
e-ISSN: 2148-838Xhttps://doi.org/10.13069/jacodesmath.v14i1.456

J. Algebra Comb. Discrete Struct. Appl.
14(1) • 1–9

Received: 04 May 2026
Accepted: 18 June 2026

Journal of Algebra Combinatorics Discrete Structures and Applications

On (n − 1)-bicolorable Steiner triple systems of
order 2n − 7

Research Article

Paola Bonacini a • Leonardo Fragapane • Mario Gionfriddo a

Lucia Marino a

Abstract: A Steiner triple system STS of order v is a hypergraph of rank 3, with v vertices and such that every
2-subset of vertices has degree 1. In this paper we construct STS(2v + 7) containing subsystems
STS of order v. This construction allows us to obtain, for any n ≥ 5, (n − 1)-bicolorable systems
STS(2n − 7) having a maximal independent set of largest cardinality.

2020 MSC: 05B07 • 05B05 • 05C15

Keywords: Steiner triple systems • Independent set • Bicoloring

a The authors are partially supported by GNSAGA of Indam and by Progetto Piaceri 2024-26, Università di
Catania.

Paola Bonacini; Department of Mathematics and Computer Science, University of Catania, Italy,
(paola.bonacini@unict.it).

Leonardo Fragapane; Department of Mathematics and Computer Science, University of Catania, Italy,
(leonardo.fragapane@phd.unict.it).

Mario Gionfriddo; Department of Mathematics and Computer Science, University of Catania, Italy,
(mario.gionfriddo@unict.it).

Lucia Marino (Corresponding Author); Department of Mathematics and Computer Science, University of Cata-
nia, Italy, (lucia.marino@unict.it).

© 2026 The Author(s). Published by iPeak Academy Ltd. This is an open access article under the CC BY 4.0 license
(https://creativecommons.org/licenses/by/4.0/).

1

https://portal.issn.org/resource/ISSN/2148-838X
https://doi.org/10.13069/jacodesmath.v14i1.456
https://orcid.org/0000-0003-0120-0111
https://orcid.org/0009-0000-8081-5397
https://orcid.org/0000-0002-5360-409X
https://orcid.org/0000-0001-8144-3134
mailto:paola.bonacini@unict.it
mailto:leonardo.fragapane@phd.unict.it
mailto:mario.gionfriddo@unict.it
mailto:lucia.marino@unict.it
https://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog?doi=10.13069/jacodesmath.v14i1.456&domain=pdf&date_stamp=2026-10-18


P. Bonacini et al. / J. Algebra Comb. Discrete Struct. Appl. 14(1) (2027) 1–9

1. Introduction

A Steiner system S(h, k, v) is a pair Σ = (X, B), where X is a v-set and B is a family of k-subsets of
X such that every h-subset of X is contained in exactly one member of B (see [6, 8, 9]). Using hypergraph
theory terminology, a Steiner system is a hypergraph Σ = (X, B) of order v, uniform of rank k, such that
every h-subset Y of X has degree d(Y ) = 1 (see [1, 8, 16]).

A Steiner triple system STS is a system S(2, 3, v). It is known that an STS(v) exists if and only if
v ≡ 1 or 3 (mod 6).

Given an STS Σ = (X, B), an independent set T is a subset T ⊂ X that does not contain any triple
of B. T is a maximal independent set for Σ if it is not contained in another independent set. By [13] a
maximal independent set in an STS(v), with v ≡ 1, 9 mod 12, has cardinality at most v−1

2 (see also [4]).
Note that v = 2n − 7 ≡ 1 or 9 mod 12 for any n ∈ N.

A bicoloring of an STS Σ = (X, B) is a coloring of the vertices in such a way that all the blocks
contain vertices of exactly two colors. Σ is called k-bicolorable if there exists a bicoloring of Σ using
exactly k colors. For a bicolorable Steiner triple system Σ we denote χ(Σ) (resp. χ(Σ)) the lower
(resp. upper) chromatic number, which is the smallest (resp. largest) integer k for which there exists a
k-bicoloring of Σ using exactly k colors. Moreover, by a simple count it is immediate to see that no STS
is 2-bicolorable (see [12]).

These types of colorings were introduced by Voloshin [14, 15] in the context of mixed hypergraphs
and for Steiner systems the study was initiated by Milazzo and Tuza [10]. It is relevant to remark that
in [10] it was proved that there exists a strong connection between bicolorable STS(2n − 1) with the
highest possible upper chromatic number and the “doubling plus one construction” v 7→ 2v + 1. Indeed,
if Σ is an STS(2n − 1) with χ(Σ) = n, then Σ is obtained from the STS(3) by repeated applications of
“doubling plus one constructions”. Later, many other papers dealt with bicolorings of Steiner systems
(see, for example, [2, 3, 5, 7, 11]).

In this paper we give in Theorem 4.1 a construction v −→ 2v + 7, in which v = 2n − 7. We show
that, through an iteration of this construction, it is possible, starting from the STS(9), to obtain for any
n ≥ 5 an STS(2n − 7), Σ, with a maximal independent set of largest cardinality and with χ(Σ) = n − 1,
where n − 1 is the largest possible upper chromatic number.

2. Construction v −→ 2v + 1

It is known in the literature the following construction v −→ 2v + 1, which allow us to construct an
STS(2v + 1) starting from an STS(v). It is also known that the order 2v + 1 is the minimum value for
which a system STS(v) can be embedded in a system (v′) for v′ > v.
Theorem 2.1. If Σ = (X, B) is an STS(v), then there exists an STS(2v + 1) embedding Σ.

Proof. Let Σ = (X, B) be an STS(v) defined on X = {x1, x2, ...., xv} Further, let:

• Y = {y1, y2, ...., yv+1} be a set of cardinality v + 1 (even number) such that X ∩ Y = ∅;

• F = {F1, F2, ...., Fv} be a factorization of the complete graph Kv+1 defined on Y ;

• φ : X −→ F be any bijection from X into F .

Define the hypergraph Σ′ = (X ′, B′) as follows:

• X ′ = X ∪ Y ;

• B′ = B ∪ Γ, where:

Γ = {{x, y, z} : x ∈ X, y, z ∈ φ(x)}.
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We call the triples of B of type 1, the triples of Γ of type 2. We say that Σ′ is an STS(2v + 1). Indeed:

1. it is immediate that Σ′ is a hypergraph of order |X ′| = 2v + 1, uniform of rank 3;

2. for every x, y ∈ X ′, x ̸= y, there exists exactly one triple of B′ containing {x, y}. There are the
possible following three cases:

2.1. x, y ∈ X;
2.2. x, y ∈ Y ;
2.3. x ∈ X, y ∈ Y .

Case 2.1. Since Σ is an STS and Γ does not contain pairs of vertices of X, there exists exactly one
block in B containing {x, y}.

Case 2.2. There exists exactly one factor Fj ∈ F containing x, y. If xi ∈ X is such that φ(xi) = Fj ,
the triple {xi, x, y} is of type 2 and is it the unique, triple of B′ containing {x, y}.

Case 2.3. Consider the factor φ(x) = Fj ∈ F . There exists exactly one pair of Fj containing y. Let
{y, z} ∈ Fj . The triple {x, y, z} is a triple of type 2 and it is the unique triple of B′ containing the pair
{x, y}.

3. Factorization on Z2n by differences

Let r ∈ N even and let Z2n = {0, 1, 2, ..., 2n − 1}, D2n = {1, 2, ..., 2n−1}. In this section we define a
factorization of the complete graph K2n defined in Z2n , briefly a factorization on Z2n , where every factor
contains pair having all the same difference. Note that all the elements belong to Z2n .

Theorem 3.1. 1) If a ∈ D2n −{2n−1}, then there exist two disjoint factors of Z2n , Ga,1, Ga,2, containing
all the pairs {x, y} ⊂ Z2n having difference a. 2) If a = 2n−1, then there exists an unique factor H
containing all the pairs {x, y} ⊂ Z2n having difference a.

Proof. 1) Consider the complete graph K2n defined on Z2n . If a ∈ D2n − {2n−1} is an odd number,
then pa ≡ 0 mod 2n if and only if p ≡ 0 mod 2n, hence there exists in K2n a hamiltonian cycle of length
Z2n described as follows:

(0, a, 2a, 3a, ...., 2n − a, 0),

which can be decomposed in the following two factors:

Fa,1 : {0, a}, {2a, 3a}, ...., {2n − 2a, 2n − a}

Fa,2 : {a, 2a}, {3a, 4a}, {5a, 6a}, ...., {2n − a, 2n = 0}.

If a ∈ D2n − {2n−1} is an even number and k = GCD(a, 2n), since pa ≡ 0 mod 2n if and only if p ≡ 0
mod 2n

k , in the complete graph K2n defined in Z2n there exist k disjoint cycles of length 2n

k , described
as follows:

C(a, 1) = (0, a, 2a, 3a, . . . , 2n − a, 0),
C(a, 2) = (1, 1 + a, 1 + 2a, 1 + 3a, . . . , 1 + 2n − a, 1 + 2n = 1),
. . .

C(a, k) = (k − 1, k − 1 + a, k − 1 + 2a, . . . , 2n + k − 1 − a, 2n + k − 1 = k − 1),
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which can be decomposed in the following factors:

Ga,1 : {i, a + i}, {2a + i, 3a + i}, {4a + i, 5a + i}, . . .

{2n − 2a + i, 2n − a + i}, for i = 0, . . . , k − 1,

Ga,2 : {a + i, 2a + i}, {3a + i, 4a + i}, {5a + i, 6a + i}, . . . ,

{2n − a + i, i} for i = 0, . . . , k − 1.

2) If a = 2n−1, it is immediate to verify that in the complete graph K2n , defined in Z2n , there exist
the following unique factor:

H : {0, 2n−1}, {1, 2n−1 + 1}, {2, 2n−1 + 2}, . . . , {2n−1 − 1, 2n − 1}.

Note that in what follows we will consider the following factorization F , defined in Z2n :

F = {H} ∪ {Fa,1, Fa,2 : a ∈ D2n , a odd}∪
∪ {Ga,1, Ga,2 : a ∈ D2n , a ̸= 2n−1, a even}, (1)

which we call difference factorization of Z2n . Note that a is an odd number in Fa,1, Fa,2 and it is an even
number in Ga,1, Ga,2.

4. A construction v −→ 2v + 7

Let n ∈ N, n ≥ 3, and let v = 2n − 7. Note that 2n − 7 is a positive integer number such that for n
odd 2n − 7 ≡ 1 mod 6 and for n even 2n − 7 ≡ 3 mod 6. Note also that 2v + 7 = 2n+1 − 7.

Theorem 4.1. Let Σ = (X, B) be an STS(v), where v = 2n − 7, n ∈ N, n ≥ 3. It is possible to define an
STS(2v + 7) Σ′ = (X ′, B′) embedding Σ.

Proof. Let Σ = (X, B) be an STS(v) defined on X = {x1, x2, ...., xv}. Further, let:

• Y = Z2n be a set such that X ∩ Y = ∅;

• F be the difference factorization of Z2n given in (1);

• {a, b, c} be a difference triple contained in D2n , for a ̸= 2n−1, b ̸= 2n−1, c ̸= 2n−1, with either
c = a + b or a + b + c = 2n;

• F∗ be the family of factors obtained by F by excluding the factors containing the pairs having
differences either a or b or c.

Further, since |F∗| = |F| − 6 = 2n − 7 = v, it is possible to define any bijection φ : X −→ F∗ from X
into F∗.

In what follows we fix a = 1, b = 2, c = 3. Note that, from Theorem 3.1, this causes no loss of
generality. At this point, define the hypergraph Σ′ = (X ′, B′) as follows:

• X ′ = X ∪ Y ;
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• B′ = B ∪ Γ ∪ ∆, where:

Γ = {{x, y, z} : x ∈ X, {y, z} ∈ φ(x)},

∆ = {{i, i + 1, i + 3} : i = 0, 1, 2, ..., 2n − 1}.

We call the triples of B of type 1, the triples of Γ of type 2, the triples of ∆ of type 3. Observe that the
triples of ∆ are all the translates generated by the base block {0, 1, 3}, defined by the difference triple
{1, 2, 3}. We are going to prove that Σ′ is an STS(2v + 7). Indeed:

1. it is immediate that Σ′ is a hypergraph of order |X ′| = 2v + 7, uniform of rank 3;

2. for every x, y ∈ X ′, x ̸= y, there exists exactly one triple of B′ containing the pair {x, y}. Consider
the following three possible cases:

2.1. x, y ∈ X;
2.2.1. x, y ∈ Y and the difference between x, y is either 1 or 2 or 3;

2.2.2. x, y ∈ Y and the difference between x, y is in {4, . . . , 2n−1};

2.3. x ∈ X, y ∈ Y .

Case 2.1. Since Σ is an STS and Γ ∪ ∆ do not contain vertices of X, there exists exactly one block
in B, of type 1, containing x, y.

Case 2.2.1. In Σ there are not vertices of Y and in the factors of F∗ there are not pairs of vertices
having differences 1, 2, or 3. In ∆ there are triples containing all the pairs of vertices of Y with differences
either 1 or 2 or 3, therefore there exists in ∆ a block, of type 3, containing {x, y}.

Case 2.2.2. In the factors of F∗ there are all the pairs of Y having difference a ∈ D2n − {1, 2, 3},
therefore there exists in F∗ a factor F containing {x, y}. If z = φ−1(F ), then the triple {x, y, z} is a
block of type 2 of Σ′.

Case 2.3. In this case, consider the factor φ(x) = F ∈ F∗. There exists exactly one pair of the factor
F containing y. Let {y, z} ∈ F . The triple {x, y, z} is a triple of type 2 containing the pair {x, y}.

So, we have proved that, in general, for every pair {x, y} ⊂ X ′ = X ∪ Y it is d(x, y) ≥ 1. To prove
that it is exactly d(x, y) = 1 it is sufficient to prove that B′ = (2v+7)(2v+6)

6 , which is the exact number of
blocks in any STS(2v + 7). Since B′ = B ∪ Γ ∪ ∆ and B, Γ, ∆ are pairwise disjoint, it follows that:

|B′| = |B| + |Γ| + |∆| = v(v − 1)
6 + v · v + 7

2 + (v + 7) = (2v + 7)(2v + 6)
6 .

Corollary 4.2. Let n ∈ N, n ≥ 4, and let Σ = (X, B) be an STS(v), with v = 2n − 7, having a maximal
independent set T of largest cardinality v−1

2 . Then there exists an STS Σ′ of order v′ = 2n+1−7 embedding
Σ with a maximal independent set T ′ ⊃ T of largest cardinality v′−1

2 .

Proof. In the proof of Theorem 4.1 if T is a maximal independent set for Σ, then T ∪ {2i | i =
0, 1, . . . , 2n−1} is a maximal independent set for Σ′ of cardinality v′−1

2 , with v′ = 2n+1 − 7, under the
following conditions:

• the restriction φ|T : T → F⋆ induces a bijection with the subset of F∗ determined by the differences
a ∈ D2n , a odd;
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• the restriction φ|X−T : X − T → F⋆ induces a bijection with the subset of F∗ determined by the
differences a ∈ D2n , a even.

Corollary 4.3. There exists for any n ∈ N, n ≥ 4, an STS(v), with v = 2n − 7, having a maximal
independent set of largest cardinality v−1

2 .

Proof. It is sufficient to apply iteratively the previous corollary, considering that the base case is v = 9,
for which the statement is easily proved in the Appendix.

Corollary 4.4. Let n ∈ N, n ≥ 4. Then there exists an STS(v) Σ, with v = 2n−7, such that χ(Σ) = n−1.

Proof. Note that by [10, Theorem 1 and Corollary 1] for any bicolorable STS(2n − 7) Σ it must
be χ(Σ) < n, which implies that we simply need to prove the existence of an STS(2n − 7) which is
(n − 1)-bicolorable.

Let v = 9. In this case, given the system Σ in the Appendix, it is 3-bicolorable with the color
classes {x1, x2, x4, x5}, {x3, x6, x7, x8} and {x9}. Now, let T = {x1, x2, x4, x5} a maximal independent
set for Σ. When we apply the construction given in Corollary 4.2 to Σ, the system Σ′ of order 25 that
we get is 4-bicolorable, since we can take as color classes C1 = {x1, x2, x4, x5} ∪ {2i | i = 0, . . . , 7},
C2 = {x3, x6, x7, x8}, C3 = {x9} and C4 = {2i + 1 | i = 0, , . . . , 7}. Moreover, a maximal independent set
is T ∪ {2i | i = 0, . . . , 7} = C1.

For n ≥ 5 we apply iteratively the construction given in Corollary 4.2, where the case n = 5 has been
previously explained. So, we have an STS(2n−1 −7) which is (n−2)-bicolorable and such that there exists
a (n − 2)-bicoloring having as color class, say C1, a maximal independent set T . In this case, proceeding
as in Corollary 4.2 it is sufficient to give the color of 1 to the vertices in {2i | i = 0, . . . , 2n−1 − 1} and
the color n − 1 to the vertices in {2i + 1 | i = 0, . . . , 2n−1 − 1}. Note that in this way a color class in an
(n − 1)-bicoloring of Σ′ coincides with a maximal independent set of largest cardinality.

5. Appendix

In this section, we give an application of the construction described in this paper in the cases v = 9
and 2v + 7 = 25. Let:

• Y = Z16 = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15},

• D16 = {1, 2, 3, 4, 5, 6, 7, 8},

• Σ = (X, B), STS(9),

• X = {x1, x2, x3, x4, x5, x6, x7, x8, x9},

• B :

{x1, x2, x3}, {x1, x4, x7}, {x1, x5, x9}, {x1, x6, x8},

{x4, x5, x6}, {x2, x5, x8}, {x2, x6, x7}, {x2, x4, x9},

{x7, x8, x9}, {x3, x6, x9}, {x3, x4, x8}, {x3, x5, x7}.

6
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Note that T = {x1, x2, x4, x5} is a maximal independent set for Σ and that the sets {x1, x2, x4, x5},
{x3, x6, x7, x8} and {x9} are the color classes of a 3-bicoloring of Σ. Let Γ be the family of triples
containing an xi ∈ X and a pair indicated in the following columns:

x1
↓
F5,1 :
0 · 5
10 · 15
4 · 9
14 · 3
8 · 13
2 · 7
12 · 1
6 · 11

x2
↓
F5,2 :
5 · 10
15 · 4
9 · 14
3 · 8
13 · 2
7 · 12
1 · 6
11 · 0

x3
↓
G4,1 :
0 · 4
8 · 12
1 · 5
9 · 13
2 · 6
10 · 14
3 · 7
11 · 15

x4
↓
F7,2 :
7 · 14
5 · 12
3 · 10
1 · 8
15 · 6
13 · 4
11 · 2
9 · 0

x5
↓
F7,1 :
0 · 7
14 · 5
12 · 3
10 · 1
8 · 15
6 · 13
4 · 11
2 · 9

x6
↓
G4,2 :
4 · 8
12 · 0
5 · 9
13 · 1
6 · 10
14 · 2
7 · 11
15 · 3

x7
↓
F6,1 :
0 · 6
12 · 2
8 · 14
4 · 10
1 · 7
13 · 3
9 · 15
5 · 11

x8
↓
F6,2 :
6 · 12
2 · 8
14 · 4
10 · 0
7 · 13
3 · 9
15 · 5
11 · 1

x9
↓
H :
0 · 8
1 · 9
2 · 10
3 · 11
4 · 12
5 · 13
6 · 14
7 · 15

Let X ′ = X ∪ Y and B′ = B ∪ Γ ∪ ∆, where B and Γ are already defined and

∆ = {{i, i + 1, i + 3} : i = 0, 1, 2, . . . , 15}.

It is immediate to verify that Σ′(X ′, B′) is an STS(25).

6. Conclusion

In this paper, we propose a construction of a Steiner triple system of order 2v+7 embedding a Steiner
triple system of order v, where v = 2n − 7 and n ≥ 3. We show that, by iterating this construction, it is
possible to obtain, starting from an STS(9), a Steiner triple system Σ of order 2n −7 for every n ≥ 5, with
a maximum independent set of largest possible cardinality and upper chromatic number χ(Σ) = n − 1,
where n − 1 is the maximum possible value. It is the authors’intention to further investigate this type of
construction for Steiner triple systems.
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