is

o(P*0) (P> d(0)(pa)*d(p)* (1 + )P~ 2(p?q — pg — 1 — 2)P ' (pg — ¢ — 1 — )P~ det(C),

where det(C) as given in Equation (5). Finally by Equation (6), we get multiplicity of —1is p3¢—2p—6. O

6. Conclusion

We determined the characteristic polynomial of the power graph P(Z,, x Z,) under the conditions
m|n and m { n. We also investigated the complete spectrum for several particular cases, which provided
deeper insight into the algebraic and spectral properties of these graphs. Future work may focus on
extending these spectral investigations to more general finite groups and exploring further graph invariants
associated with power graphs.
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