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1. Introduction

A Steiner system S(h, k,v) is a pair ¥ = (X, B), where X is a v-set and B is a family of k-subsets of
X such that every h-subset of X is contained in exactly one member of B (see [6, 8, 9]). Using hypergraph
theory terminology, a Steiner system is a hypergraph ¥ = (X, B) of order v, uniform of rank k, such that
every h-subset Y of X has degree d(Y) =1 (see [1, 8, 16]).

A Steiner triple system STS is a system S(2,3,v). It is known that an STS(v) exists if and only if
v = 1or3(mod6).

Given an STS ¥ = (X, B), an independent set T is a subset T' C X that does not contain any triple
of B. T is a mazimal independent set for ¥ if it is not contained in another independent set. By [13] a
maximal independent set in an STS(v), with v = 1,9 mod 12, has cardinality at most ”51 (see also [4]).
Note that v=2" —7=1or 9 mod 12 for any n € N.

A bicoloring of an STS ¥ = (X, B) is a coloring of the vertices in such a way that all the blocks
contain vertices of exactly two colors. X is called k-bicolorable if there exists a bicoloring of ¥ using
exactly k colors. For a bicolorable Steiner triple system 3 we denote x(X) (resp. X(X)) the lower
(resp. upper) chromatic number, which is the smallest (resp. largest) integer k for which there exists a
k-bicoloring of ¥ using exactly k colors. Moreover, by a simple count it is immediate to see that no STS
is 2-bicolorable (see [12]).

These types of colorings were introduced by Voloshin [14, 15] in the context of mixed hypergraphs
and for Steiner systems the study was initiated by Milazzo and Tuza [10]. It is relevant to remark that
in [10] it was proved that there exists a strong connection between bicolorable STS(2™ — 1) with the
highest possible upper chromatic number and the “doubling plus one construction” v — 2v + 1. Indeed,
if ¥ is an STS(2™ — 1) with x(X) = n, then ¥ is obtained from the STS(3) by repeated applications of
“doubling plus one constructions”. Later, many other papers dealt with bicolorings of Steiner systems
(see, for example, [2, 3, 5, 7, 11]).

In this paper we give in Theorem 4.1 a construction v — 2v + 7, in which v = 2™ — 7. We show
that, through an iteration of this construction, it is possible, starting from the STS(9), to obtain for any
n>5an STS(2™ —7), X, with a maximal independent set of largest cardinality and with Y(X) =n — 1,
where n — 1 is the largest possible upper chromatic number.

2. Construction v — 2v + 1

It is known in the literature the following construction v — 2v + 1, which allow us to construct an
STS(2v + 1) starting from an STS(v). It is also known that the order 2v 4 1 is the minimum value for
which a system ST'S(v) can be embedded in a system (v') for v' > v.

Theorem 2.1. If ¥ = (X, B) is an STS(v), then there exists an STS(2v + 1) embedding X.

Proof. Let ¥ = (X,B) be an STS(v) defined on X = {z1,x,....,x, } Further, let:

o Y ={y1,92, ..., Yot1} be a set of cardinality v + 1 (even number) such that X NY = ();
o F={F,F,..., F,} be a factorization of the complete graph K, defined on Y;
e ¢ : X — F be any bijection from X into F .
Define the hypergraph ¥’ = (X', B’) as follows:
« X' =XUY;
e B =BUT, where:
I'={{z,y,z}:x € X,y,z € p(z)}.
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We call the triples of B of type 1, the triples of T of type 2. We say that ¥’ is an STS(2v + 1). Indeed:

1. it is immediate that ¥’ is a hypergraph of order |X'| = 2v + 1, uniform of rank 3;

2. for every x,y € X', & # y, there exists exactly one triple of B’ containing {x,y}. There are the
possible following three cases:

2.1. z,y € X;
22. z,y €Y,
23. xe X,yeY.

Case 2.1. Since ¥ is an STS and I' does not contain pairs of vertices of X, there exists exactly one
block in B containing {z,y}.

Case 2.2. There exists exactly one factor F; € F containing z,y. If z; € X is such that ¢(x;) = F,
the triple {z;, z,y} is of type 2 and is it the unique, triple of B’ containing {z,y}.

Case 2.3. Consider the factor p(x) = F; € F. There exists exactly one pair of F; containing y. Let
y,z} € F;. The triple {z,y, z} is a triple of type 2 and it is the unique triple of B’ containing the pair
J

{z,y}. O

3. Factorization on Z,. by differences

Let r € N even and let Zon = {0,1,2,...,2" — 1}, Don = {1,2,...,27 1}, In this section we define a
factorization of the complete graph Ks» defined in Zon, briefly a factorization on Zsgn, where every factor
contains pair having all the same difference. Note that all the elements belong to Zan.

Theorem 3.1. 1) Ifa € Don — {2771}, then there exist two disjoint factors of Zon, Ga.1,Ga,2, containing
all the pairs {x,y} C Zon having difference a. 2) If a = 2"~ L, then there ewists an unique factor H
containing all the pairs {x,y} C Zon having difference a.

Proof. 1) Consider the complete graph Kan defined on Zan. If @ € Dan — {2771} is an odd number,
then pa =0 mod 2" if and only if p = 0 mod 2", hence there exists in Ko» a hamiltonian cycle of length
Zon described as follows:

(0,a,2a,3a,.....,.2" — a,0),
which can be decomposed in the following two factors:

Fo1:{0,a},{2a,3a},....,{2" — 2a,2" — a}

F,2:{a,2a},{3a,4a}, {5a,6a},....,{2" —a,2" = 0}.
If a € Dyn — {2771} is an even number and k = GC'D(a,2"), since pa = 0 mod 2" if and only if p = 0

mod %, in the complete graph Ks» defined in Zy» there exist k disjoint cycles of length %, described
as follows:

C(a,1) = (0,qa,2a,3a,...,2" —a,0),
C(a,2)=(1,14a,1+2a,14+3a,...,1+2" —a,1 42" =1),

Cla,k)=(k-1,k—1+a,k—142a,....2"+k—-1-0a,2"+k—-1=k—1),
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which can be decomposed in the following factors:

Gan: {i,a+i},{2a +14,3a+1i},{4a + i,5a + i}, ...
{2" - 2a+i,2" —a+1i}, fori=0,...,k—1,

Ga2:{a+1,2a+ i}, {3a +1,4a + i}, {ba +i,6a +i},. ..,
{2" —a+i,i} fori=0,....,k—1.

2) If a = 271, it is immediate to verify that in the complete graph Kon, defined in Zyn, there exist
the following unique factor:

H:{0,2" '} {1,2" 1 +1},{2,2" ' +2},..., {2t —1,2" — 1}.

Note that in what follows we will consider the following factorization F, defined in Zgn:
F = {H} U {Fa71,Fa72 S DQn, a Odd}U
U{Ga1,Gaz2:a € Dan,a#2""1 aeven}, (1)

which we call difference factorization of Zy~. Note that a is an odd number in Fj 1, F, 2 and it is an even
number in Gg1,Gq 2.

4. A construction v — 2v+7

Let n € N, n > 3, and let v = 2™ — 7. Note that 2" — 7 is a positive integer number such that for n
odd 2" — 7 =1 mod 6 and for n even 2" — 7 = 3 mod 6. Note also that 2v 4 7 = 2"+ — 7.
Theorem 4.1. Let ¥ = (X, B) be an STS(v), where v=2" —7,n € N, n > 3. It is possible to define an
STS(2v+7) ¥ = (X', B') embedding X.
Proof. Let ¥ = (X,B) be an STS(v) defined on X = {z1,x2,...., 2, }. Further, let:

e Y = Zon be a set such that X NY = (;
o F be the difference factorization of Zan given in (1);

e {a,b,c} be a difference triple contained in Dan, for a # 2771 b # 2771 ¢ # 2771 with either
c=a+bora+b+c=2"

e F* be the family of factors obtained by F by excluding the factors containing the pairs having
differences either a or b or c.
Further, since |F*| = |F| — 6 = 2™ — 7 = v, it is possible to define any bijection ¢ : X — F* from X
into F*.
In what follows we fix a = 1,b = 2,¢ = 3. Note that, from Theorem 3.1, this causes no loss of

generality. At this point, define the hypergraph ¥’ = (X’ B’) as follows:

e X'=XUY;
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e B'=BUT UA, where:

I'={{z,y,2}: 2 € X {y 2} o)l

A={{iyi+1,i+3}:i=0,1,2,..,2" —1}.

We call the triples of B of type 1, the triples of T' of type 2, the triples of A of type 3. Observe that the
triples of A are all the translates generated by the base block {0, 1,3}, defined by the difference triple
{1,2,3}. We are going to prove that ¥’ is an STS(2v + 7). Indeed:

1. it is immediate that ¥’ is a hypergraph of order | X'| = 2v + 7, uniform of rank 3;

2. for every x,y € X', & # y, there exists exactly one triple of B’ containing the pair {z,y}. Consider
the following three possible cases:

21. z,y € X;
2.2.1. z,y € Y and the difference between x,y is either 1 or 2 or 3;

2.2.2. 2,y € Y and the difference between x,y is in {4,...,2" " 1};

23.xe X,yeY.

Case 2.1. Since ¥ is an STS and I' U A do not contain vertices of X, there exists exactly one block
in B, of type 1, containing x,y.

Case 2.2.1. In X there are not vertices of Y and in the factors of F* there are not pairs of vertices
having differences 1, 2, or 3. In A there are triples containing all the pairs of vertices of Y with differences
either 1 or 2 or 3, therefore there exists in A a block, of type 3, containing {z,y}.

Case 2.2.2. In the factors of F* there are all the pairs of Y having difference a € Dan — {1,2,3},
therefore there exists in F* a factor F containing {z,y}. If z = ¢~ 1(F), then the triple {z,y,z} is a
block of type 2 of X'.

Case 2.3. In this case, consider the factor ¢(x) = F € F*. There exists exactly one pair of the factor
F containing y. Let {y,z} € F. The triple {z,y, z} is a triple of type 2 containing the pair {z,y}.

So, we have proved that, in general, for every pair {z,y} C X' = X UY it is d(z,y) > 1. To prove

that it is exactly d(x,y) = 1 it is sufficient to prove that B’ = w, which is the exact number of

blocks in any STS(2v + 7). Since B’ = BUT'UA and B,T', A are pairwise disjoint, it follows that:

-1 7 2 7)(2v+6
81 = 18]+ 0+ (a) = LUy AT gy o B0AD20AD)

O

Corollary 4.2. Letn € N, n >4, and let ¥ = (X, B) be an STS(v), with v = 2" — 7, having a mazimal
independent set T of largest cardinality “=%. Then there exists an STS X! of order v’ = 2"+t —7 embedding

2
> with a mazimal independent set T' D T of largest cardinality %

Proof. In the proof of Theorem 4.1 if T is a maximal independent set for ¥, then T'U {2 | i =
0,1,...,2"7 1} is a maximal independent set for ¥’ of cardinality ”/2_1, with v/ = 27! — 7, under the
following conditions:

o the restriction ¢|r: T'— F* induces a bijection with the subset of 7* determined by the differences
a < .D2n7 a Odd7
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o the restriction ¢|x_7: X —T — F* induces a bijection with the subset of F* determined by the
differences a € Dan, a even.

O

Corollary 4.3. There exists for any n € N, n > 4, an STS(v), with v = 2™ — 7, having a mazimal

v—

independent set of largest cardinality = L

Proof. 1t is sufficient to apply iteratively the previous corollary, considering that the base case is v = 9,
for which the statement is easily proved in the Appendix. O

Corollary 4.4. Letn € N, n > 4. Then there exists an STS(v) &, withv = 2™ —7, such that X(X) = n—1.

Proof. Note that by [10, Theorem 1 and Corollary 1] for any bicolorable STS(2™ — 7) ¥ it must
be X(X) < n, which implies that we simply need to prove the existence of an STS(2" — 7) which is
(n — 1)-bicolorable.

Let v = 9. In this case, given the system ¥ in the Appendix, it is 3-bicolorable with the color
classes {x1, 2, x4, 25}, {x3,T6, x7, 25} and {z9}. Now, let T = {1,292, 24,25} a maximal independent
set for . When we apply the construction given in Corollary 4.2 to X, the system X/ of order 25 that
we get is 4-bicolorable, since we can take as color classes C1 = {1,202, 24,25t U {20 | i = 0,...,7},
Cy = {x3,x6, 27,28}, C3 = {x9} and Cy = {2i+1|i=0,,...,7}. Moreover, a maximal independent set
is TU{2i|i=0,...,7} = Ci.

For n > 5 we apply iteratively the construction given in Corollary 4.2, where the case n = 5 has been
previously explained. So, we have an STS(2"~! —7) which is (n—2)-bicolorable and such that there exists
a (n — 2)-bicoloring having as color class, say C1, a maximal independent set 7. In this case, proceeding

as in Corollary 4.2 it is sufficient to give the color of 1 to the vertices in {2i | i = 0,...,2""! — 1} and
the color n — 1 to the vertices in {2i +1|i=0,...,2""1 — 1}. Note that in this way a color class in an
(n — 1)-bicoloring of ¥’ coincides with a maximal independent set of largest cardinality. O

5. Appendix

In this section, we give an application of the construction described in this paper in the cases v =9
and 2v + 7 = 25. Let:

e Y =71=1{0,1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15},
e Digs=1{1,2,3,4,5,6,7,8},

e ¥ =(X,B),5TS(9),

o X ={w1,22,23,%4, 5,6, T7, T8, L9},

e B:

{thEQ,xs}, {$1,$47$7}, {CU1,5U57$9}» {$1,$6,$8}7
{.T47$5,.'E6}, {1'2,.’1757378}, {IQ,JJG,.’I]?}, {.’L‘Q,I‘4,SL’9}7

{3377958,3?9}, {$3,$67$9}, {$3,$4,$8}, {$3,$5,$7}-
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Note that T = {x1,x2, 74,25} is a maximal independent set for 3 and that the sets {x1,zo, x4, x5},
{z3,26, 77,28} and {zg} are the color classes of a 3-bicoloring of X. Let I' be the family of triples
containing an x; € X and a pair indicated in the following columns:

T xI9 I3 Ty

! ! ! !

F51: F52: Gy Fra:

0-5 5-10 0-4 7-14

10-15 15-4 8-12 5-12

4.9 9.-14 1-5 3-10

14 -3 3-8 9-13 1-8

8-13 13-2 2-6 15-6

2.7 7-12 10-14 13-4

121 1-6 3.7 11-2

6-11 11-0 11-15 9-0

Is Te T xTs T9
1 \ \ \ .
F7712 G4722 F6,1: F6’2: H :
0-7 4.8 0-6 6-12 0-8
14-5 120 12.2 2-8 1-9
123 5-9 8-14 14 -4 2-10
10-1 13-1 4-10 10-0 3-11
8-15 6-10 1-7 7-13 4-12
6-13 14 .2 13-3 3-9 5-13
4-11 711 9-15 15-5 6-14
2-9 15-3 5-11 11-1 7-15

Let X’ =XUY and B’ = BUT' UA, where B and I are already defined and
A={{ii+1,i+3}:i=0,1,2,...,15.

It is immediate to verify that ¥'(X’, B) is an STS(25).

6. Conclusion

In this paper, we propose a construction of a Steiner triple system of order 2v+7 embedding a Steiner
triple system of order v, where v = 2™ — 7 and n > 3. We show that, by iterating this construction, it is
possible to obtain, starting from an STS(9), a Steiner triple system X of order 2™ —7 for every n > 5, with
a maximum independent set of largest possible cardinality and upper chromatic number x(X) = n — 1,
where n — 1 is the maximum possible value. It is the authors’intention to further investigate this type of
construction for Steiner triple systems.
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