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1. Introduction

Polynomial evaluation matrices arise naturally in many areas of mathematics, including interpolation
theory, approximation theory, coding theory, and structured linear algebra (see, e.g., [2, 3, 6]). Given a
polynomial p(z,y) and two sets of evaluation points a = (ay,...,a,) and b = (by,...,b,), one may form
the matrix

Aa,b(p(xa y)) = (p(ar’ bs)) 1<r,s<n’

whose algebraic and spectral properties reflect both the structure of the polynomial and the geometry of
the evaluation points.

Classical examples include Vandermonde matrices and their variations, whose determinants encode
polynomial interpolation and root separation:

1 1 .. 1
xl x2 DRI xn
2 2 2
Vzy,...,xn) = 1 2 n and det V(zy,...,2,) = H (x; — x;).
: : : : 1<i<j<n
JleL—l xg—l 1,271

More recently, matrices arising from evaluating polynomials of the form f(z +y) or f(xy) have appeared
in diverse contexts, ranging from additive convolution operators to coding theory and random matrix
models. In particular, determinant formulas for matrices of the form (f(a, + bs)) have been obtained in
special cases, often relying on ad-hoc arguments or strong structural assumptions on f and the evaluation
sets. For example, in [8], a family of polynomial evaluation matrices of the form ((ai + bj)’“)1 <ij<n WS
analyzed, where the determinant was computed via a factorization through Vandermonde matrices. In
particular, for the n x n matrix C' = ((a; + b;)") , it was shown that

k
aet(C) = (-1('F) (H (k)) M -l I 6-b
i=0 1<i<j<n 1<i<j<n

when n = k+1, whereas det(C') = 0 for all n > k+2. Further extensions and related classes of polynomial
evaluation matrices were discussed in [7]. However, existing results are typically subject to one or more
limitations: They are restricted to specific polynomial forms, they address only the case n = k+1, or they
do not provide a unified explanation for the determinant when the matrix size exceeds the polynomial
degree.

The aim of this paper is to develop a systematic and unified framework for analyzing determinants
of polynomial evaluation matrices arising from homogeneous bivariate polynomials. Homogeneity is a
crucial structural assumption: it confines the polynomial to a finite-dimensional coefficient space and
enables the associated evaluation matrix to admit a factorization through structured Vandermonde-type
matrices. This factorization serves as the fundamental mechanism driving all of our main results. Rather
than focusing on isolated examples, we treat the general homogeneous polynomial

k
pla,y) = azh iy
=0

and analyze the corresponding evaluation matrix for all values of n relative to k. This perspective clarifies
when determinants are identically zero, when nontrivial closed forms exist, and how these phenomena
depend on the support of the coefficient vector («;). Let C denote the complex field and let C[x, y] denote
the ring of polynomials in two variables over C. For k € NU {0} set

k
Cule.y) = {p(e,9) = Yo~y s e C},
i=0
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the vector space of homogeneous polynomials of total degree k. We also write

@[m7y] = U @k[x7y}

k>0

Given vectors @ = (ay,...,a,) and b = (by,...,b,) in C™ and a polynomial p(z,y) € @[Js, y], we focus on
the corresponding polynomial evaluation matrix

Aa,b(p(za y)) = (p(ar’ bs))1gr,sgn

and its determinant. The study of the determinant of the n x n matrices C' = ((a; + b;)"), <ijen 0 [7]
and [8] can be viewed as evaluation matrices in the special case where the polynomial p(x,y) = (z + y)*.
The concept of polynomial evaluation matrices can be illustrated in the following example.

Example 1.1. Let a = (ay,az,as,a4) and b = (b1, b, b3, by) be vectors in C*. Let p(x,y) = (v +y)> =
o3 + 32%y + 32y + y* € Clz,y]. Then

(a1 + b1)z (a1 + 52)2 (a1 + bs)g (a1 + b4)§
Antpes) = | (2 s foo Tl 2 T (o oy
(a4 =+ bl)?’ ((7,4 -+ b2)3 (a4 + b3)3 (a4 + b4)3

Similarly, for q(z,y) = 23 +zy* + 1y € ((Aj[x, y], we have

ad +arb? + b3
a3 + asb? + b3
aj + azb? + b3

ai + asb? + b3

Aa7b (Q(x’ y)) =

a$ + a1b2 + b3
a3 + asb3 + b3
a3 + azb3 + b3

ai + asb3 + b3

a$ + arb3 + b3
a3 + axb3 + b3
a3 + azb3 + b3

ai + asb3 + b3

a$ + a1b? + b3
a% + agbﬁ + bi
a3 + azb3 + b3

ai + a4bZ + bi

In this paper, a systematic and unified study of polynomial evaluation matrices associated with
homogeneous bivariate polynomials is undertaken, encompassing and extending classical Vandermonde
and sum-form constructions. A general factorization of the evaluation matrix A, v (p(z,y)) into structured
Vandermonde-type matrices and a coefficient-dependent core matrix is established for all homogeneous
polynomials of fixed degree k. This factorization allows us to prove that the determinant is identically zero
whenever n > k + 2. In the borderline square case n = k + 1, explicit determinant formulas are obtained,
including a closed-form expression for sum-form polynomials of the type p(z,y) = f(z+vy). Equivariance
properties under linear change of variables are also analyzed. Further applications are developed over
finite fields, where probabilistic nonvanishing bounds are derived via the Schwartz—Zippel lemma. A
discussion for n < k, connecting the problem to symmetric functions and generalized Vandermonde
determinants is given as well.

The paper is organized as follows: In Section 2, the basic factorization of evaluation matrices is
presented together with explicit determinant formulas in the square case n = k + 1 and the rectangular
case n < k. In Section 3, various applications of such matrices and determinants are discussed, including
the sum-form p(x,y) = f(x + y), equivariance under linear change of variables, and behavior over finite
fields. Finally, a summary is given in Section 4.

2. Determinants of polynomial evaluation matrices

In this section, a factorization of the polynomial evaluation matrix Aap(p(z,y)) through
Vandermonde-type matrices is established. This factorization reveals the behavior of the matrix according
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to the size parameter n relative to the degree k: the casesn < k+1,n = k+1, and n > k+ 2 exhibit fun-
damentally different rank and determinant properties. As immediate consequences, explicit rank bounds
are obtained and closed-form determinant formulas are derived in the square case n = k+ 1, while several
special configurations are examined in greater detail. When n > k4 2, the matrix A, 1 (p(x,y)) necessar-
ily has rank at most k£ + 1 and is therefore singular. For the general regime n < k+ 1, the Cauchy—Binet
formula together with generalized Vandermonde identities is applied to express det (Aab(p(z,y))) in a
structured and computable form.

2.1. Factorization of polynomial evaluation matrices

k . . ~
Fix k> 0 and p(x,y) = Y. ;¥ iy’ € Ci[z,y]. Given vectors a = (ay,...,a,) and b= (by,...,b,)
i=0
in C", define the n x (k + 1) Vandermonde-type matrices

a]lC aij ag
Vit = (@) 1<ren, 0zi<k = a:2 a2: - a:2 ’
ahai
and
0o
Wy = (bg)lsSgn., 0<ji<k :2 ; ‘ :2
8 5
By expanding p(a., bs) we obtain the matrix identity
Aap((e.)) = VDo (W) 1)
where D,, = diag(ayg, a1,...,qx) is given from the coefficients of p(z,y).

Example 2.1. Fork =3 andn = 3, let p(z,y) = (x+y) = 2>+ 322y +32y®> + 9> and let a = (a1, az,a3)
and b = (by, by, b3) in C3. Then D, = diag(1,3,3,1),

a$ a? al o - b bl v? b3

3) _ [ 43 42 1 40 3 _ |10 p 12 33
A ay a3 ay ag |, and W7 = | b3 by by by
a3 az asg as b3 b3 by b3

Hence,

T
Aan(p(e,y)) = ViPdiag(1,3,3,1) (W)

In the special case where ; = (%), it was shown in [8, Proposition 1] that det(Aqs(p(z,y))) = 0
for all n > k£ 4+ 2. We now present the following proposition, which gives a more general result for an
arbitrary polynomial p(z,y) € Cilz, y].

Proposition 2.2. Let k > 0 and n > 1 be integers and let p(x,y) € @k[x, y]. Then
rank(Aq p(p(z,v))) < k+ 1.

In particular, if n > k + 2, then det(Aqp(p(z,v))) = 0.
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Proof. The factorization (1) expresses A as a product

T
Aas(p(e,y)) = VDo (W),

T
where Vi¥)| D, and (Wék)) are an n X (k + 1) matrix, a (k+ 1) x (k+ 1) matrix, and a (k+ 1) x n

matrix, respectively. By the rank inequality for matrix products, it follows that
T
rank(Aap(p(z, 7)) < min{rank(Va(k)),rank(Da),rank((Wék)) < k4L

If n > k+ 2, an n X n matrix of rank less than or equal to k + 1 is always singular. O

2.2. The borderline case n =k + 1

In this subsection, we focus on the case where n = k + 1. From (1),
(k) O\
Aa(pla.y)) = VI Do (W31,

which becomes a product of three square matrices. The determinants can then be computed explicitly in
terms of Vandermonde products.

In the special case n = k+1 and «; = (lf), an explicit formula for det(Aq »(p(x,y))) was given in [8,
Proposition 2]. The following theorem extends this result to all polynomials p(z,y) € @k[l’, yl.

k

Theorem 2.3. Let k>0 and n =k + 1 be integers and let p(z,y) = 3. aza* 'y’ € Cylz,y]. Then
i=0
k+1 k
det(Aap(p(a,y)) = (~1)(F) <H ai) T (¢—a) II @-u),
i=0 1<i<j<n 1<i<j<n

where a = (a1,...,a,) and b = (by,...,by,) in C™. In particular, det(Aqn(p(z,y))) # 0 if and only if
a; # 0 for all i and the vector sets {a;} and {b;} are pairwise distinct.

Proof. From (1), we have
T
det(A) = det (Va(k)> -det(Dy,,) - det (Wék)) ,

where D, = diag(ag,aq,...,ax). We note that Wék) is the standard (k + 1) x (k + 1) Vandermonde
matrix which implies that

detWyy = T (0 —bo).

1<i<j<n

The matrix V") has columns in reverse order of the standard (k+1) x (k+ 1) Vandermonde matrix
which requires (k;rl) adjacent transpositions of the standard order, and hence

det (v;k>) =) I (@ -

1<i<j<n

k
Finally, det(D,) = [] o;. Multiplying the three determinants gives the claim. O
i=0
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Remark 2.4. For ¢ € C and p(z,y) = ¢ q(z,y) with q(z,y) € ((Ajk[x,y], then D, = cDg, where
a and 8 are the vector coefficients of p(x,y) and q(x,y), respectively. Hence, det(Aqp(p(z,y))) =
c"det(Aap(q(x,y))). In particular, the determinant is multi-linear in the columns of Do but not lin-

ear in p(x,y) as a polynomial.
In each of the following special cases, we use Theorem 2.3 when n = k+ 1, and apply Proposition 2.2
for the vanishing when n > k + 2.
Corollary 2.5 ( [8, Propositions 1 and 2]). Let k > 0 and n > 1 be integers and let p(x,y) = (z +y)k =
k . .
3 (l?)xk_ly". Leta = (a1,...,a,) and b= (b1,...,b,) in C". Then the following statements hold.

_ %
=0

1. If n > k+ 2, then det(Aan(p(z,y))) = 0.
2. Ifn=Fk+1, then

k

k41 k
det(Anp(p(r. ) = (-1)(*F) (H ()) [T @-a)| I ¢-b
i=0 1<i<j<n 1<i<j<n
In particular, det(Aa p(p(x,y))) # 0 if and only if the a;’s are pairwise distinct and the b;’s are
pairwise distinct.

Proof. We note that for each i € {0,1,...,k}, we have a; = (’f) which implies that det(D,,) =

e

116

The result follows from Theorem 2.3. O

k . .
Corollary 2.6. Let k > 0 and n > 1 be integers and let p(z,y) = > x*'y’. Let a = (ay,...,a,) and
i=0

?

b = (b1,...,b,) in C™. Then the following statements hold.

1. If n >k +2, then det(Aap(p(z,y))) = 0.
2. Ifn=Fk+1, then

det(Aan(p(z.y) = (DT (a-a) | | TT 65—

1<i<j<n 1<i<j<n

Moreover, we have the identity

alreJrl _ bl§+1
p(ambs) = (ar 7& bs)a

ar_bs

D

which implies that Aap(p(z,y)) agrees with p(a,,bs) = (W) on the domain a, # bs.

Proof. We note that for each i € {0,1,...,k}, we have o; = 1 which implies that det(D,) = 1. The
result follows from Theorem 2.3. O

k
Corollary 2.7. Let k > 0 and n > 1 be integers and let p(z,y) = > (=1)'a*"ty’. Let a = (aq,...,an)

=0

and b = (by,...,b,) in C™. Then the following statements hold.

1. If n > k+ 2, then det(Aan(p(z,y))) = 0.
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2. Ifn=Fk+1, then

det(Aap(p(@,y)) = | ] (4 —a) IT @ —b)

1<i<j<n 1<i<j<n

Moreover, we have the identity
a]rﬁ_l - (_bS)k+1
ar + bs

k+1 _ —b k+1
w) on the domain a, # —bs.
a, + by

p(ambs) = (ar 7é _bs)a

which implies that Aab(p(z,y)) agrees with (

Proof. We note that for each i € {0,1,...,k}, we have a; = (—1)° which implies that det(D,) =
k :
[1(-1)¢ = (—1)(k;rl) which cancels with the same power from det(Vék)) to give the stated sign. The

=0
result follows from Theorem 2.3. O

2.3. The case n <k

In this subsection, we focus on the case where n < k. However, the results hold true for n = k + 1
as well. Therefore, the results are written in terms of n < k 4 1 if there is no ambiguity.

For an m x n matrix M and an index set I C {1,2,...,n} of increasing order, let M(:, I) denote the
submatrix of M formed by the columns with indices in I.

Theorem 2.8 ( [4, Theorem 3.A.5 (Cauchy-Binet Formula)]). Let m < n be positive integers. Let A and
B be m x n and n X m matrices, respectively. Then

det(AB) = > det(A(:, I)) det(B(:, I)).

I={1<i1 <iz < <im<n}

From (1), we recall the factorization A, p(p(z,y)) = Vék)Da(Wék))T with

(k) _ (1j s
. )1§r§n,0§j§k , Wy = (bs)lgsgn,ogg‘gk , and D, = diag(ap, ..., ax).

Assume that n < k + 1. It follows that Va(k) and Wék) are rectangular with the number of columns
is greater than or equal to the number of rows. Applying the Cauchy-Binet formula in Theorem 2.8 to

T
the product Va(k)Da (Wl()k)) , we have
det(Aap(p(z,y))) = 3 det (V;“(;, 1)) (H ai> det (Wék)(:,l)) . 2)
I={0<i1<i2< - <in <k} icl
For m € Z and variables x = (z1,...,2,) define
Hy(x) =1, H,(x)=0 (m<0),
and for m > 1 recursively

Hy(x1,...,20) = Hp(x1,. .. 2no1) + T Hpo1 (21, .0 20). (3)
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Proposition 2.9 ( [5, Page 41 (3.6)]). Fore; >--->e, >0,
det ((a2),c,y0) =TI (ar —an)det ((He—op(@),_,.)-
1<r<r’'<n T
k

Theorem 2.10. Let 1 <n < k+1 be integers and let p(z,y) = > c;z¥~y*. Then
i=0

det(Aap(p(@y) = [[ (@—a) J[ Gv=0)

1<r<r’'<n 1<r<r’'<n
’ 2 <H ai) det ((H’“‘”‘("‘j)(a))lgjgn) det ((Hiﬂ“("‘j)(b))@j@) ’
I={0<i1 <iz<-<in<k} \i€l

where Hy, are as in (3).

Proof. By (2), it follows that

det(Aap(p(z,y))) = 3 det (V;k>(:, 1)) (H ozi) det (W,f,’“)(:, 1)) ,

I={0<t1<i2< <1, <k} el

where the sum runs over n—subsets I = {0 < i3 < iy < -+ < i, < k}. For each j € {1,2,...,n}, let
ej = k — ;. Applying Proposition 2.9 to the exponent ¢; in Va(k)(:, I) yields

det(Va(k)(:,I)) = H (ar’ - ar) det ((Hej—(n—j)(a))lgjgn)

1<r<r’'<n

= H (ap — a,)det ((Hk,ij,(n,j)(a))1<j<n) .
1<r<r’'<n T
Similarly, applying Proposition 2.9 to the exponents i; in V[/l()k)(:7 I) gives

et 1) = T (bw —bo) det (Hy,—uejy (b))

1<r<r’'<n

=1’

Combining the results, the theorem follows. O

k . .
Corollary 2.11. Let 1 < n < k+1 be integers and let p(z,y) = > cz*~iyt. Let S = {i € {0,1,...,k} :

a; #0}. Then =
rank(Aa p(p(z,v))) < min{n,|S|}.
If |S| < n, then det(Aab(p(z,y))) =0.

Proof. Since a; =0 for i ¢ S, we may delete the zero columns and obtain the reduced factorization
T
Aan(p(@,9)) = VI Da(WINT = VP (i, $)Da() (WP, 9))

where D, = diag(ag,...,ax), Va(k)(;S), Wl()k)(:,S) are n x |S|, and D,(S) is |S| x |S| diagonal with
nonzero diagonal entries. Hence,

rank(Aa b (p(2,y))) < min{rank(V,*)(:, 9)), rank(Dq (S)), rank (W (:, )} < [S].

Clearly, rank(Aa p(p(x,vy))) < n which implies that rank(Aa b (p(z,y)) < min{n, |S|}). If |S| < n, then
rank(Aa b(p(z,y))) < n, and hence det(Aan(p(x,y))) = 0. O
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3. Applications

In this section, we explore several consequences and applications of the determinant factorization.

We begin with a closed-form formula for the determinant of polynomial evaluation matrices in the special
case p(x,y) = f(x + y), followed by equivariance under linear change of variables. We then analyze the
behavior of the determinant over finite fields, providing probabilistic bounds on when it is identically
Zero.

3.1. Determinant formula for p(x,y) = f(z + y)

We begin with the special case where the bivariate polynomial is of sum-form,

p(z,y) = f(z +y),

with f(t) a univariate polynomial of degree k and the matrix size n = k+1. In this setting, the determinant
of the polynomial evaluation matrix admits a clean factorization in terms of the Vandermonde factors
of the evaluation points. This gives an explicit and computationally convenient closed-form formula for
det(Aa,b(f(x +1v))), revealing its full algebraic structure.

Proposition 3.1. Let n = k + 1 be integers and let a = (ay,...,a,) and b = (by,...,b,) be in C". If

koo
f(t) = > at® with leading coefficient oy, # 0, then
i=0

k
det (Al ) =0T (F) TT tar a0 [ -t

1<r<r’'<n 1<s<s’'<n

Proof. Let V¥ = (af=i

r )199,0931@

and Wék) = (bg)1gsgn,0§j§k' Write also the “ascending—power”

evaluation matrices

Ea _ (aifl

T )lfr,ign ’

By, = (b7

1<s,j<n’

Let R be the (k+ 1) x (k+ 1) column-reversal permutation matrix (ones on the anti-diagonal, zeros
elsewhere). Then

Ea=V®R,  E=w}.

By definition of f(¢) and the binomial theorem, we have

k k m
ar +bs) = am(a, +0)™" = O m albm =,
Flar+bs) = > am i
m=0 m=0  i=0 \'
Set j =m — i, so i + j = m. The coefficient of alb? is a;; (H;]), SO
n—1ln—1 Z+]
f(ar+bs):ZZai+j< Z )afn g

i=0 j=0
Restricting to 4,5 < n — 1 ensures all terms fit into n X n matrices (and if n = k + 1 all needed terms
appear).

Now write this in matrix form: the ith power a® gives the (r,i + 1) entry of Ey, similarly b gives
(s,j+ 1) entry of Ey, and the coefficient in the middle is exactly

1+ J
(Cplit1,j+1 = Oéi+j< ; >

319
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The desired factorization
Aup(F(a +9)) = EaCyEL = VO (ROy) (W)
is concluded. It follows that
det(Aap(f(z +y))) = det (Va(’“)) det(RC}) det (ng>) . (4)

We now compute each factor: Since Va(k) lists descending powers, reversing columns to the standard
Vandermonde order needs (g) adjacent swaps:

det(V) = (1)) T (o —an).

1<r<r’'<n

This is the usual Vandermonde determinant:

det(W )= [ (b —by).

1<s<s'<n
n k
We have det(R) = (—1)(2). A standard Pascal-basis argument gives det(Cy) = aZ(—l)(2) I1 (%). Thus

det(RC}) = det(R) det(Cy) = af f[o ™).

Multiplying the three determinants,

. uyes
det(Aa,b(f(x + y))) = ((_1)(2) H (ar’ - ar)) (O&Z (’L)) (H (bs' - b5)>

r<r! =0 s<s’
e
= Oéz(—l)(g) H <Z) H (a/T/ —_— ar) H (bs/ — bs)7
=0 1<r<r’'<n 1<s<s’'<n
as desired. O

k 4
From Proposition 3.1, for f(¢t) = > a;t" with leading coefficient o # 0 and n = k + 1, it is not
i=0

difficult to see that det(Aap(f(z +y))) is independent from «; for all ¢ € {0,1,...,k — 1}. Hence, we
have the following corollary.

Corollary 3.2. Let n = k + 1 be integers and let a = (a1,...,a,) and b = (by,...,b,) be in C™. If
k )
f@#) =" ait’ with leading coefficient cy, # 0 and g(t) = axt®, then
i=0

det(Aap(f(z +y))) = det(Aap(g(z +y))).

Remark 3.3. We note that p(z,y) = f(z +1y) is homogeneous if and only if f(t) = ct® for some integer
k > 0 and scalar c. In this case, the result in Proposition 3.1 agrees with the results in Corollary 2.5 and
Remark 2.4.

3.2. Equivariance under linear change of variables

Let GL2(C) denote the set of 2 x 2 nonsingular matrices over C. Next, we study how Aa p(p(z,y))

v &
GLy(C). For a homogeneous p(x,y) of degree k put pp(x,y) := p(z’,y’). For the sum-form p(x,y) =
f(z + y) we obtain a clean and explicit rule.

transforms when we apply a linear change of variables (z,y) — (2/,y’) = B - (z,y) with B = (o‘ B) €
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Proposition 3.4. Let f(t) be a polynomial of degree k and let p(x,y) = f(x+vy). Letn < k+1 and let
c:=a+vy and d:=p+04.
Let a = (ay,...,an) and b = (by,...,b,) be vectors in C™. Then

Aap(pB(2,Y)) = (f(car + dbs})lgr,sgn = Aca, av(f(z +y)).

In particular, if n =k + 1, then

n

det(Aap(pp(z,9))) = 2)dE) det(Aap(p(z,y))).

Proof. Since pp(z,y) = f(z' + ') = f((a+ )z + (B+6)y) = f(cx + dy), we have
(Aa,b(pB(xa y)))rs = f(ca'r + dbS) = (Aca, db(f(x + y)))rs-

Precisely, Aab(pB(2,y)) = Aca,ab(f(x +Y)).

For the determinant scaling at n = k + 1, we have

det(Aan(pp(e,9))) = det(Acaan(f (@ + 1)) = det (V®) det(RCy) det (WS )

by (4) in Proposition 3.1. Since

n

det(V)) = c(z) det(V®)) and  det(W ) = d(2) det(W V),
it can be deduced that

det(Aap(pp(e,y))) = ) dE) det(Aap (f(x +1))).
O

Combining Proposition 3.1 and Proposition 3.4, an explicit formula for det(Aa p(f(z + v)) follows
immediately.

3.3. Behavior over finite fields

Next, we consider the behavior of det(Aa,b(p(z,y))) in the case where the entries a;, b; are chosen
randomly from a finite field ;. We focus on the case where n < k + 1 and give an upper bound for the
case where the determinant is identically zero. This is obtained via an application of the Schwartz—Zippel
lemma.

Lemma 3.5 ( [1, Lemma A.36], Schwartz—Zippel). Let F, be a field of order g and let p(z1,...,x,) €
Fylz1,...,x,) be a nonzero polynomial of total degree d > 0. Let S C F, be a non-empty set and choose
(ri,...,7mn) € 8™ uniformly at random. Then

d
P vy Ty) =0) < —.
r(p(rl, T ) 0) = |S|

Proposition 3.6. Let F; be a finite field of order q and characteristic £. Let n = k41 < £ be integers.

Let o; € Fg\ {0} for 0 <i <k andleta=(ai,...,a,) and b= (b1,...,b,) be chosen independently and
k

uniformly from F2. If p(x,y) = a;(xz +y)?, then the probability that det(Aa b (p(z,y))) =0 is
q ,
i=0

Pr (det(Aun(plz ) = 0) < 2.
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Proof. From (4), we have

det(Aan(p(w,y))) = det (V) det(RC,) det (W) and det(RC,) = a. ﬁ (f)
=0

Since o; # 0 for all 1 < ¢ < k, det(RC),) # 0 which implies that det(Aan(p(z,y))) is a nonzero polynomial.

k .
For each 1 <r < nand 1 < s < n, we note that for each entry p(a,,bs) = > «a;(a, +bs)" has degree
i=0

at most k in the 2n variables a, and b,. Using the Leibniz expansion, det(Aa b(p(x,y))) is a product of
n entries and each depending on a distinct pair (a,, bs) which implies that the total degree is at most nk.
Hence, det(Aa b(p(z,y))) is a nonzero polynomial of total degree at most nk in 2n independent uniform
variables over F,. By Lemma 3.5, it follows that

nk
Pr (det(Aab(p(z,y))) = 0) < R
The proof is complete. O

4. Conclusion

Using the simple yet powerful Vandermonde factorization A, n(p(z,y)) = Va(k)Do((VV]gk))T7 we have
developed a unified framework for understanding determinants of polynomial evaluation matrices associ-
ated with homogeneous bivariate polynomials. Our analysis covers the full range of matrix sizes, from
n < k+1 to the square borderline case n = k+1 and beyond, where rank constraints force the determinant
to be zero for n > k + 2.

In the square case n = k+ 1, we obtained a closed-form expression for det(Aan(p(z,y))) in terms of
Vandermonde products and coefficient factors, recovering and extending classical formulas for matrices
such as ((a; + b;)*) I<ij<n” For n < k + 1, applying the Cauchy—Binet formula together with an elemen-
tary evaluation of geﬁéraﬂized Vandermonde minors via complete homogeneous polynomials H,, yielded
a symmetric expansion for the determinant, leading to immediate rank bounds and vanishing criteria.

Several applications illustrate the versatility of our determinant factorization. We derived a closed-
form formula for the square sum-form case where p(z,y) = f(x +y) with n = k + 1. Beyond this
special case, we established an explicit equivariance law under linear change of variables for sum-form
polynomials, and proved probabilistic non-vanishing bounds over finite fields via the Schwartz—Zippel
lemma.

More generally, it would be of interest to analyze determinants of polynomial evaluation matrices
associated with nonhomogeneous bivariate polynomials.
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