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1. Introduction

The idea of studying algebras endowed with two or more multiplications is not new, although it has
attracted renewed attention in recent years. For instance, associative dialgebras, defined as vector spaces
equipped with two associative operations, were investigated in [10, 16, 34].

A dual analogue of Poisson algebras, obtained by interchanging the roles of the two binary operations
in the Leibniz rule that defines a Poisson algebra, was introduced by Bai, Bai, Guo, and Wu (see the
references in [1, 33]). In [13], a new family of modified double Poisson brackets and the corresponding
notion of mixed double Poisson algebras were introduced.

In [18], the authors defined dendriform di- and trialgebras in an arbitrary variety Var of binary
algebras (such as associative, commutative, Poisson, etc.). They proved that every dendriform dialgebra
can be embedded into a Rota-Baxter algebra of weight zero in the same variety, while every dendriform
trialgebra can be embedded into a Rota—Baxter algebra of nonzero weight.

Various other classes of algebras defined by several multiplications satisfying specific identities have
also been studied in the literature; see, for example, [7, 22, 25, 28, 32].

The notion of anti-dendriform algebras, proposed as a new way of splitting the associativity condition,
was introduced by Gao, Liu, and Bai in [17], motivated by the concept of dendriform algebras from [27].
Anti-dendriform algebras are defined as algebras equipped with two binary operations whose sum is
associative, and such that the negatives of the left and right multiplication operators form bimodules
over the resulting associative algebra. This characterization explains the terminology by comparison
with the analogous characterization of dendriform algebras.

Note that there exists an anti-structure corresponding to pre-Lie algebras, namely the notion of
anti-pre-Lie algebras introduced in [26]. These algebras are characterized as Lie-admissible algebras.
Motivated by the study of anti-pre-Lie algebras, a new approach to splitting operations was proposed.

Moreover, the following commutative diagram holds, which is obtained from the classical diagram by
replacing dendriform and pre-Lie algebras with anti-dendriform and anti-pre-Lie algebras, respectively:

anti-dendriform algebras — anti-pre-Lie algebras

associative algebras  —» Lie algebras

The algebraic classification (up to isomorphism) of n-dimensional algebras belonging to a variety
defined by a family of polynomial identities is a classical problem in the theory of non-associative algebras.
Numerous results concerning the algebraic classification of low-dimensional algebras in various varieties
of associative and non-associative algebras are known (see, for example, [3, 4, 9, 11, 12, 14, 15, 29)]).
Algebraic classification also provides a basis for obtaining the geometric classification [20]. In particular,
algebraic classifications have been obtained for 2-dimensional algebras [21, 30], 3-dimensional evolution
algebras [8], 3-dimensional anticommutative algebras [23, 24], 3-dimensional diassociative algebras [31],
as well as for non-isomorphic complex 3-dimensional transposed Poisson algebras [6]. See [19] for an
overview of classification results. The present paper is devoted to the classification of four-dimensional
anti-dendriform algebras under the certain conditions.

The paper is organized as follows. In Section 2 we recall the necessary definitions and establish several
preliminary results. In particular, to every anti-dendriform algebra there corresponds, in a unique way, an
associative algebra, which is known to be nilpotent (see Proposition 2.2 and Corollary 2.5). We then recall
the classification of all four-dimensional complex nilpotent indecomposable associative algebras, stated
in Theorem 2.8, which was obtained in [5]. In Section 3, working over the field of complex numbers, we
obtain a classification of all four-dimensional anti-dendriform algebras associated with four-dimensional
associative algebras having a one-dimensional annihilator (see Theorem 2.9 together with Theorems 3.1
3.8). In future, we will complete the classification of all four-dimensional anti-dendriform algebras whose
associated associative algebra is indecomposable.
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2. Preliminaries
Throughout the paper, all vector spaces and algebras are finite-dimensional and over the complex
field C unless otherwise stated. Let A be a vector space with two bilinear operations

p: AR A— A, AR A— A

Define a bilinear operation - on A as follows:
r-y=xzby+axdy, VaycA (1)

If (A,-) is an associative algebra, then we call the triple (A4,>,<) an associative admissible algebra and
(A, ) is called the associated associative algebra of (A,>,<).

Definition 2.1 (Gao, Liu, Bai [17]). Let A be a vector space with two bilinear operations 1> and <. The
triple (A,>,<) is called an anti-dendriform algebra if the following identities are satisfied:

(z>y)<z=z>(y<2), (2)
> (yr2) =—(z-y)>z, (3)
x> (ypz)=—x<(y-2), (4)

x> (y>z)=(x<dy) <z, (5)

(@-y)rz=za(y-2), (6)
—(@-y)pz=(zay) <z, (7)
—z<(y-2)=(z<dy)<z. (8)

Proposition 2.2 ( [17]). Let (A,>,<) be an anti-dendriform algebra. Define a bilinear operation -
by (1). Then (A,-) is an associative algebra, called the associated associative algebra of (A,>,<).
Furthermore, (A,1>,<) is called a compatible anti-dendriform algebra structure on (A,-).

Recall that an associative algebra (A, -) is 2-nilpotent if (z-y)-z=z-(y-2) =0 for all z,y,z € A.
Similarly, an anti-dendriform algebra (A,>,<) is 2-nilpotent if (z *;, y) %4, 2 = %4, (Y %4, 2) = 0 for all
i1,12,13,14 € {>,<} and z,y,z € A. Using identities (2)—(8), it was shown in [2] that the anti-dendriform
algebras associated with the associative abelian algebra are 2-nilpotent.

The following sets are called the annihilators of associative and anti-dendriform algebras, respectively:

ZAS(A):{ZL'GA|CEy:y(£:O, VyGA}a

Zap(A)={zcA|lzpy=axqy=ypar=y<x =0, Yy € A}.

An ideal I of an anti-dendriform algebra A is a subspace of A such that
x>y, x4y, y>x, y<x € I, forall x€ A, yel.

It is obvious that the annihilator of an arbitrary anti-dendriform algebra is an ideal.

Proposition 2.3 ( [2]). Let (A,:) be an associative algebra and let (A,>,<) be a compatible anti-
dendriform algebra structure on (A,-). If the annihilator (Z(A),-) of (4,-) is the annihilator (Z(A),>,<)
of (A,>,<), then the quotient (A/Z(A),>,<) is a compatible anti-dendriform algebra structure on
(A4/Z(A), ).

Proposition 2.4 ( [17]). Let (4, ") be an associative algebra with a non-zero idempotent e, that is, e-e = e.
Then there does not exist a compatible anti-dendriform algebra structure on (A,-).

It is known that any finite-dimensional associative algebra without a non-zero idempotent element
is nilpotent. Therefore we have the following conclusion.

ot
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Corollary 2.5. The associated associative algebra of any anti-dendriform algebra is nilpotent.

For an algebra A of an arbitrary variety, we consider the series
i
Al = A, AT =N ARATIE >
k=1

We say that an algebra A is nilpotent if A® = {0} for some i € N. The smallest integer satisfying A* = {0}
is called the index of nilpotency of A. Obviously, for an n-dimensional nilpotent algebra A we have
A" = {0}, i.e. the index of nilpotency of an n-dimensional nilpotent algebra is not greater than n + 1.
An n-dimensional algebra A is called mazimum nilpotent if the nilpotency index of the algebra is equal
ton + 1.

From now we use the following notations: As? and ADZ denote n-dimensional associative and anti-
dendriform algebra structures associated with nilpotent associative algebras, where ¢ is an index for
numbering.

In what follows, we assume that {ej,...,e,} is a basis of the n-dimensional algebra A. When
presenting the multiplication table of A, all products of basis elements that are equal to zero are omitted.
We denote by (v1,...,v) the vector space spanned by the vectors vy, ..., vg.

By Corollary 2.5, in order to present the known classification of arbitrary three-dimensional anti-
dendriform algebras over the field of complex numbers, we first recall the classification of all three-
dimensional nilpotent associative algebras over C.

Theorem 2.6 ( [24]). Any three-dimensional nilpotent associative algebra over the field of complex num-
bers is isomorphic to exactly one of the following pairwise non-isomorphic associative algebras:

Asi . Abelian;

As% : e1eg = €3, €261 = —e3;

As3 i eje; = es;

As3: eres = eg;

As3(N) 1 erer = ez, e1ea = Ne3, ezea = e3, A € C;
AsS: ere1 = ea, e1ea = e3, ege; = eg.

We now present the classification of all three-dimensional anti-dendriform algebras whose associated
associative algebra is one of the above three-dimensional associative algebras.

Theorem 2.7 ( [2]). Any three-dimensional anti-dendriform algebra over the field of complex numbers
is isomorphic to one of the following anti-dendriform algebras:

AD%: 61[>61=%62, 614612%62, e1>bey =ex<e; =2e3, ea>e; =e; dey = —es;
AD§ 61[>€1=%62+63, 61461:%62—63, 61[>€2:€2<161:263, ey D> e =e1 ey = —es;

AD3 . s trivial, that is, all products are zero;

AD%: e1>ey =e3, eabe; = —e3, €1 ey = —e€3, ex<de; = e3;
ADg epbep =e3, e14d€e; = —e3;
ADS : e;pbey =e3, €1<dex = —es;

e >ep =es, €1l>€2:)\€3, eg D> eg = €3,

ADI(N) : {

e1<de; = —egz, e1<dey = —Aeg, eg ey = —eg;

e1>e; =es, e1>ey = aeg, ex ey = feg,
ADS(a, 8) : {

e1<de; = —es, e;<des = (1 — e, ea<de; = (—1 — fB)es;
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ADJ(a) : e >eg = e, eabe; = —aez, epdeg = (1 —a)es, ea<e; = (=1 + a)es;
AD%O pepbep =eq, egbep = —e3, e1de; = —ez, €1 dey = e3;

11 ) _ _ _ _ )
AD3'(a,B) 1 e1>eg = aes, ea>e; = fes, eg<des = (1 —a)es, ea<ep = —fes;

e1 > ey = e ey D> e = pe e D> ey =e€
AD;P(OJ,B): { 1 2 3, €2 1 6 3, €2 2 3

e1des = (1 — e, ea<de; = —fes, ea ey = —es;

ADlg(a B8,7) : {611>€1 =e3, e > ey = aes, ex>ep = fes, ez > ey = yes,
3 » Mo .

e1<de; = —e3, e1<des = (1 —a)es, ea<e; = —fes, ez ey = —ves;
AD3*: ejpe; = ey, e1<de; = —eg, €1 ey = e3;

ADI (0, ., \) - e1>ep = aes, eg>ey = fes, ea>ep =ye3, a#0,
3 y My [ .
e1de; = (1 —a)es, eg<des = (A— fB)es, eade; = —ves, ez <deq = es;
e] > ey = ez, ea>e] = —aes,
e1<de; =eg, e1<ey = (A —a)es, ea<e; = —aes, ex<deg = es;

AD(a, M) : {

AD§7(/\) i e1be;r =eg, e1de] = —eg + €3, €1 <dey = Ae3, €g ey = e3;

AD$E(a) : e1pep = aes, e1<e; = (1 — a)es;

AD3?: eape; =e3, e1<de; =e3, ea<de; = —e3;
AD20 . ep>ep =weg, ep>ey =e3, egb e = —eg,
3 (a): _ _ o
e1de; = (1 —a)es, e;des = —eg, ea<e; = es;

e;p ey =e3, egb> e = aes,

AD3Y(a) : {

e1<de; =e3, e1dey = —e3, eade; = —aes, a £ —1;

e1> e = aes, egb>e; = fes, ex>ey = ez,
e1de; = (1 —a)es, ea<e; = —fes, ea ey = —es;

ADZ (v, B) - {

AD23: ejpe; = ey, e1<de; = —eg + €35
where a, 8,7, A € C.

The only isomorphisms between algebras from the above list are the following:

ADg(auﬂ)gADg(_ﬂa —04)7 AD%S(Q75"77O)EAD?1)5(Q,_ﬂ7 _770)7 AD%I(_l)gAD?Q)O(O)
From this theorem, the following observations can be made:

o the anti-dendriform algebras AD} and AD? are compatible anti-dendriform algebra structures on
Asf;

o the anti-dendriform algebras AD3—ADJ()\) are compatible anti-dendriform algebra structures on
Asg;

o the anti-dendriform algebras ADS§(a, 3)-ADi? are compatible anti-dendriform algebra structures
on As?;

o the anti-dendriform algebras AD3!(a, 8)-AD3* are compatible anti-dendriform algebra structures
on Asi;

o the anti-dendriform algebras AD3%(a, 3,7, \)-ADA7()\) are compatible anti-dendriform algebra

structures on As3(\);

o the anti-dendriform algebras AD3®(a)-AD3? are compatible anti-dendriform algebra structures on
As3.

[\~

~
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In order to classify arbitrary four-dimensional anti-dendriform algebras over the field of complex
numbers, we first recall the classification of all four-dimensional nilpotent associative algebras over C.
We use Theorem 4.1 from [5] and keep the same notation as in that reference. Recall that an algebra is
called decomposable if it can be written as a direct sum of two subalgebras, each of positive dimension.

Theorem 2.8 (Theorem 4.1 from [5]). Any four-dimensional complex nilpotent indecomposable associa-

tive algebra is isomorphic to one of the following pairwise non-isomorphic algebras:

Algebra |Table of multiplication | Automorphisms Annihilator
As? e1ea = €3, €3] = €4 p1(e1) = ae;+bes+dey, p1(e2) = aea+cez+eey,| (es, eq)
p1(e3) = a’es, p1(eq) = a’eq,
pa(er) = bea+cesteeyq, pa(ea) = aeg+des+ fey,
va(es) = abey, pa(eq) = abes,
As3 €162 = €4, €3] = €4 p(e1) = aey +ces — cez +dey, p(ea) = bes + eey, (e4)
@(e3) = bes + feq, p(eq) = abey,
As} e1ea = €3, exe1] = €4, ole1) = ae €1 +b€3 +dey, p(ea) = aea+cez+eey,| (es,eq)
€2y = —e3 (63) = a%e3, pleg) = a2e4,
As e1e3 = €3, €2€3 = €4, w(e1) = aey +de3+fe4, p(ea) = cer+bea+ees+H  {e3,eq)
€2€1 = —€3 géq,
o(e3) = abes, (eq) = bey,
As$ €16 = ey4, €363 = €4, p1(e1) = aey + cea + dey, p1(e2) = —%61 + eeyq, (e4)
€2€1 = —€4 301(63) = b63 + f64, 301(64) = b2€4
wa(er) = d? +“be1 + bes + eeq, pa(ea) = ae; +
ces + feyq,
302(63) = d63 =+ h64, @2(64) = d264,
AsT(a) |eres = ey, esey = e3, p(e1) = aey+des+ feq, p(es) = cer +bea+ees+H (es,eq)
€2€1 = itge47 « 7& 1 g€y,
p(e3) = b*ez +be(1 + a)es, p(es) = abey,
As§ eje; = es, e1€3 = ey, p(e1) = Va2e; + bey + ces + dey, (e4)
egey = —ey, e3e1 = €4 |p(ez) = aey + b{/aes + eey,
o(e3) = Vates + (20\3/7— b)eq, ple ) = a%ey,
Asf eje; = es, €se1 = ey, p(e1) = aey +beg+ces+eey, p(ex) = a’ex+dey, (e4)
e1e3 = —eyq, eze1 = —ey |p(e3) = a’ez + a(b — 2c)eq, p(es) = a’ey,
Asi?  |erer = ey, e1er = ey, pi(e1) = aer + bey, p1(e2) = aep + cey, (eq)
eae] = —eyq, eze3 = e4  |@1(e3) = aez + deq, p1(eq) = a’ey,
wa(e1) = aey + beg + dey, wa(ea) = %62 + eeq,
pa(e3) = ces + feu, pa(es) = ey,
Asit |erer = eq, e1e2 = e, pi(e1) = ae1+bes+dey, p1(e2) = aea+cez+eey,| (e3,e4)
ese; = —e3, eges =|p1(e3) = a’es, p1(eq) = a’ey,
—2e3 + ey va(e1) = aes+bes+dey, pa(e2) = ae+cez+eey,
pa(e3) = —a%es, paes) = —2a%e3 + a’ey,
Asi?(a)lerer = eq, e1e2 = e3, p1(e1) = ae;+bes+dey, p1(es) = aea+cezteey,| (e3,eq)
ezer = —aey, exex =|p1(e3) = a’e3, i(eq) = a’ey,
—es3 wa(e1) = aea+bes+dey, pa(ea) = ae;+ces+eey,
pa(e3) = —a’es, pa(eq) = —2a’ez + a’ey,
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Algebra |Table of multiplication |Automorphisms Annihilator
As}3 ere; = es, eres = —eq, |p(e1) = ertaeatbestceq, p(e2) = eataes+dey, (e4)
ese1 = €4, €2€2 = €4, p(e3) = ez + (a® +a — 2b)eq, p(eq) = e,
€3€1 — —€4
Asit €163 = €4, €163 = €4, p(e1) = aey + beg — %63 + ceq, ples) = aes — (eq)
€261 = —€y, €3es = €4, |beg + dey,
ese1 = ey p(e3) = aes + eeq, pleg) = a’ey,
Asld(a)lerer = ey, e1ea = aeq, |p(e1) = aeq + bey + ces + dey, (e4)
ez2e1 = —qey, €263 = €4, |p(€2) = ee1 + fea + ges + hea,
e3e3 = ey p(e3) = ier+jea+kes+ley, pley) = (af —be)ey,
Asis eje; = ea, €163 = €3, o(e1) = aey + bes + ceg + dey, (eq)
e1e3 = e4, €2€1 = €3, o(es) = a’es + 2abes + (2ac + b?)ey,
€26y = €4, €361 = €4 o(e3) = a®ez + 3abey, p(eq) = a*ey,

where a,b,c,d e, f,g,h,i,5,k,l,a € C.

In the following section, we classify all four-dimensional anti-dendriform algebras associated with
indecomposable associative algebras having a one-dimensional annihilator. Clearly, if a nilpotent asso-
ciative algebra is decomposable, then its annihilator has dimension greater than one. Consequently, we
obtain the following result.

Theorem 2.9. All four-dimensional anti-dendriform algebras over the field of complex numbers whose
associated associative algebra has a one-dimensional annihilator are classified.

3. One-dimensional annihilator

In this section, we classify four-dimensional anti-dendriform algebras whose associated associative
algebras are indecomposable and have a one-dimensional annihilator. Applying Theorem 2.8, we obtain
the following list of all four-dimensional indecomposable associative algebras with a one-dimensional
annihilator:

As3 AsS, Ash, As], Asl0) Asi3, Asit, Asi®(a), AsiS.

It should be noted that the associative algebra As}® is a four-dimensional null-filiform algebra, and by
Theorem 3.1 in [2] there exists no compatible anti-dendriform algebra structure on AsiC.

Theorem 3.1. Any four-dimensional anti-dendriform algebra over the field of complex numbers whose
associated associative algebra is Asj is isomorphic to one of the following pairwise non-isomorphic alge-
bras:

AD}: e1bey =ey, e3be] = ey;

ADZ e1D> ey =ey, D> €] = —ey4, e3> e3 =€4,624€] = €4, €34€] = €4, €3<€3 = —€y4;
AD3 - e1P>e; =eyq, e1beg =ey4, €D €] = —€4, €3> €3 = €4,
4.
e1<de; = —e4, e94de] = €4, e3<4€] = €4, €34€3 = —€4;
AD4' e1P>eg =¢ey, e1D>e3 =ey, €3> €1 = —€4, €D ey = €4, €3> €] = €4
4
e1de3 = —€4, €24€1 = €4, €2 €3 = —e€y;
ep>ep =eyq, e1D>egyg = ey, €a>€1 = —Qey, €2D> €2 = €4, €3> €3 = €4, OéEC,
AD3(a): Cej<e; = —ey, e1dex = (1 —a)ey, ea e = ey,

eg ey = —€4, €34€] = €4, €34€3 = —€4;
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ADG . e1>ep =64, e1>eg =e3+ €4, > e = —e3, e3> €] = ey,
4 .
e1de; = —e4, €1 ]eg = —e3, eg<e; = eg;
AD7(a)- e1> ey =e3+ €4, €2D>€] = —€3 + ey, €3> €1 = ey,
A :
e1<dey = —es3, egde; =e3 —aey, a € C;
8 e1>ep = ey, e1>eg =e3+ €4, > e = —€3, ea> ey = €4, €3> €1 = €4,
ADS (o) :
e1de; = —@ey, e1<ey = —eg, ea<de; = e3, €g<€ey = —€y;
9 e1be; =eg, e;1bey = (1+a)ey, ea>ey = Pey, e3>e; = ey,
AD4(O‘36):
e1de; = —e3, e1d€ey = —qey, e <de; = —[ey;
. e1>e; =es, egbes = (14 a)ey, eabey =ey, e3>eg = ey,
AD’(a) :
e;pde; = —eg3, €1 deg = —Qey, €3 <€y = —€y4;
€1l>€1:5€4 e1D>ey =e3+ €4, e2>€] = ey, e3>e; =€y
ADM(a,0) - ’ ’ ’ ’
e1de; = —dey, e1 ey = —e3, ea<de; = —aey, 0 € C;
e1>er =qey, e1>ey =e3+ ey, ea>e; = Pey, eaD> ey = €4, €3> =
ADI(a ) : | | Je |
e1de; = —aey, €1 ey = —e3, eg<de; = 7ﬂ64, eg ey = —€y.
e1>e; =eg, eg>es = Aeg+ (1 + ey, ea>e; = Pey,
13 . — —
ADP[N(a, B,7) - eaD> ey = ez +yeyq, ez e = ey,

e;1de; =

—e3, e1<ey = —Ae3 — ey, ea<de; = —fey, ex<ey

where if A # 0, then v € C and if A =0, then v > 0.

Proof. Considering identity (6) for the following triples

€4,

—€3 — Y€é4,

{61762761}a {61361762}7 {61762362}; {62561762}7 {63763361}7 {63761763}7 {64763561}7

we obtain e4>e; =0, e;des =0, eqeg =0, ea<ey =0, ez<ey =0, eg>eg =0, eg<eq = 0, respectively.

Since eqe; = esbe; +e4<e; =0 and e;eq = e;>es +e;<eqs =0, we have ey <e; =0 and e; > ey = 0.
Then it is easy to see that (e4) is the annihilator of the algebras (As3,-) and (As3,>,<). The algebra
As3/(eq) is a three-dimensional associative Abelian algebra, and we know that any three-dimensional
complex anti-dendriform algebra associated with the Abelian algebra is isomorphic to one of the pairwise

non-isomorphic algebras: AD3 — ADX()).

Case (As3/(e4),>,<) = AD3

el b>er
el D> e
e b>es
eo D> eq
€y D> €egy
e > eg
e3> eq

ez D> e

ez D> eg

It is not difficult to see that (As3,w, <) is 2-nilpotent and has three generators. Thus we have (z>y)>
z =z (y>2z) = 0 which implies that (Asj,>) is also an associative 2-nilpotent algebra and it has three

1164,
(1+ ai2)ea,
13€4,
2164,
2264,
(2364,
(1 + 0431)64,

Q32€4,

33€4,

e1de; =

e1 <éeg
e1 des
eo < ey
[ RAD)
e < €3
ez < e
ez < éeg

ez <eg

—(11€4,
—(2€4,
—Q13€4,
—Q21€4,
— (2264,
—(Qi23€4,
—(Q31€4,
—(32€4,

—(Q33€4.
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generator elements. By Theorem 2.8, there are five non-isomorphic four-dimensional indecomposable
associative 2-nilpotent three generated algebras. Hence, we obtain AD} — ADj(«) algebras.

It is possible to consider the multiplication < in the same manner as above. However, it is not difficult
to show that the constructed algebras are isomorphic.

Case (As3/(e4),>,<) = AD3

€1 > e = (164, e1de; = —Qi1éy,
e1>ey =e3+ (1 + 0412)64, €1 ey = —e3 — (1264,
€1 > e3 = (1364, e1 de3 = —(136y4,
ex>e;p = —ez + 16y, ez <de1 = e3 — (164,
€a D> €y = (9264, ez ey = —(22€4,

ez > e3 = (a3éy, €z de3 = —(236y4,
ezbe; = (1+0631)€4, ez <e; = —(Q3i1€é4,

e3 b ex = (3264, €3 dey = —Q326y,

ez > eg = u3zéy, ez < ez = —33€4.

Changing the basis e§ = e5 + aje4, we can rewrite

€1 >e1 = (164, €1 de; = —(q1€y,

€1 > ey = e3+ ey, e1 <dep = —eg,

€1 >e3 = (1364, €1 de3 = —Q36y,
ex>e; = —ez + a6y, eg dey = e3 — qo1éy,
ez B €3 = (2264, €2 dez = —2€y,

€2 D> e3 = (2364, €z de3 = —(236y4,

ez e = (1+0631)64, ez de] = —Q31€4,
e3> ey = (3264, €3 deg = —Q3264,

ez > eg = 3zéy, ez ez = —(33€4.

Consider identity (7) for the triple {e1, eq,€;}:
—(e1e2)>e; = (e1de2)de; & —eqbe; = —ezde; < eg<e; =0.

Hence, ag; =0, i € {1,2,3}. Similarly, considering identity (4) for the triple {e;,e1,e2}, we obtain that
a;3 =0, i € {1,2,3}. We rewrite

e1>e; =aiieq, e1>ex =e3+ ey, ea>e] = —€3 + (2164, €2 D> €2 = (x2€y, €3> €] = €y,

€1 de; = —xy1€4, €1 d€2 = —€3, €24€1 = €3 — (2164, €2 1€z = —(22€4.

Let us consider the general change of the generators of basis:
p(e1) = aey + cex — ce3 + dey, p(e2) = bea + eeq, p(ez) = bes + fes, p(es) = abey,
where ab # 0.

We express the new basis elements {¢(e1), p(ez2), ¢(es), p(eq)} via the basis elements {e1, s, €3, €4}.
Verifying all the multiplications of the algebra in the new basis, we obtain the relations between the
parameters {af, ab;, abs} and {aq1, ao1, ags}:
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p(e1) > p(e2) = p(es) + p(eq) = a=1, f=bcas,
w(e1) > p(er) = ol p(es) = o), = eutcontcion
p(e2) > p(er) = —p(e3) +an ples) = aby = aor + 2cans,
90(62) > @(62) = 0/22@(64) = al22 = bags.
We have the following cases:
Q1 F can

o Let aga = 0. Then we have oy = 0, aby; = a1, o)y = If ag; = 0, we obtain the
algebra (0,0,0) and (1,0,0) when a7 = 0 and ag; # 0 with choosing b = 11, respectively, i.e.
ADS(5), 6 € {0,1}. If agg # 0, then choosing ¢ = —all, we obtain the algebra (0,,0), a # 0 i.e.

AD](c). Hence, in this case, we obtain the algebras AD$ and AD](«), o € C.

e Let agp # 0. Then choosing b= - and ¢ = — 2L, we obtain the algebra AD§(a).

Q22 2a

Case (As3/(e4),>,<) = AD3

ej>e;p =e3+ ajiey, e1de; = —e3 — 164,
e1> ey = (1+ a2)ey, e1 dez = —Qi2ey,
€1 >e3 = 13éy, €1 d€3 = —(3€y4,
e2 > el = 164, ez dep = —Qo164,
€z D> ey = (22€4, €2 d€y = —(26y,
ez > €3 = a3y, €z de3 = —Q3€éy,
e3> e; = (1+ azy)e, ez3de; = —agiey,
e3> ez = (324, e3 dex = —(32€4,
e3> e3 = (33é4, €3 d€e3 = —(33€4.

By the basis change e5 = e3 + a11e4, we can obtain

e1>e; = es, e1de; = —es,

e D>ey = (1 + 0112)64, €1 <dex = —(p264,
e1 > e3 = sey, e1de3 = —Q3ey,
e > e1 = (2164, ez de; = —(216y4,
ea > ey = (2264, ez dex = —(22€4,
ez > e3 = (ia3éy, €2 d€3 = —Q23€y,
ez e = (1+a31)e4, ez <e; = —qs3iéy,
e3> ey = (¥32€4, €3 ey = —(32€4,
e3> ez = 33y, ez < ez = —Q33€4.

Consider identity (7) for the triple {e1,e1,e;}:
—(ere1)>e; = (e1<er)<e; & ez<e; =0.

Hence, a3, = 0, i € {1,2,3}. Similarly, considering identity (4) for the triple {e;,e1,e1}, we obtain
a;3 =0, i € {1,2,3}. We rewrite

e1>er =e3, ep1bex = (1 + 0612)647 ea > €1 = (164, €2 D> €2 = (2264, €3> €1 = €4,

e1de; = —e3, €1 degy = —(12€4, €24€1 = —21€64, €2 €3 = —(22€4.
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Let us consider the general change of the generators of basis:
p(e1) = aey + cea — ces + dey, p(e2) = bea + eeq, p(es) = bes + feq, p(es) = abey,
where ab # 0.

We express the new basis elements {¢(e1), p(e2), p(es), p(es)} via the basis elements {eq, es, e3,e4}.
By verifying all the multiplications of the algebra in the new basis we obtain the relations between the
parameters {a}y, aby, ahs} and {ay2, any, as}:

p(e1) > p(er) = p(e3) = b=a? f=aca+ acas + ccasg,
p(e1) > p(e2) = (1 + ajs)p(es) = aly = a1z + Sag,

p(e2) > pler) = —p(es) + an p(es) = ap = az + Fam,

p(e2) > p(e2) = anyp(es) = aby = aqms.

Then we have the following cases:

o Let age = 0. Then we obtain the algebra ADJ(c, 3).

e Let g # 0. Then, choosing a = %22 and ¢ = — 3L, we obtain the algebra AD}%(a).
22

Case (As3/(e4),>,<) = ADS

e1 b er = aiieéq, €1 de; = —Qq164,
e1>ep =e3+ (1 + az)ey, e1 depx = —e3 — 26y,
€1 > €3 = (1364, e1 de3 = —Q13é4,
ez > e1 = (164, €2 d€e1 = —Q1€y,
€2 D> ey = (264, €z ey = —(226y4,
ez b e3 = (p3éy, ez de3 = —(23€4,
es3b>e; = (1—|—O¢31)64, ez <de; = —a3iéy,
e3> ez = (3264, €3 ey = —(3264,
ez > e3 = (33éy, ez < ez = —Q33€éq.

By the basis change e} = e5 + aj2e4, we can obtain

e1>e; = a1é4, e1de; = —Qq1éy4,
e1>ey =e3+ ey, e; dez = —egz,

€1 >e3 = 1364, e1 de3 = —Q13é4,
ez > eyl = ey, €2 de; = —Q16y,
€2 D> ey = (2264, €z dex = —(2264,
eg > e3 = (2364, ez de3 = —(23€4,
e3> e; = (1+ agy)eq, e3<de; = —agiey,
€3> ey = (¥32€4, €3 ey = —(3264,
ez > e3 = «33zéy, ez < ez = —Q33€q.

Consider identity (7) for the triple {e1, ea,€;}:

—(6162)l>6i:(81462)<16i & —eybe; = —ez<de;, & ez<de; =0.
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Hence, a3; = 0, ¢ € {1,2,3}. Similarly, considering identity (4) for the triple {e;,e1, e}, we obtain
a3 =0, i € {1,2,3}. Thus, we have the following table of multiplications:

e1>er =aiieq, e1> ey =e3+eq, 2> €] = g1€q4, €2 > €2 = (22€4, €3> €1 = €4,

€1 d€; = —(j1€4, €1 d€e3 = —€3, €24€1 = —(21€4, €2 €2 = —Q22€4.

Let us consider the general change of the generators of basis:
ple1) = aey + cea — ces + dey, p(ea) = bea + eeq, p(es) =bes + feq, p(es) = abey,
where ab # 0.

We express the new basis elements {p(e1), p(e2), ¢(e3), p(eq)} via the basis elements {eq, ea, 3, e4}.
By verifying all the multiplications of the algebra in the new basis we obtain the relations between the
parameters {af, aby, abs} and {a11, ag1, as}:

pler) > olea) = p(es) + wles) = a=1, f = bcag,
pler) > pler) = oy p(eq) = ¢=0, o} = oy,
ple2) > pler) = asyp(eq) = ol = a1,

p(e2) > p(e2) = ahap(es) = abhy = bags.

Thus, we have the following cases:

o Let agy = 0. If ay; = 0, then we obtain the algebra AD}*(«,0). If ay; # 0, choosing b = a%l, we
obtain the algebra AD}!(a,1).

o Let aigg # 0. Then choosing b = % we obtain the algebra AD}?(a, 3).

«

Case (As3/(e4),>,<) = ADI(N)

e1b>e; =e3+ apiey, e1de; = —e3z — (164,
e1D> ey = Aeg + (1 + 0412)64, e14dey = —\ez — g€y,
€1 > e3 = (y3éy, €1 degz = —Q3€4,
ea > €1 = (géy, ez dep = —Q1éy4,

ez > ey = e3 + aasey, ez dep = —€3 — (€4,
€2 > e3 = (¥g3€y4, €2 de3 = —Q3ey,
es3>e; = (1—|—O¢31)64, ez e = —Q31€y4,

e3> ey = (zo€y, €3 d €2 = —(3264,

e3> e3 = (33€y4, €3 de3 = —(3364.

where \ € C.

By the basis change e5 = e3 + a11e4, we can obtain

e >ep =es, e} de; = —eg,

e1 > ey = \eg + (1 + 0412)64, e1<ey = —)eg — 12€4,
€1 D> e3 = ti3éy, €1 de3 = —Q13€y,
€2 > e1 = Qg164, €2d€1 = —Q21€y4,

€2 > €2 = €3 + (p2€y, €2 < ey = —€3 — (9264,
€2 > €3 = (i3€y, €2 d€3 = —Q23€4,

ez e = (1+C¥31)64, ez <e; = —(Q3i1é4,

€3> €y = (3264, €3 deéz = —Q32€y,

e3> e3 = 33y, ez < ez = —33€4.
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Consider identity (7) for the triple {e1,e1,e;}:
—(e1e1)>e; = (e1der)<de; < eg<e; =0.

Hence, a3, = 0, i € {1,2,3}. Similarly, considering identity (4) for the triple {e;,e1,e1}, we obtain
a;3 =0, i € {1,2,3}. We rewrite

{61 >ep =e3, e1>ex = ez + (1 4+ aqz)eq, ea> el = anieq, eg> ey = ez + aageq, e3> e = ey,

e;de; = —e3, €1 ey = 7)\63 — (1964, €2 <€1 = —Qg1€4, €2 1€y = —€3 — (¥22€4.

Let us consider the general change of the generators of basis:
p(e1) = aey + cea — ces + dey, @(e2) = bes + eeq, p(es) = bes + fes, p(es) = abey,
where ab # 0.

We express the new basis elements {¢(e1), p(e2), p(es), p(es)} via the basis elements {eq, ea, e3,€e4}.
By verifying all the multiplications of the algebra in the new basis we obtain the relations between the
parameters {afy, ahy, abs} and {a12, any, as}:

wler) > pler) = ¢(es) = b=a’+ach + %, f=acas+ acos + Cags,
pler) > p(es) = Ap(es) + (1 + afs)ples) = al+c= A\, abais + beass = fA + aba,,
p(e2) > p(e1) = app(e) = ¢=0, ay = ag,

p(e2) > p(e2) = p(es) + ahyep(ea) = b=1, aj =aas.

From this, we obtain
2 o _ _ I I I
at=b=1 c=[f=0, oy =z, & =g, Ay = ans.
Hence, we have AD3[\](c, B,7) for A # 0 and AD}3[0](«, 3,7), where v > 0.
O

Theorem 3.2. Any four-dimensional anti-dendriform algebra over the field of complex numbers whose
associated associative algebra is AsS is isomorphic to one of the following pairwise non-isomorphic alge-
bras:

ADi‘l; e1D>ey =e€q, e3D>€1 = €4, €24€1 = —€4, €3<€] = —€4, €3<4€3 = €4,

AfélDi5 epbeg =ey, D€ = —ey, e3P e3 = ey;

Al)i6 pepbep =eq, e1D>eg =e€y4, 9> €1 = —€4, €3> €3 = €4, €1 1€] = —€y;

ADi7 : {61 D>eg =ey, €1D>€e3 =¢€4, 2> €] = —€4, €D €3 = €4, €3> €1 = €4,
€1d€3 = —€y4, €2d€2 = —€4, €34€1 = —€4, €3 €3 = €y;

ADlg(a)' {61[>€1=€4, e D> ey = ey, ea>e] = —Qey, €3> €y = €4, €3> €3 = €4, OéE(C,
4 .

e1<de; = —ey, e1<des = (1 —a)eyq, ea<e; = (a—1)eq, ea<des = —ey.

Proof. Considering identity (6) for the following triples

{61761a€2}a {61362761}7 {8376?”62}’ {62363763}7 {61762363}7 {63761762}v {63,63,64},

we obtain ey <eq =0, egbe; =0, egbey =0, eadey =0, eq>eg =0, eg<dey =0, eg>eyq = 0, respectively.

[\
)

ot
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By eqe; = e4>e; +e4<e; =0 and ejeqy = e;>e4 +e;<eq = 0 these imply eqg <e; =0 and e; >ey = 0.
Then it is easy to see that (es) is the annihilator of the algebras (A4s$,-) and (As§,>,<). If we take the
algebra As§/(e4), this algebra is a three-dimensional associative Abelian algebra, and we know that any
three-dimensional complex anti-dendriform algebra associated with the Abelian algebra is isomorphic to
one of the pairwise non-isomorphic algebras: AD3 — AD%()).

Case (As$/(e4),>,<) = AD3

e1>e; = 164, e1de; = —Qi1éy,
e1>es = (1+ agz)eq, e1 dey = —ogey,
€1 > e3 = 13€4, €1 de3 = —(136y4,
ea>e; = (=1 + ag)ey, €2 de; = —ao1ey,
€g D> ey = (2264, ez ey = —(22€4,
ez > e3 = (ia3€y, €2 de3 = —23€y,
e3> e1 = ag1é4, e3de; = —(3164,
e3> ex = (3264, €3 dey = —Q326y,
e3> ez = (1 + 0433)64, ez de3 = —Q33€4.

Similarly, it is not difficult to see that (As§,>, <) are 2-nilpotent and have three generator elements.
Thus we have (z>y)>2 = 2> (y>2z) = 0 which implies that (As$,>) is also associative 2-nilpotent algebra
and has three generator elements. According to Theorem 2.8 there are 3 non-isomorphic four-dimensional

indecomposable associative 2-nilpotent and the three generated algebras. Hence, we derive the algebras
ADY — ADI5(a).

It is possible to consider the multiplication < as above. However, it is not difficult to show that the
constructed algebras are isomorphic.

Case (As§/(e4),>,<) = AD}

e1>er = ey, €1 de; = —(q16y4,
e1>ey = ez + (14 aiz)ey, €1 dey = —€3 — 126y,
e1>e3 = 1364, €1 de3 = —Q3€y,

eo D> eq :—€3+(—1+O¢21)64, eg de] = ez — (164,
€2 D> ey = (2264, €z dey = —(2264,

€a > e3 = (2364, ez de3 = —(2364,

e3> e; = (3164, €3 dep = —Q316y4,

e3> ey = (3264, €3 dex = —Q32€4,

e3> e3 = (]. + 0433)64, ez de3 = —Q33ey4.

Considering identity (5) for the triples {es, e1,e3} and {es, e1,es}, we obtain the following restric-
tions:

(f
eo D> (61 l>€3) = (62 <161) de3 < 0113(62 [>€4) = (63 — 02164) de3 < Q33 = O,

—~

5)

e3> (61 l>62) = (63 <161) degy & e3zb (63 + (1 + 0612)64) = —agz1es<dey & azz = —1.

Thus, we have a contradiction. Hence, this case cannot occur.
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Case (As$/(e4),>,<) = AD3

e1>e; =e3+ ayiéy, eypde; = —e3 — (1164,
erb>ey = (1 —+ 0512)64, e deg = —(xjg9€y,
€1 > e3 = (13éq, €1 de3 = —x3éy,
ea>e; = (—1+ az)ey, ey <e] = —Quiey,
€2 > €2 = (264, €2 d€2 = —Q2€y,
€a > e3 = (23€4, ez de3 = —Q3éy,
e3> e1 = (3164, e3dep = —a3iéy,
€3> €a = (3264, €3 ez = —Q32€y4,
ez ez = (1+0533)64, ez ez = —(33€4.

Considering identity (5) for the triples {e1, e1, e3} and {es, e1, e1}, we obtain the following restrictions
on structure constants:

33 — O, 33 — —1.

Thus, we have a contradiction. Hence, there is no anti-dendriform algebra associated to the algebra As$
and satisfying the condition (As$/(e4),>,<) = AD3.

Case (As§/(e4),>,<) = ADS

€1 > €1 = (1164, e1de; = —Qiiéy,
e1>ey =e3+ (1 + 0412)64, €1 ey = —e3 — (1264,
€1 > e3 = (1364, e1 de3 = —(136y4,
ea>e; = (=14 az)ey, ez de; = —ap1ey,
€a > €y = (9264, eg degy = —(22€4,
ez > e3 = (a3éy, €2 d€3 = —Q23€y,
e3> e; = (3164, ez de; = —(3164,
e3 b ex = (3264, €3 dey = —Q326y,
e3> e3 = (1—|—0¢33)647 e3 de3 = —(33€e4.

Considering identity (5) for the triples {e;,eq,es3} and {es,e1, ez}, we obtain the restrictions on
structure constants as follows:
el > (62 > 63) = (61 < 62) de3 <= 0423(61 > 64) = (763 — 01264) de3 < Q33 = O,
ez > (61 > 62) = (63 < 61) dey & e3b (63 + (1 + a12)€4) = —agies<des & azz = —1.

Thus, we have a contradiction. Hence, this case cannot occur.
Case (As§/(e4),>,<) = ADI(N)

e1>e; =e3+ ajiey, e1<ep = —e3 — Qgi1é4,
e1 D> ey = \eg + (1 + 0412)64, e1<dey = —\ez — a9€y,
€1 >e3 = (13é4, €1 de3 = —(136y4,
ea>e; = (=1 + ag)ey, ez de; = —ap1ey,

€2 > €2 = €3 + (ia2€y, €2 ey = —€3 — (x92€y4,
ez > e3 = (ia3éy, €2 d€3 = —Q236y,

e3> e; = (3164, ez de; = —(3164,

e3> ey = (3264, €3 dey = —Q326y,

e3> e3 = (1 + 0433)64, ez de3 = —Q33e4.
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Considering identity (5) for the triples {e1, e1, e3} and {es, e1, e1 }, we obtain the following restrictions,
respectively:

33 — O, 33 — —1.

Thus, we have a contradiction. Hence, there is no a compatible anti-dendriform algebra structure on As$
and satisfying the condition (As$/(es),>, <) = ADI(N). O

Theorem 3.3. Any four-dimensional anti-dendriform algebra over the field of complex numbers whose
associated associative algebra is As§ is isomorphic to one of the following pairwise non-isomorphic alge-
bras:

1
AD19(04) ~ Jeipe; = ge3, e;>eg =2ey, ea>ey = (—14 a)eq, e3>e; = —ey,
1 :
e1 e = %63, €1 dez = —€y4, ea2dey = —Qey, €3<4€; = 264;
1 _ _ _ _
AD2(a) ; e1>e; = 5e3, e1>eg = 2ey, eabep =eyq, e3>y = (—1+ ey, ezbe; = —ey,
e1<e; = %63, e1de3 = —ey, ea<de] = —ey, eadey = —qey, ez<de; = 2eq, a F —1;
e1>e = %63 4+ eq, e1>eg = 2ey, €3> €1 = Qey,
ealeg = (—1+ ey, esdbe; = —ey
AD? (o, B) : (1 Jea, ’
e1de; = 563 — €4, €1 de3 = —€4, €24€] = —Qey,
ey ey = —feyq, e3<der = 2eq, B# —1;
1
ADZ2 . ep1b>e = 5€3, €1 Deg =ey, e1D>e3 =264, eaD> ey = —2e4, €3> €1 = —€y,
er1de; = %63, e1deg = —€4, €1 4de3 = —€4, €a2<4€3 = €4, €34€] = 264;
AD23(a) Jearve = %63 +eq4, 1> ey = ey, €1>e3 =26y, ea> ey = —2e4, e3> €] = —ey,
b :
e1dep = %(23 — €4, €1 d€3 = —(xey, €1 <€3 = —€4, €9<€ey = €4, €34€] = 264.

Proof. Considering identity (6) for the following triples

{617 €2, 62}, {62a €2, 61}7 {617 €3, 62}; {62; €1, 63}7 {627 €2, 63}7 {637 €2, 62}7 {627 €2, 64}7
we obtain e;deqs =0, eq>e; =0, eqeg =0, ea<ey =0, egbeg =0, eg<eq =0, eg>ey = 0, respectively.
By eqe; = eq>e;+e4<de; = 0 and ejeq = e;>e4+€;<e4 = 0 these imply eq<e; = 0 and e;>eq = 0. Then
it is easy to see that (e4) is the annihilator of the algebras (As$,-) and (A4s$,>,<). If we take the algebra
As%/{e4), this algebra is a three-dimensional associative algebra As3 with multiplication eje; = ez, and

we know that any three-dimensional complex anti-dendriform algebra associated with the algebra As3 is
isomorphic to one of the pairwise non-isomorphic algebras: AD3®(a) — AD33.

Case (As§,>,<)/(es) = ADS(a)

e;1>e; = aesz + Qa11€4, er1 e = (1 — 05)63 — (1164,
€1 > €2 = 126y, €1 dez = —Q26y,
e >eg = (1 =+ 0413)647 e1 < ez = —Q3ey,
€2 > e1 = (164, €2 dep = —Q2164,
eog D> ey = (—1 + 0422)64, €2 < ey = —Qp2€y,
€2 > €3 = (i3€y, €2 d€3 = —Q23€y,
es>er = (14 asi)eq, e3de; = —agiey,
€3> €2 = (u32€y, €3 ez = —(32€y4,
ez > e3 = (u33éy, ez ez = —(33€y.

Considering identity (3) for the triples {e1,e1,e2} and {e1,e1,e3}, we obtain age = 0 and agz = 0.
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Considering identities (3) and (4) for the triple {eq, e1, €1}, we obtain ass = 0.

Considering identities (2)-(5) for the triple {e1, e1, €1}, we obtain the following system:

(14 a13)(—1+a) —az1a =0,
(14+a31) + (1 +a3)a =0,
—a13+ (1 4+ ai3)a =0,

—azi(—1+a)+ (1 + az)a = 0.

Then the system has only one solution i.e. a3 =1,a31 = -2, = %

Rewrite the multiplication table

ep>e; = %63 + 1164, epde; = %63 — (164,
€1 > ez = (264, €1 dex = —Q26y,

el >eg = 2ey, e1 deg = —ey,

x> €1 = (2164, €2 €1 = —(216y4,
ea> ey = (=14 ag)ey, ex dey = —agey,

e3> e = —ey, ez dep = 2ey.

Let us consider the general change of the generators of basis:
o(er) = Va2e; +bea+cestdes, p(es) = aea+baes+ees, p(es) = Vates+(2cVa2—b? ey, p(es) = a’ey,

where a # 0.

We express the new basis elements {¢(e1), p(e2), ¢(es), p(eq)} via the basis elements {e1, 2, €3, €4}.
By verifying all the multiplications of the algebra in the new basis we obtain the relations between the
parameters {af, &y, abq, by} and {aq1, a2, @21, a0 }:

pler) b pler) = Lo(es) + afyp(es) = a?ahy = Vatays +bVa%(arz + as) + b2 (s — 1),
p(e1) > p(e2) = ajpp(eq) = adhy = Valars + (1 + az),

p(e2) > p(e1) = ag p(ea) = aah;, = Valas +b(—2 + an),

ple2) >p(e2) = (=1 +ap)ples) = ah = .

Thus, we have the following cases:
(a) Let gy = 2. Then by choosing b we obtain following restrictions:
acl, = Va1, aly =0, ach; = Valagy, ohy = 2.

— Let ay; = 0. If a; = 0, then we obtain the algebras ADI?(2). If ap; # 0, then by putting
a = ¥ag; we obtain the algebra AD3°(2).

— Let a11 # 0. Then applying a = {/af, we obtain the algebra AD3!(«,2).

(b) Let agoa = —1. Then by choosing b we obtain following restrictions:
acly, = Yaaqy, aaly = Valays, ab =0, aby = —1.

— Let ay; = 0. If a2 = 0, then we obtain the algebras AD}?(—1). If ajo # 0, then by putting
a = ¥ars we obtain the algebra AD32.
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— Let a1 # 0. Then applying a = {/a3; we obtain the algebra AD?(«).
(c) Let aga ¢ {—1,2}. Then by choosing b we obtain following restrictions:
aa, = Yaaqy, aly =0, adh; = Valaga, ahy = ass.

— Let a1 = 0. If ag; = 0, then we obtain the algebras AD}% (), where o ¢ {—1,2}. If agq # 0,
then by putting a = &ag; we obtain the algebra AD3°(a), where o ¢ {—1,2}.

— Let ag1 # 0. Then applying a = {/a?, we obtain the algebra AD3!(c, 8), where 3 ¢ {—1,2}.

Case (Asf,>,<)/(es) = ADI®

€1 > €1 = (164, €1 4€1 = e3 — (1é4,
€1 > ez = (264, €1 dex = —(2€y,

ey b>eg = (1 =+ 0413)647 e1 dez3 = —(13€4,
ea>e; = e3 + agiey, €z dep = —e3 — 164,
ea> e = (—1+ aa)ey, ez dey = —agey,

€a > e3 = (z3€éy, ez de3 = —Q3ey,
ez3be; = (1+Oé31)€4, ez de; = —Q31éy4,

€3 > e2 = (3264, e3 dex = —Q3264,

ez > e3 = (u33éy, ez de3 = —(x33€4.

Considering identity (4) for the triples {e, e1,e1} and {e1, e, €1}, we obtain
13 — 0, 13 — —1.

Thus, we have a contradiction. Hence, there is no anti-dendriform algebra associated to the algebra As$
and satisfying the condition (As§,>,<)/(es) = ADLO.

Case (As§,>,<)/(es) = AD3%(a)

e;1>e; = aesz + 1164, e;1 e = (1 — 04)63 — (1164,
e1 > eg = ez + aizey, €1 dex = —e3 — (264,

e >eg = (1 + 0413>647 e1 < ez = —Q3ey,

ez > e = —e3 + 164, ez dep = e3 — (g1€4,

ey D> ey = (—1 + Ot22)64, eg d ey = —(9€y,

€2 > €3 = (i3€y, €2 d€3 = —Q23€y4,

esb>e; = (1-1—0431)647 ez <e; = —Q31eyq,

€3> €3 = (3264, €3 ez = —(32€y4,

ez > e3 = (u3zéy, ez ez = —(33€y.

Considering identity (4) for the triples {e1,e1,e1} and {e1,e1,ea}, we obtain the following restric-
tions:

a(l+o3) = —ag3, a3 = —1

Thus, we have a contradiction. Hence, this case cannot occur.
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Case (As§,>,<)/(es) = AD3 ()

e1b>e; = 164,

e1> ey = e3 + ajzey,
el >e3 = (1 + 0413)64,
ea > e; = ez + ao1€eyq,
eg D> ey = (71 + 0422)647
€2 > €3 = (i23€y,

es3b>e; = (1 + 0431)64,
€3 > ez = (3264,

€3> e3 = (3364,

where o # —1.

e1 deq
e1 <ea
ep <des
€9 < eq
e < e
eg <deg
ez <eq
ez < e

ez <des

= €3 — (1164,

= —€3 — (X12€4,
= —Q13€4,

= —Qe3 — (2164,
= —(Q22€y4,

= —23€4,

= —(Q3164,

= —(32€4,

—Q33€4.

Considering identity (4) for the triples {ej,e1,e1} and {ej,e1,ea}, we obtain the restrictions on

structure constants as follows:

61l>(61[>61>=—€1<1(61'61> & apieibes=ej<es & agz =0,

e1>(e1>eg) =—e1<(e;-ez) & e1b(es+appey) =0 & a3 =-—1.

Thus, we have a contradiction. Hence, this case cannot occur.

Case (Asf,>,<)/(es) = AD??(a, B)

e1>e; = ez + aqiéyq,

€1 > ey = (1264,

el >e3 = (1 + 0413)64,

ea > ey = fBeg + agey,

e > ey = e3 + (71 —+ 0422)64,
€z > e3 = (p3éy,

es>er = (1 + azi)ey,

e3> ex = (3264,

€3 > e3 = (3364,

e1 deg
e1<es
€9 < ey
[ RU)
e < eg
ez < ey
ez < e

e1de; =

ez ez =

(1 - a)€3 — (1164,
= —Qj2€4,

= —(13€4,

= —fes — aziey,

= —€3 — (2264,

= —Q23€y4,

= —(316€4,

= —(Q32€4,

—(Q33€4.

Considering identity (4) for the triples {e1, e1,e1 } and {ey, ea, €2}, we obtain the following restrictions

on structure constants:

a(l+aiz) = —oq3, az = —1.

Thus, we have a contradiction. Hence, it means that there is
the algebra As$ and satisfying the condition (As$, >, <)/(es) =

Case (As§,>,<)/(es) = AD33

e1>e; = ez + apieéyq,
€1 D> ez = Q2€y,

el >eg = (1 =+ a13)64,
x> €] = (2164,

(—1 + 0422)647
ez > e3 = (a3éy,

€y D> eg

ez e = (1 + a31)64,

€3> ey = (¥32€4,

€3> €3 = (3364,

no anti-dendriform algebra associated to
ADZ (o, B).

e1de; = —ex + €3 — (q1€y,
e1 dex = —2€y,
€1 de3 = —(3éy4,
ez d€] = —(2164,
€3 €y = —(a2€4,
ez de3 = —23ey,
ez de1 = —Qg316y,
€3 dex = —Q3264,
ez ez = —(33€4.
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Considering the some equations for the triples {e1,e1, ez}, {ea,e1,e1} and {e1,e1,es} we obtain the
following restrictions:

3
e > (61 l>62) = —(61 . 61) Dey & qioebeyg = —egbey & agy =0,

(3)
ea>(e1>er) = —(ez-e1)ber < eab(eat+agies) =0 & ag =1,
©®) _ _
e b (61 D> 62) = —(61 < 61) dey < Qre1beyg = (—(:’2 +e3 — a1164) dey <= Q92 = (32.
Thus, we have a contradiction. Hence, this case cannot occur.

O

Theorem 3.4. Any four-dimensional anti-dendriform algebra over the field of complex numbers whose
associated associative algebra is As is isomorphic to one of the following pairwise non-isomorphic alge-
bras:

1
AD2 (o, ) e1be; = ze3, e1>ey = ey, e1>ez = —2ey, eade; = (14 Pes, e3> e; = ey,
4 ) .
er1de; = %637 e1deg = —@ey, €1 J€3 = €4, €24€] = —ﬁ€47 ez <e; = —264;
e1>e; = %63, e1D> e = aey, e1>es = —2ey,
e e = (1—}-5)64 ey D> ey = ey, €3> €] =€y
25 . ) b b
AD4 (aaﬁ) . 1
e1de; = 5€3, €1 deg = —aeyq, €1 <e3 = ey,
ea<de; = —feyq, ea<dey = —ey, ez3<de; = —2ey;
e1>e; =eg, e1>es = ey, e1>eg = (—1+a)es, eader =2ey, e3de; = —aey,
AD35(a) : {e1<deq = —ea+e3, €1 ey = —eq, €1 <e3 = —aey,
ea<de; = —eyq, e3<de; = (—1 4 a)ey.

Proof. Considering identity (6) for the following triples

{617 €2, 61}3 {613 €3, 61}7 {627 €1, 62}5 {625 €3, 61}7 {647 €3, 61}7 {617 €1, 64}7 {647 €1, 61}7
we obtain ey <eqy =0, egbe; =0, egbey =0, eadey =0, eg<dey =0, eg>ey =0, eg<eg = 0, respectively.
By eqe; = eq>e;+eq4<de; = 0 and ejeq = e;>e4+€;<e4 = 0 these imply eq<e; = 0 and e;>eqy = 0. Then
it is easy to see that (e4) is the annihilator of the algebras (As),-) and (As),>,<). If we take the algebra
As/{e4), this algebra is a three-dimensional associative algebra As3 with multiplication eje; = e3, and

we know that any three-dimensional complex anti-dendriform algebra associated with the algebra Asj is
isomorphic to one of the pairwise non-isomorphic algebras AD®(a) — AD33.

Case (Asf,>,<)/{es) =2 ADIE ()

e1b>er = Ot63—|—0411€4, er1 e = (1—05)63 — (1164,
€1 > e = (264, €1 de2 = —(2€y,
e1>es = (—1+ ai3)eq, e1 <es = —a3eq,
ea>ep = (1+ aop)ey, ez der = —aa1€y,
€a > €y = (xg2€y4, € d€y = —(z€y,
ez > e3 = (a3éy, ez de3 = —23ey,
ez e = (—1+OZ31)64, ez de] = —(31éy4,
e3> ex = (3264, e3 dex = —Q32€4,
ez > eg = (u3zéy, ez ez = —(33€y.
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Considering identities (3) and (4) for the triple {e, e1,e1}, we obtain the following system of equa-
tions:

71 + 31 + (71 + 013)04 = 07
—o13 + (—1 + 0413)04 =0.

From this system, we obtain that ag; = 1 — ag3.

Similarly, considering identity (5) for the triple {e1, e1, €1}, we obtain the relation (a35—1)(2a—1) = 0.
So we have the following system of equations:

{(0413 - 12a—-1)=0,

az3(a—1) —a=0.

If we assume o # %, then from the first equation of the system we obtain ay3 = 1, and if we put
this value into the second equation of the system, we obtain a contradiction —1 = 0. So a = % From
the above system, we find a3 = —1 and a3 = 2.

Considering identity (3) for the triples {e1,e1,ea}, {e1,e1,e3} and {ea,e1,e1}, we obtain

a3 = azg = agz = 0.

So, the multiplication table of the algebra has the following form:

eib>er = %63 + aq1eq, epder = %63 — 1164,
€1 > ey = (12€4, e1 dex = —(264,
e1b>es = 72647 e] dez = ey,

ea>er = (1+ ag)ey, ez de; = —aoiey,

€g D> ey = (2264, €z dey = —(2264,

e3> ey = ey, ez dep = —2ey.

Let us consider the general change of the generators of basis:
o(e1) = aeq + beg + ces + eeq, p(ez) = aes + dey, @(e3) = a’es + a(b — 2c)es, w(es) = a’ey,
where a # 0.

We express the new basis elements {¢(e1), p(ez2), ¢(e3), p(eq)} via the basis elements {e1, es, €3, €4}.
By verifying all the multiplications of the algebra in the new basis we obtain the relations between the
parameters {a}, a,, aby, by} and {aq1, a2, @o1, o }:

pler) > pler) = Loles) + afyples) = adafy = a®arr +ab(3 + a1z + 1) + bPass,
p(e1) > p(e2) = alap(es) = aal, = aagz + bags,

plez) > pler) = (L+ oy )p(es) = aoy = aas + bass,

w(e2) > p(e2) = ahyp(es) = aby, = aqos.

We have the following cases:

(a) Let ago = 0. Then if a1; # 0, with choosing a = —%

= 0, we can conclude a/; = 0. So, we obtain the algebra a, B).
b=0, lude oj; = 0. S b he algebra AD?*(a, B

and if a;; = 0 with choosing

(b) Let aaa # 0. Choosing a = %22 and the suitable value of b we derive oj; = 0 and b, = 0, obtain
the algebra AD?%(a, B3).
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Now if (Asf,>,<)/(eq) anti-dendriform algebra is isomorphic to one of the algebras AD3% AD3°(a),
AD2Y () and AD3?*(«, 3), then we will proof there is not a four-dimensional complex anti-dendriform
algebra associated to the associative algebra As.

Case (As,>,<)/(es) = ADL®

€1 >e; = 1€y, e1de; = ez — (164,
€1 > ey = (1264, e1 ey = —Q12€4,

el >eg = (—1-‘1-0(13)64, e1<de3 = —Qq3éy,
ea>ep = ez + (14 az)ey, €z de; = —e3 — Q€4
€a > €y = (264, ez dex = —(22€4,

ez b e3 = (23€4, €2 d€3 = —Q3€y,
es3b>e; = (—1-‘1-0[31)64, ez <e; = —as3iéy,

e3> ey = (3264, €3 dey = —Q326y,

ez > e3 = 33y, ez < ez = —Q33€4.

Considering identity (4) for the triples {e1,e1,e1} and {e1,e2,e1}, we obtain a3 = 0 and ay3 = 1;
a contradiction. Therefore, this case cannot occur.

Case (Asf,>,<)/{e4) = AD3 ()

e1>e; = aes + aiiey, e1<e; = (1 —a)es — arzey,
€1 > ey = e3 + 26y, €1 ey = —€e3 — (1264,

el >eg = (—1 =+ 0&13)647 e1<de3 = —Q3€y,

ea>e; = —esg + (1 + ao)eq, exde; = ez — aa1€éy,

€a > ey = (2264, ez dex = —(2264,

ez > e3 = (a3éy, €2 d€3 = —Q3€y,

ez e = (—1-‘1-0(31)647 ez <e; = —a3iéy,

e3> ey = (¥32€4, €3 dex = —(32€4,

e3> ez = (3zey, ez < ez = —Q33€4.

Considering identity (4) for the triples {ej, e, e2} and {e1,e1,e1}, we obtain 3 = 1 and a3 = 0,
which yields a contradiction. Hence, this case cannot occur.

Case (As},>,<)/(eq) = AD3 ()

€1 > €1 = (164, e1de; = ez — (164,

e1 > ey = e3 + (2eyq, €1 ey = —e3 — (1264,
e >eg = (—1 + 0413)64, e1<de3 = —Q3éy,
ea>e; = aes + (14 as)ey, ea el = —aes3 — Qa1ey,
€2 > €3 = (2264, e dex = —(2264,

€2 > e3 = (p3€4, €2 d€3 = —Q23€y,
esb>e; = (—1—|—a31)e4, e3<e; = —asiéy,

€3 > ez = (32€4, €3 d€y = —Q326y,

ez > e3 = (3zéy, ez < ez = —Q33€4.

where o # —1.

Considering identity (4) for the triples {e1, e, e1 } and {eq, e1, e2}, we obtain the following restrictions,
respectively:

Q13 — 0, Q13 — 1.



J. Adashev et al. / J. Algebra Comb. Discrete Struct. Appl. 13(3) (2026) 273-310

Hence, we have a contradiction. Hence, there is no a compatible anti-dendriform algebra structure on

AsY.
Case (Asf,>,<)/{eq)

e >ep
e1 > e
e bes
€eg D> e
€eo D> e
eo D> eg
e3> eq
e3> eg

ez b eg =

ADZ(a, B)

oes + ajeq,
Q12€4,

(—1+ ai3)eq,

Bes + (1 + oz )eq,
e3 + aazey,

(23€4,

(—1+ asi)eq,
(32€4,

33€4,

er <eq
e <es
epdeg =
eo < eq
eo < e
eg deg =
ez dep =
ez d ez

ez dez =

(1 - 04)63 — (1164,
—Q12€4,

—Q13€4,

—fes — aniey,
—€3 — (N22€4,
—(Q23€4,

—Q31€4,

—(32€4,

—(Q33€4.

Similarly, considering identity (4) for the triples {e1,es,ea} and {ej,eq,e1}, we conclude a3 = 1
and a3 = 0, which yields a contradiction. Hence, this case cannot occur.

Case (As),>,<)/{e4)

~

e1>e
el D e
e b>es
eo D> eq
eo D> eg
eo > eg
ezl eq

e3> eg

ez > eg

ADZ

ez + aiieq,
12€4,

(=1 + a13)eq,
(14 az21)eq,
a22€4,

3€4,

(=14 as1)eq,

Q32€4,

a33€4,

e1 deq
e1 <eg
e1 des
eg < eq
€eo < eg
€9 < e3
ez <deq
ez < e

ez <des

—e2 +e3 —Qiieq,
—Q12€4,
—Q13€4,
—Q21€4,
—(22€4,
—Qi23€4,
—Q3164,
—(32€4,

—(Q33€4.

Considering the same identity, we obtain the following restrictions on structure constants:

Triple Identity

{e1,e1,e2} 3

{61, €1, 63}

)
3)
)

w

{€2a €1, el}

{623 €1, 61}

)
0y
{613 €1, 61} 2)

(
(
(
{e1,e1,e1} (4
(
(
(

5)

{61,61,61}

restrictions
age =0,

asz =0,

agg =0,

13 = (012,
Qg3 = Oa

a1 =1,

azr = 1 — ag.

By the basis change e, = e2 + aj1e4 we can put a1 = 0. Thus, the table of multiplications of the

algebra has the form:

el b>er

e1de

e2, e1> ey = aigeq, e1>e3 = (—1+ aig)es, ea> ey =2eq, e3> e = —qi2eq,

—eg +e3, €1 dey = —(uoeq, €1 ez = —Qzeq, €2 <l€] = —ey, e3<e; = (—1+ aiz)es.
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By using the general change in the algebra, we can show that af, = 2. Hence, we obtain the
algebra AD3%(a). O

Theorem 3.5. Any four-dimensional anti-dendriform algebra over the field of complex numbers whose
associated associative algebra is Asi® is isomorphic to one of the following pairwise non-isomorphic
algebras:

ADZ7: e1D>eg =ey, egb e =€y, €14€1 = €4, €24€] = —€4, €34€] = —€4, €34€3 = €4;
ADigl e1b>eg =eq, €3>€3 =64, €D €] = —€4, €1 1€1 = €4;
ADZQI epP>e; =eyq, e1beg =ey4, €D €] = —€4, €3> €3 = €4;
AD30 - epD>ey =ey, e1D>e3 =e€y4, 2> €] = —€4, €D €y = €4, €3> €] = €4,

A

e1de; =eyq, €1 4€e3 = —€4, €€y = —€4, €34€] = —e4, €3<€e3 = €4;

AD31(a) . epb>ep =eyq, e1D>egy = ey, e3> €1 = —Qey, 2> ey =€y, €3> €3 = €4,

1 :

e1des = (1 — ey, ea<de; = (a—1)ey, eadey = —ey.

Proof. Considering identity (6) for the following triples

{61763763}a {63363761}7 {63763362}; {62563763}7 {61761363}7 {63761761}7 {63763564}7

we obtain ey <deqs =0, eq>e; =0, eqeg =0, ea<ey =0, egeg =0, ez<eq =0, eg>ey = 0, respectively.

By eqe; = e4>e; +e4<e; =0 and ejeq = e;>e4 +e;<eq = 0 these imply e <e; =0 and e; >ey = 0.
Then it is easy to see that (e4) is the annihilator of the algebras (Asi’,-) and (Asl® >, <). If we take the
algebra Asi%/(e4), this algebra is a three-dimensional associative Abelian algebra, and we know that any
three-dimensional complex anti-dendriform algebra associated with the Abelian algebra is isomorphic to
one of the pairwise non-isomorphic algebras AD3 — ADI()).

Case (Asi%,>,<)/(es) = AD3

er>e = (1 + 0411)64, e;de; = —Q1€y4,
e1>ey = (1 + 0412)64, €1 <dey = —Q26y,
€1 >e3 = 1364, €1 de3 = —(136y4,
ea>e; = (=1 + agi)ey, ez dep = —Qa16y,
€g > ey = (2264, e ey = —(22€4,
€z D> €3 = (23€4, €z de3 = —(236y4,
e3> e = Qgziéy, ez de] = —Q316y,
e3> ex = (3264, €3 dey = —Q326y,
e3> ez = (1 + 0433)64, ez de3 = —Q33eq.

It is not difficult to see that (Asi’, >, <) are 2-nilpotent and have three generator elements. Thus we
have (z>y) >z = 2> (y> 2) = 0 which implies that (Asi’,>) is also associative 2-nilpotent algebra and
has three generator elements. According to Theorem 2.8 there are five non-isomorphic four-dimensional
indecomposable associative 2-nilpotent and the three generated algebras. Hence, we obtain AD37 —
AD3 () algebras.

It is possible to consider the multiplication < as above. However, it is not difficult to show that the
constructed algebras are isomorphic.

Now if (Asi, >, <)/(es) anti-dendriform algebra is isomorphic to one of the algebras AD3 — ADI (),
then we will proof there is not a four-dimensional complex anti-dendriform algebra associated to the
associative algebra As3C.
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Case (Asi0,>,<)/(eq) =

€g > ey = (2264, €3 ey = —(a2€4,
ez > e3 = (ia3éy, €z de3 = —(236y4,
e3> e; = (3164, e3de; = —(a3164,
e3> ey = (3264, €3 dey = —Q326y,
e3> ez = (1 + 0433)64, ez de3 = —Q33€4.
Considering identity (5) for the triples {e1,e2,e3} and {es, e1,ea}, we obtain az3 = 0 and ags = —1,
which yields a contradiction. Hence, this case cannot occur.
Case (Asi%,>,<)/(es) = AD}
e1>e; =eg+ (14 aq1)eq, e1<de; = —e3 — aj1éq,
e1>es = (14 aia)eq, e1<dey = —(aey,
e1 > e3 = Q3éy, €1 d€e3 = —Q36y,
ea>er = (—14 aor)eq, ez de; = —aniey,
ea B eg = (264, €2 dez = —Q26y,
€z > €3 = (2364, €z de3 = —(2364,
e3> e = aziéy, €3 de] = —Q316y,
e3> ex = (¥32€4, €3 dey = —Q326y,
e3> eg = (1+Oé33)64, ez de3 = —Q33€é4.

Considering identity (5) for the triples {e1, e1, e3} and {es, e1, €1 }, we obtain the following restrictions

on structure constants:

AD!

er>e = (1 —+ 0411)64,

e1>ey =e3+ (1 + 0412)64,

€1 D> €3 = (13€y,

ea>ep = —e3 + (71 —+ 0421)64,

a3z =0, azz =

€1 de; = —oq164,
€1 <€y = —€3 — (X12€4,
€1 dez = —Q3¢€4,

ez de; = ez — (164,

which yields a contradiction. Hence, this case cannot occur.

Case (As}0,>,<)/(eq) =

er>ep
e1 > e
e b>es
eg D> eq
€y D> e
eo > e3
e3> eq
e3> eg

ez > es

Considering identity (5) for the triples {ej, e2, e3} and {es, e1, e2}, we obtain the following restrictions,

respectively:

ADS

= (1 + a)eq,
=e3+ (1 + aiz)eq,
= qi3€4,

= (=14 az1)es,

= (¥22€4,

= Qi3€4,

= (31€4,

= (¥32€4,

= (1 + 0433)64,

-1,
e1de; = —Qi1éy,
€1 d€z = —€3 — V1264,
€1 de3 = —(1364,
ez de; = —(21€4,
ey dey = —(22€4,
€2 d€3 = —Q23€y,
ez de; = —(a3164,
€3 d€y = —Q326y,
ez < ez = —33€4.

33 — 0, 33 — —1.
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Thus, we have a contradiction. Hence, there is no a compatible anti-dendriform algebra structure on
Aslo.

Case (Asi%,>,<)/{es) = ADI(N)

e1>er = ez + (1+air)eq, e1<de; = —e3 — ajiey,
e >ey = /\63 + (1 + 0412)64, e1 ey = —/\63 — (V12€4,
€1 D> e3 = 36y, €1 de3 = —Q13€4,
ey >ep = (—1-1—0421)647 ex < €] = —Qaiéy,
ez > ey = ez + agey, ez dey = —e3 — (264,
ez > e3 = (a3éy, €2 d€3 = —Q3€y,
e3> e1 = Q31éy, €3 de; = —Q316y,
e3> ex = (3264, €3 d€y = —Q326y,
ez D> eg = (1 —+ 0433)64, ez < ez = —Q33€q.
Considering identity (5) for the triples {e1,e1,e3} and {es, e, e1}, we obtain as3 = 0 and ags = —1;
a contradiction. Therefore, there this case cannot occur. O

Theorem 3.6. Any four-dimensional anti-dendriform algebra over the field of complex numbers whose
associated associative algebra is Asi® is isomorphic to one of the following pairwise non-isomorphic
algebras:

ej1be = %eg+ae4, e1de; = %63—0&64,

e1 > ey = Pey, e1dey = —fey,
ADEQ(@,B,’Y) : e1D>es = —2ey, e1<de3 = ey,

ea>e; = (1+ PBes, ex<er =—fey,

ea>ey = (1 +7)es, ex<der = —vey,

e3> ey = ey, ez e = —2ey.

Proof. Considering identity (6) for the following triples

{elv €2, 62}7 {617 €2, el}v {617 €3, 62}, {62a €3, 61}7 {617 €2, 64}7 {647 €1, 62}7 {617 €1, 64}7
we obtain ey deqs =0, eq>e; =0, eqeg =0, ea<ey =0, egbey =0, eg<es =0, ez>ey = 0, respectively.
By eqe; = e4>e; +e4<e; =0 and ejeq = e;>eq +€;<eq = 0 these imply e <e; =0 and e; >ey = 0.
Then it is easy to see that (e4) is the annihilator of the algebras (As}?,:) and (Asi3,>,<). If we take
the algebra Asl3/(ey), this algebra is a three-dimensional associative algebra Asj with multiplication

e1e1 = e, and we know that any three-dimensional complex anti-dendriform algebra associated with the
algebra As3 is isomorphic to one of the pairwise non-isomorphic algebras AD3®(«) — AD33.

Case (As?,>,<)/(es) = ADI3 ()

e1b>er = Ot63—|—0411€4, er1 e = (1—05)63 — (1164,
€1 > e2 = (1264, €1 dez = —Q2€y,
e1>es = (—1+ ai3)eq, €1 <es = —a3eq,
ea>ep = (1+ aop)ey, ez der = —aa1€y,
eg D> ey = (1 + 0422)647 €2 < ey = —Q26y,
ea > e3 = (a3éy, ez de3 = —3ey,
ezbe; = (—1+OZ31)64, ez de;p = —Q31é4,
e3> ex = (¥32€4, e3 dex = —Q32€4,
ez > e3 = (u33zéy, ez ez = —(33€y.
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Considering identities (2)-(5) for the triple {e1, e, e1}, we obtain the following system of equations:

(—14+a13)(-1+ @) —az1a =0,
(=14 ag1) + (=1 + ai3)a =0,
—aq3 + (—1 + aiz)a =0,
—az1(—1+a)+ (-14+ a13)a=0.

When o # %, we obtain a contradiction. Hence, we can assume o = % Then the system has only one

solution o = %, a3 = —1, ag; = 2.

Considering identity (3) for the triples {e1,e1,e2}, {e1,e1,e3} and {ea,e1, €1}, we obtain the restric-
tions

a3a = a3z = ang = 0.

Thus, the multiplication table of the algebra has the following form:

ep1>e; = %63 + aiiey, e1de; = %63 — (164,
€1 > ey = (1264, e1 dex = —(264,
e1b>es = —2647 e] ez = ey,

ey >ep = (1 + a21)€4, €2 <dep = —Q1€64,

ea> ey = (1 + ago)ey, ez deg = —Qaey,

e3> e; = ey, ez e = 7264.

Let us consider the general change of the generators of basis:

p(e1) = e1 + aes + beg + ceq, p(ea) = ea + aesz + dey, @(es) =e3z + (a2 +a— 2b)es, p(eq) = eq.

We express the new basis elements {¢(e1), p(e2), ¢(e3), p(eq)} via the basis elements {e1, ea, €3, €4}.
By verifying all the multiplications of the algebra in the new basis we obtain the relations between the
parameters {af, a,, aby, by} and {aq1, a2, @21, s }:

p(e1) > pler) = 3p(es) + ajyples) = oy = an +a(3 + oz + ag1) + a*(5 + agn),
ple1) > p(e2) = afop(ea) = ajy = a2 +alaxn — 1),

ple2) > (er) = (1 + aj)p(e) = ah; = agy + alag + 2),

ple2) > p(e2) = (1 + ajy)p(ea) = by = .

If choosing a = 2122921 then we can reduce o, = ab; we obtain the algebra AD$(av, 8, 7).

Now, if the anti-dendriform algebra (As3, >, <)/(e4) is isomorphic to one of the algebras ADi%—AD33,
then we proof that there is no a four-dimensional complex anti-dendriform algebra associated to the
associative algebra As;3.
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Case (As}?,>,<)/{es) = ADL?

e1 b er = a6y, e1de1 = €3 — (1164,
€1 D> ex = (2€y, €1 deé2 = —Q12€y,
e1>e3 = (—1+ ai3)eq, e1 deg = —iseq,

ey >eyp =e3+ (1 + 0421)64, egde] = —€3 — (9164,
ey > ey = (1—|—0¢22)64, €2 < ey = —Q26y,

€z B> e3 = (p3éy, €2 de3 = —Q23€y,
ezb>e; = (*1+0[31)€4, ez <e; = —(Q31€4,

€3 > ez = (i32€4, €3 de2 = —Q32€4,

ez > eg = 3zéy, ez <e3 = —33€4.

Considering identity (4) for the triples {e1, e1, e1} and {eq, e2, €1}, we obtain the following restrictions,
respectively:

13 = O7 13 = 1.

Thus, we have a contradiction. Hence, there is no a compatible anti-dendriform algebra structure on
Asl3.

Case (As}?,>,<)/(es) = AD3% ()

e1>e; = ez + apiéyq, e1de; = (1—(1)63 — (1164,
e1 > ey = ez + ai2ey, €1 dey = —e3 — (1264,
e1>es = (—1+ ais)ey, €1 dez = —3é4,

eab>e; = —e3 + (1 4+ asg)ey, ex ey = ez — ag1€4,

€y > ey = (1 + 0422)64, €g d ey = —(22€y,

eq D> e3 = (vg3€y, €2 dez = —Q3éy,

es>e; = (—1+ agy)ey, ez el = —Qasiey,

e3> ey = (¥39€4, €3 ey = —(32€4,

e3> e3 = (33ey, €3 d€e3 = —(3364.

Considering identity (4) for the triples {e;, e, e2} and {e1,e1,e1}, we obtain 13 = 1 and a3 = 0,
which yields a contradiction. Hence, this case cannot occur.

Case (As}?,>,<)/(es) = AD3 ()

€1 D> €1 = (164, e1de; = ez — (164,

e1 > ey = e3 + azey, €1 deg = —e3 — (264,
e1>es = (—1+ aisz)eq, e1 <de3 = —ai3ey,
ea>er = aesz + (14 ag)ey, ex<de; = —aes — Qa1€é4,
ez > e = (1+ ag)ey, €2 dey = —Qinaey,

€2 > e3 = (z3€y, €2 d€3 = —Q236y,
ez3be; = (—1+O[31)€4, ez <e; = —Q3i1é4,

€3 > e2 = (3264, €3 dey = —Q326y,

ez > eg = (zzéy, e3 < ez = —(33€4.

where o # —1.

Considering identity (4) for the triples {e1,e1,e1} and {e1,e1,e2}, we a3 = 0 and a3 = 1; a
contradiction. Therefore, there this case cannot occur.
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Case (As}?,>,<)/(es) =2 AD3?(a, B)

e1>e; = aesz + Qa11€4, e;1<ep = (1 — 05)63 — (1164,
€1 D> e = 26y, €1 dex = —Q26y,

e >eg = (—1 + 0[13)64, e1 <dez = —Q3ey,

ez ey = feg + (1 + azn)eq, ez de; = —fez — aniey,

ey > ey = e3 + (1 + 0422)64, eg deg = —e3 — (¥22€y4,

€2 > €3 = (i3€y, €2 d€3 = —Q23€y,

es>e; = (—1+ agy)eq, e3<de; = —agey,

€3> €3 = 326y, €3 ez = —(32€y4,

ez > e3 = (u3zéy, ez ez = —(33€y.

Considering identity (4) for the triples {e1,ez2,e2} and {e1, €1, €1}, we obtain
a3 =1, a3 =0.

Thus, we have a contradiction. Hence, there is no anti-dendriform algebra associated to the algebra As}?
and satisfying the condition (As}?,>,<)/(es) = AD3?(a, 3).

Case (As}?,>,<)/(es) =2 AD3

e1>e;p =ez2 +ajiey, e1de;p = —ex +e3 —Qjiey,
€1 > ey = (1264, €1 ey = —(264,
e >e3 = (—1 + 0413)(-347 €1 <e3 = —Q3€y,
ey >ep = (1—|—O¢21)64, o <ep = —Qi21€4,
eg D> ey = (1 + a22)64, €2 <€y = —(264,
€a > €3 = (2364, €3 d€3 = —(2364,
e3> e; = (—1+ asy)eq, ez der = —Qasiey,
e3> ez = (3264, €3 dey = —(32€4,
ez > e3 = «33éy, ez ez = —(33€4.

Considering identity (5) for the triples {es,e1,e1}, {ea,e1,e1} and {e1, e1, ea}, we obtain
Q32 = 07 Qa2 = _17 0= _17
which yields a contradiction. Hence, this case cannot occur. O

Theorem 3.7. Any four-dimensional anti-dendriform algebra over the field of complex numbers whose
associated associative algebra is Asi' is isomorphic to one of the following pairwise non-isomorphic
algebras:

ADE?’Z e1b>eg =eq, €3>€] =€y, €1 ]€3 = €4, €24€1 = —€4, €2 <€ = €4;
AD34' e1D>eg =ey, D> €] = —ey, e3b> ez = ey,
A
e1deg = ey, ea<€g = €4, €34€] = €4, €3<€3 = —€4,;
AD - ep>ep =eyq, e1b>eg =ey4, €D €1 = —€4, €3> €3 = €4,
4 .
e1de] = —eyq, e14de3 =¢€4, ea<€y = €4, €34€] = €4, €34€3 = —€4,;
ADZZ’GI e1D> ey =e4, e1D>e3 =e4, €D €1 = —€4, €3> €y = €4, €3> €] = €4,
e1b>e; =eyq, e1begy =Qey, eab>e] = —Qey, €2 D> €y = €4, €3> €3 = €4, aeC
ADF(a): Serde; = —eq, e1<ey = (1 —a)ey, e1de3 = ey,

ea<de; = (a—1)eq, e3<e; = ey, e3<es = —ey;



J. Adashev et

al. / J. Algebra Comb. Discrete Struct. Appl. 13(3) (2026) 273-310

e ey =
AD$(a) : o ey —

e b>e
ADZ’g(mﬁ) : e > eg

e deq

e e

ADf(a, B) : S eareq
e1<e;

e1 >

AD{ (o, 8,7) : { ez
e1 <

ADF[N(e, 8,7)

est+eq, ea>e; = —eg+ (—1+a)eq, eabeg = %64, e3be; = ey,
1 :
—e3, €1 4de3 = ey4, eg<€e1] = e3 — ey, 624622564, 04750,

= ey, 1> ey =e3+ ey, ea>e] = —e3 — ey,
= (14 B)es, e3>er = ey,
= —aey, e1dey = —e3, ey ez =ey4, eg<de; = e3, eg ey = —fey;

=e3, e1>es = (1 + ey, eabe; = (=14 a)ey,
= (14 B)es, e3> er = ey,
= —e3, €1 ey = —Qey, €1 de3 = €4, €2<4€] = —Qey, €2 ey = —ﬁ€4;

e1 = ey, e1>eg =e3+eyq, eabeyr = (—1+ fey,
[ (1 +’Y)€4, ez D> ep = ey,
e1 = —aey, e <dey = —e3, e;deg = ey, eade; = —fey, ez ey = —yey;

e1>e; =es,e1bes = Aes+ (1 + a)eq,ea>er = (—1 4 Bey,
eabeg =es+ (L+7y)eq,e3be; =eyq, €1<de = —e3, €1 ey = —Nez — aey,

e1<de3 =ey, eade; = —feyq, eades = —e3 — yey.

where AD38(0) = AD$(0,—1).

Proof. Considering identity (6) for the following triples

{63761761}a {61u62762}7 {61763,62}, {62163761}7 {62762u63}7 {63762762}7 {62362764}7

we obtain eg>e; = 0, e;<e

4 =0, egpes =0, ea<deq =0, eqg>ez =0, egdey =0, eg>ey = 0, respectively.

By eqe; = es>e; +e4<e; =0 and e;eq =e;>e4 + €;<eq =0 these imply e4 <e; =0 and e; >eg = 0.

Then it is easy to see that

(e4) is the annihilator of the algebras (As}?*,-) and (Asl* >, <). If we take the

algebra Asj*/(ey), this algebra is a three-dimensional associative Abelian algebra, and we know that any

three-dimensional complex
one of the pairwise non-iso

Case (As}*,>,<)/(eq)

anti-dendriform algebra associated with the abelian algebra is isomorphic to
morphic algebras AD3 — ADI(\).

=~ AD3

€1>e1 = aiiéy, €1d€e1 = —Qq1€y4,
e1>ex = (1 +aiz)ey, e1dey = —Qzey,
el >eg = (1 + a13)e4, e1 de3 = —(13€e4,
ey >ep = (—1-’-&21)64, eg < €e] = —(21€4,
eo D> ey = (1 + Oé22)64, €g d ey = —(92€y,
€2 > €3 = (p3€y, €2 d€3 = —Q23€y,
ez e = (1+a31)e4, ez <de; = —Qgiéy,
€3> €z = (3264, €3 deéz = —Q32€y4,
e3> e3 = 3zey, ez < ez = —Q33€4.

It is not difficult to see that (As}*, >, <) are 2-nilpotent and have three generator elements. Thus we
have (z>y) >z = 2> (y> 2) = 0 which implies that (As}* >) is also associative 2-nilpotent algebra and
has three generator elements. According to Theorem 2.8 there are five non-isomorphic four-dimensional
indecomposable associative 2-nilpotent and the three generated algebras. Hence, we obtain AD33 —

AD3"(a) algebras.
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Case (As}t,>,<)/({es) = AD}

e1>e; = o1éyq, €1 de; = —Qq1€y,
e1>ey = ez + (1 + aja)eq, e1dez = —e3 — aiaey,
e1>es = (14 ais)eq, e1 de3 = —Q3éy,
esbe; = —e3+ (=1 + as)ey, ez <ep = ez — Qp1€4,
ey D> ey = (1 + 0422)64, €2 d €2 = —(22€y,

€2 > e3 = (¥g3€y, €2 de3z = —Q3€4,
es>e; = (14 asy)eq, ez de; = —Q316y4,

€3> ey = (30€y4, €3 ey = —(32€4,

e3> es = Qa3seéy, €3 de3z = —Q3364.

Considering identity (5) for the triples {e1,e1,ea}, {ea,e2,e1} and {e1,ea,¢;}, i = 1,2,3, we obtain

13 — —1, 0423:0, C¥3i:0, Z:1,2,3

By the basis change e = e3 + aj2e4, the multiplication table of the algebra has the following form:

€1>€1 = Q1€y, €1d€; = —Qq1éy4,
e1>ey =e3+ ey, e1 deg = —eg,

€eo D> eq :7634*(714*0521)647 e] ez = ey,

ey > ey = (1—|—O¢22)64, ea < e] = e3 — (2164,
ez e = ey, eg d ey = —(¥22€4.

Let us consider the general change of the generators of basis:
62
p(e1) = aeq + beg — 22 + ceq, (ea) = aey — bes + dey, @(e3) = aes + eey, @(es) = a’ey,
where a # 0.

We express the new basis elements {¢(e1), p(ez2), ¢(es), p(eq)} via the basis elements {e1, 2, €3, €4}.
By verifying all the multiplications of the algebra in the new basis we obtain the relations between the
parameters {1, aby, abs} and {aq1, an1, ags}:

p(e1) > p(e2) = p(es) + p(es) = a® =a, b(1+axn) =e¢,

pler1) > p(er) = aiyp(ea) = aly = a1 +bag + V(1 + az),
pler) > ple2) = —ples) + (=1 + ag)ples) = ag = aor +b(1 + 2as2),

p(e2) > p(e2) = (1 + ag)p(es) = by = oz

We have the following cases:

(a) Let oy = —3. Then

If ag; = 0, we obtain the algebra AD3(cr, —3).

If a1 # 0, then by choosing b = — 11 we obtain a/j; = 0 and we obtain the algebra AD3(a), a # 0.

(b) Let ass # —32. Then choosing b = — 1795~ we derive a3 = 0 and we obtain the algebra
ADZ’g(OL,ﬂ), ﬂ 7é 7%'
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Case (Asit,>,<)/(es) =2 AD}

e1b>er = ez + aiey, e1der = —e3 — (1164,
erb>ey = (1 —+ 0512)64, e] deg = —(x9€y,
e >eg = (1 + 0413)647 e1 <e3 = —Q3€y,
ea>e; = (—1+ az)ey, eade; = —ao1€y,
ea> ey = (1 + age)ey, ez ez = —aagey,
€2 D> €3 = (i3€y, €2 d €3 = —Q23€y,
esb>e; = (1+Oé31)€4, ez <e; = —Q31eéyq,
€3> €2 = (u32€y, €3 de2 = —Q32€y,
ez > e3 = (u3zey, ez ez = —(33€4.

Considering identity (3) for the triples {e;,e1,e1}, i = 1,2,3, we obtain ay3 = —1, ags = azz = 0.
From identity (5) for the triples {e1,e1,e;}, ¢ = 1,2, we obtain a3; = aszy = 0. By the basis change
es = e3 + ajieq, we obtain ay; = 0.

Thus, we have the algebra

e >ep = ez, e} de; = —es,
e1>ey = (1 + a12)64, e1<dex = —Q26y,
ea>er = (—1+ aor)ey, e1de3 = ey,

ey D> ey = (1 —+ 0422)64, eg de] = —Qg1€y4,
e3> e; = ey, €9 €y = —(22€4.

Let us consider the general change and by verifying all the multiplications of the algebra in the new
basis we obtain the relations between the parameters {a/,, b, aho} and {aya, o, ags}:

pler) > p(er) = p(es) = a? =a, blajs +a9) + bz(% + aga) =,
pler) > ple2) = (L +afp)ples) = ajy = ana +b(1+ ag),

p(e2) > pler) = (=1 +ajy)p(es) = g = aor + bass,

ple2) > ple2) = (1 4+ ahy)p(es) = any = ass.

If choosing b = a1 — 12, then we can reduce o), = ay; we obtain the algebra AD3°(a, 3).
Case (Asi* >, <)/(es) = ADS

e1 b er = ey, e1de;p = —Qqiey,
e1>ey = ez + (14 aiz)ey, €1 dey = —e3 — i€y,
e b>eg = (1+0413)64, e1 de3 = —(13€y4,
ez e = (—14 ao)eq, ez de; = —aniey,
ey > ey = (1+Oé22)64, €2 < ey = —Q2€y,
€z B e3 = (p3éy, €2 d€3 = —Q3€y,
es>er = (14 asi)eq, e3<e; = —a31€éy4,
€3> €y = (3264, €3 dez = —Q326y,
ez > e3 = (v33éy, ez de3 = —(33éq.

By the basis change e = es + aize4, we can put ajo = 0. Further considering identity (2) for the
triples {e1,e1,e2}, {ea,e1,ea} and {e1,ea,e;},4=1,2,3, we obtain the following restrictions:

a3 = 71, Qg3 = 0,0131‘ = 0, = 172,3.
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Thus, the multiplication table of the algebra has the following form:

€1b>e1 = aiiéy, €1de1 = —Q11€y,
e1> ey = €3+ ey, €1 ey = —es,

ey >ep = (714’0&21)64, e1 de3z = ey,

ey D> ey = (1 + 0422)64, €2 <dep = —Qa1€y,
ez e = ey, €9 J ey = —(92€4.

If we consider the general change of the basis in this algebra to study the behavior of these structure
constants of the algebra, then we have the following relations:

/ / /
Q1] = @11, Qg = 21, Qgg = (X22

Hence, we have the algebra AD3!(«, 8,7).
Case (As}* >, <)/{es) = ADI(N)

e1>e; =e3+ apiey, €1 dep = —e3 — (164,
e1D> ey = Aeg + (1 + 0512)64, e14dey = —\ez — g€y,
el >eg = (1 + 0413)64, €1 de3 = —Q13€4,
ea>e; = (—1+ aoq)ey, €2 de] = —Q16y,

e > ey = e3 + (1 + Ot22)64, €g deg = —€3 — V9264,
€2 > e3 = (¥g3€y4, €2 d €3 = —Q23€y,
es3>e; = (1+O¢31)64, €3 e = —Q31€y,

e3> ey = (30€y, €3 1€z = —(32€4,

e3> e3 = (33€y4, €3 de3 = —(3364.

By the basis change e = e3 + aj1e4, we can obtain ag; = 0. Considering identity (4) for the triple
{ei,e1,e1}, i =1,2,3, and also considering identity (5) for the triples {e1,e1,e;}, i = 1,2, we obtain the
following restrictions on structure constants:

a3 = —1, a3 = azz = a3 = azx =0.
Now we rewrite
ey b>e;p = ez, e;<e; = —es,
e >ey = )\63 —+ (1 —+ 0412)64, e1dey = 7)\63 — (V12€4,
es > ey :(—1+0521)64, e1<de3 = ey,
ea> ey = ez + (14 azo)ey, ez dep = —Qa1ey,
e3> e = ey, €g <€y = —€3 — (V22€4.

Similarly, considering the general change of the basis in this algebra we can show the following
relations:

oy = aia, abh = o1, aby = ass.
Hence, we have the algebra AD$%[\](c, 3,7) ¥

Theorem 3.8. Any four-dimensional anti-dendriform algebra over the field of complex numbers whose
associated associative algebra is Asi® is isomorphic to one of the following pairwise mon-isomorphic
algebras:
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e1 > ey =ey, e3> e = ey,
43 .
ADP(a): Sej<e; =eyq, e;<dex = (a—1)ey, ea<de; = —aey,
ea <€y = ey, €34€] = —€4, €3<€3 = €4,
e1b>ey =eq, €2>€] = —e€4, €3> €3 = €4
AD () : ’ ’ ’
e1de; =ey, e1des = (a—1)eyg, eade; = (1 — a)ey, eadey = ey;
epbep =eq, €1>€y =€y4, 2> €1 = —€4, €3> €3 = €4
A.DZLS(()&) . Y Y Y 9
e1<ey = (a—1)eg, ea<de; = (1 — ey, ea<des = ey;
e1b>eg =eq, €1>€3 =64, 2> €] = —€4, €D €y =€4, €3> €] = €4,
46 .
AD%(a): Sejde; =ey, e1dez = (a— 1)ey, 1 <des = —ey,
ea<der = (1 — ey, e3<de; = —ey, ez des = ey;
AD{T(a) : e1pe; =ey, e1bey = ey, eabe] = —aey, el ey = eq, €3> €3 = €4.

Proof. Considering identity (6) for the following triples

{61763a63}a {63563761}7 {63763,62}, {62,63763}, {62762,63}, {63,62762}, {63763,64}7

we obtain ey <ey =0, egbe; =0, egsbey =0, eadey =0, eq>ez =0, ez<dey =0, eg>eq = 0, respectively.

By eqe; = eqpe; +e4<e; =0 and ejeq = e;>e4 +€;<eq = 0 these imply eg <e; =0 and e; >ey = 0.
Then it is easy to see that (e4) is the annihilator of the algebras (Asi®(a),-) and (As}®(a),>,<). If we
take the algebra Asi®(«)/(e4), this algebra is a three-dimensional associative abelian algebra, and we
know that any three-dimensional complex anti-dendriform algebra associated with the abelian algebra is
isomorphic to one of the pairwise non-isomorphic algebras AD3 — ADI()).

Case (Asl®(a),>,<)/(es) = AD3

e1>e; = (1—}-0&11)64, e1<de; = —aqiéy,
e1>ey = (Oé + 0112)64, €1 <dex = —Q26y,
€1 > €3 = (1364, €1 d€é3 = —Q3éy,
es e = (—(X+O¢21)€4, ez <dep = —ao164,
€y > ey = (1 + 0522)64, o dey = —(2€4,
€2 > €3 = (r23€y4, €2 d€3 = —Q23€y,
€3> €1 = g1y, €3 d€e; = —Q31éy,
€3> €y = 326y, €3 dey = —Q32€y,
ez eg = (1 + a33)e4, e3 de3 = —Q33€éy4.

It is not difficult to see that (As}®,>, <) are 2-nilpotent and have three generator elements. Thus we
have (z>y) >z = x> (y> 2z) = 0 which implies that (Asl5,>) is also associative 2-nilpotent algebra and
has three generator elements. According to Theorem 2.8 there are five non-isomorphic four-dimensional
indecomposable associative 2-nilpotent and the three generated algebras. Hence, we obtain AD{?(a) —
AD{" () algebras.

It is possible to consider the multiplication < as above. However, it is not difficult to show that the
constructed algebras are isomorphic.

Now if (As}’,>,<)/(e4) anti-dendriform algebra is isomorphic to one of the algebras AD3 — ADZ(«),
then we will proof there is not a four-dimensional complex anti-dendriform algebra associated to the
associative algebra As}®.
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Case (A4s®(a),>,<)/(es) = AD}

e1>e; = (1+0411)64, €1 de; = —o1€y4,

e1> ey = ez + (a+ ar2)eq, e1dez = —e3 — Qaey,
e > es = x3éy, e1 de3 = —(13é4,
esbe; = —e3 + (—a+ ao ey, ez <ep = ez — Qp1€4,
€y D> ey = (1 + 0422)64, €2 d€2 = —(22€4,

e D> e3 = (vg3€4, €2 €3 = —(23€4,

e3> ep = 3ieq, €3 e = —03164,

e3> ey = (¥30€y, €3 ey = —(32€4,

e3> e3 = (1 + 0433)64, ez de3 = —Q33€4.

Considering identity (5) for the triples {es, e1, e3} and {es, e1, ea}, we obtain the following restrictions
on structure constants:

33 — 0, 33 — —1.

Thus, we have a contradiction. Hence, there is no anti-dendriform algebra associated to the algebra As}®
and satisfying the condition (As}®(),>,<)/(es) = AD3.

Case (Asl®(a),>,<)/(es) = AD3

e1be; = ez + (1+aj)eq, e1de; = —e3 — ayiey,
e1>ey = (Oé =+ 0412)64, €1 dex = —(12€4,
€1 >e3 = (1364, e1 de3 = —(1364,
ea>ep = (—a + ag)ey, ez el = —Qgi€é4,
eg D> ey = (1—|—0¢22)64, €2 d €2 = —Q22€y,
ez > e3 = (a3éy, €z de3 = —(236y4,
e3> e; = a3iéq, ez de; = —(a31€4,
e3> ey = (x32€4, €3 ey = —(32€4,
e3> eg = (1—|—0¢33)647 ez de3 = —(33€4.

Considering identity (5) for the triples {e, e1,es} and {es, e1,e1}, we obtain
azz =0, agz = —1,

which yields a contradiction. Hence, this case cannot occur.
Case (A4s}®(a),>,<)/(es) = ADS

e1>e; = (1—|—0¢11)e4, e1de; = —qqiéy,
e1>es = ez + (a+ aja)eq, e1 ey = —e3 — oy,
e1 > e3 = a3éy, €1 de3 = —Q36y,
ea> e = (—a+ ag)eq, ez de; = —Q1éy,
ey D> ey = (1—1—0&22)64, €2 < ey = —Q2€y,
€z B e3 = Qp3éy, €2 d€3 = —Q3€y,
e3> e = (az1é4, ez de; = —Q316y,
e3> ex = (3264, €3 dez = —Q326y,
ez > eg = (1+0433)64, ez de3 = —Q33éy4.
Considering identity (5) for the triples {e1,es2,e3} and {es, e, ea}, we obtain a3z =0 and azz = —1;

a contradiction. Therefore, this case cannot occur.
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Case (As}(a),>,<)/{es) = ADI(N)

el >ep :€3+(1+a11)64, e1<de; = —e3 — (1164,

e1>es = Aeg + (o + ag2)ey, e1 deg = —Ae3z — aqaey,

e1 > ez = 3éy, €1 d€e3 = —Q3€y,

ey >ep = (—Oé+0é21)64, ex2<e] = —Qoiéy,

ey > ey = e3 + (]. + O[22)64, eg deg = —e3 — (ip2ey,

€3 b e3 = (p3éy, €2 d€3 = —Q3€y,

e3> e = aziéy, ez de; = —Q316y,

e3> ez = (3264, €3 deé2 = —(32€4,

ez D> e3 = (]. + a33)64, ez < ez = —Q33€eq.
Considering identity (5) for the triples {ej,e1,e3} and {es, e, e1}, we obtain ags = 0, aszz = —1, which
yields a contradiction. Hence, this case cannot occur. O

4. Conclusion

In this paper, we classified all four-dimensional anti-dendriform algebras whose associated associa-
tive algebra is indecomposable and has a one-dimensional annihilator. The classification was obtained
through a detailed study of compatible anti-dendriform structures and automorphism group actions, re-
sulting in a complete list of pairwise non-isomorphic algebras. A major difficulty was the determination of
isomorphism classes, which required careful analysis of automorphisms and basis transformations. Since
this work is restricted to associative algebras with a one-dimensional annihilator, the classification in the
cases of higher-dimensional annihilators and decomposable associative algebras remains open. Future re-
search will focus on completing the classification of four-dimensional anti-dendriform algebras, extending
the study to higher dimensions, and investigating derivations, automorphisms, cohomological properties,
and connections with related algebraic structures.
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