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Abstract: The paper introduces a new type of partition where the largest part appears only once, and the
remaining parts together form a partition of that largest part. We also derive the generating function
for these partitions, a variation of it.
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1. Introduction

Partitions have been the object of interest to mathematicians for many years. A partition of a
positive integer n is a way of expressing it as a sum of positive integer parts; generally, the parts are
listed in descending order, from the largest (ℓ) to the smallest (s). The generating function to count the
number of partitions p(n) of n is ∑

n≥0
p(n)qn = 1

(q; q)∞
,
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where

(t; q)n =
{

1 for n = 0,

(1 − t)(1 − tq)(1 − tq2)(1 − tq3) · · · (1 − tqn−1) for n > 0

is the q-shifted factorial and

(t; q)∞ = lim
n→∞

(t; q)n, where |q| < 1.

For a detailed understanding of integer partitions, see [1, 2]. The study of restricted partitions
dates back to Euler, who established a remarkable result: the number of partitions of any integer into
odd parts, o(n), is equal to the number of partitions into distinct parts or strict partitions, d(n). The
corresponding sequence of partitions is listed in the On-Line Encyclopedia of Integer Sequences (OEIS)
under the number A000009. OEIS is a vast database of well-defined sequences of integers, many of which
originate from partition theory. Analogous to Euler’s results, many appealing results on partitions can
be found in [3–6].

In this paper, we discuss the partition Λ, in which the largest part occurs only once, while the
remaining parts collectively form a partition of the largest part.

For example,

5 + 4 + 1, 5 + 3 + 2, 5 + 2 + 2 + 1.

However, some of the other partitions do not satisfy this condition, such as 9 + 1, 8 + 2, 7 + 3, and so on.
Since the sum of all parts other than the largest part always equals the largest part (ℓ), the total sum
is always an even number (2ℓ). We provide the generating function corresponding to the partition and
to some associated restricted partitions analogously. The partition structures that are discussed in this
paper are based on a common partition-theoretic principle: imposing specific restrictions or structural
conditions on the parts of an integer partition creates new classes of partitions whose enumerative aspects
can be studied using generating functions. The integer sequences corresponding to partitions described
in Theorem 1.1–Theorem 1.4 are listed in OEIS. However, the sequences in Theorem 1.5–Theorem 1.6 are
new. The notations are defined wherever necessary; otherwise, it is defined before the theorem in which
it is used. The generating functions for Λd, Λo, Λod, respectively, are given in the following theorems.

Theorem 1.1. The generating function to count the number of partitions Λ is
∞∑

n=0
ρ(n)qn = 1

(q2; q2)∞
− 1

(1 − q2) . (1)

Motivated from Euler’s theorem on partitions of n into distinct/odd parts, we now propose the
similar restricted partitions for Λ. We use the notations as follows:

Λd : partition Λ where the summands are distinct,
Λo : partition Λ where the summands are odd,

Λod : partition Λ where the summands are odd and distinct.

The generating functions for Λd, Λo, Λod, respectively, are given in the following theorems.

Theorem 1.2. The generating function to count the number of partitions Λd is
∞∑

n=0
ρd(n)qn = (−q2; q2)∞ − 1

(1 − q2) . (2)

Theorem 1.3. The generating function to count the number of partitions Λo is
∞∑

n=0
ρo(n)qn = 1

(q2; q4)∞
− q2

(1 − q4) − 1. (3)
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Theorem 1.4. The generating function to count the number of partitions Λod is
∞∑

n=0
ρod(n)qn = (−q2; q4)∞ − q2

(1 − q4) − 1. (4)

Inspired by Schur’s theorem, which states that the number of partitions into distinct parts ≡ ±1
(mod 3) is the same as the number of partitions into parts ≡ ±1 (mod 6), we consider the partition Λ
with distinct summands and ≡ ±1 (mod 3) except the largest part, denoted by Λ3.

Theorem 1.5. The generating function to count the number of partitions Λ3 is
∞∑

n=0
ρ3(n)qn = (−q2, −q4; q6)∞ − q2

1 − q2 + q6

1 − q6 . (5)

Analogously, the generating function for the partitions Λ with summands ≡ ±1 (mod 6) except the
largest part, denoted by Λ6, is given in the next theorem.

Theorem 1.6. The generating function to count the number of partitions Λ6 is
∞∑

n=0
ρ6(n)qn = 1

(q2, q10; q12)∞
− (q2 + q10)

1 − q12 . (6)

2. Proofs of the theorems

Proof of Theorem 1.1. The sequence of the partition Λ can be generated as:
∞∑

n=0
ρ(n)qn = q2 · q1+1 + q3 · (q2+1 + q1+1+1) + q4 · (q3+1 + q2+2 + q2+1+1 + q1+1+1+1)

+ q5 · (q4+1 + q3+2 + q3+1+1 + q2+2+1 + q2+1+1+1 + q1+1+1+1+1) + · · ·

=
∞∑

n=0
qn(p(n) − 1)qn (7)

=
∞∑

n=0
(p(n) − 1)q2n

=
∞∑

n=0
p(n)q2n −

∞∑
n=0

q2n

= 1
(q2; q2)∞

− 1
(1 − q2) .

Proof of Theorem 1.2. Consider partition Λd with the largest part of multiplicity 1, and the rest of the
summands are distinct that represent the partition of the corresponding largest part, it can be generated
as:

∞∑
n=0

ρd(n)qn = q3 · (q2+1) + q4 · (q3+1) + q5 · (q4+1 + q3+2) + q6 · (q5+1 + q4+2 + q3+2+1)

+ q7 · (q6+1 + q5+2 + q4+3 + q4+2+1) + · · · .
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Let d(n) represent the number of distinct partitions of n, then
∞∑

n=0
ρd(n)qn =

∑
n≥3

qn(d(n) − 1)qn (8)

=
∑
n≥3

(d(n) − 1)q2n

=
∑
n≥3

d(n)q2n −
∑
n≥3

q2n

=
∑
n≥0

d(n)q2n −
∑
n≥0

q2n

= (−q2; q2)∞ − 1
(1 − q2) .

Proof of Theorem 1.3. The generating function for partitions with the largest part and the rest of the
summands are odd, which constitute the partition of the corresponding largest part, leading to

∞∑
n=0

ρo(n)qn = q2 · (q1+1) + q3 · (q1+1+1) + q4 · (q3+1 + q1+1+1+1)

+ q5 · (q3+1+1 + q1+1+1+1+1) + q6 · (q5+1 + q3+3 + q3+1+1+1)
+ q7 · (q5+1+1 + q3+3+1 + q3+1+1+1+1 + q1+1+1+1+1+1+1) + · · · .

Let o(n) represent the number of odd partitions of n, then
∞∑

n=0
ρo(n)qn =

∑
n≥2

n even

o(n)q2n +
∑
n≥3

n odd

(o(n) − 1)q2n (9)

=
∑
n≥2

o(n)q2n −
∑
n≥3

n odd

q2n

=
∑
n≥0

o(n)q2n −
∑
n≥1

n odd

q2n − (o(0)q0 + o(1)q2) + q2

= 1
(q2; q4)∞

− q2

(1 − q4) − 1.

Proof of Theorem 1.4. The generating function for partition Λ with the summands, apart from the largest
part, are distinct and odd, which constitute the largest part, leading to

∞∑
n=0

ρod(n)qn = q4 · q3+1 + q6 · q5+1 + q8 · (q7+1 + q5+3) + q9 · (q5+3+1)

+ q10 · (q9+1 + q7+3) + q11 · (q7+3+1) + q12 · (q11+1 + q9+3 + q7+5)
+ q13 · (q9+3+1 + q7+5+1) + · · · .

Let od(n) represent the number of odd and distinct partitions of n, then
∞∑

n=0
ρod(n)qn =

∑
n≥1

n even

qnod(n)qn +
∑
n≥1

n odd

qn(od(n) − 1)qn (10)
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=
∑
n≥1

od(n)q2n −
∑
n≥1

n odd

q2n

=
∑
n≥0

od(n)q2n − q2

1 − q4 − 1

= (−q2; q4)∞ − q2

1 − q4 − 1.

In Table 1, the corresponding sequences listed in OEIS with relevant examples are presented:

Table 1. Corresponding OEIS sequences and their relevant examples.

ρi(n) Relevant example as OEIS sequence OEIS interpretation
per interpretation no.

ρ(8) = 4 4 + 3 + 1, 4 + 2 + 2, A000065 −1 + # partitions of n

4 + 2 + 1 + 1, 4 + 1 + 1 + 1 + 1
ρd(8) = 1 4 + 3 + 1 A111133 # partitions of n into

at least two distinct parts
ρo(8) = 2 4 + 3 + 1, 4 + 1 + 1 + 1 + 1 A357456 # partitions of n into

two or more odd parts
ρod(10) = 1 4 + 3 + 1 A357457 # partitions of n into

two or more distinct odd parts

Proof of Theorem 1.5. The generating function for partitions Λ with the summands (apart from the
largest part) are distinct and ≡ ±1 (mod 3) which constitute the largest part, lead to

∞∑
n=0

ρ3(n)qn = q3 · q1+2 + q5 · q4+1 + q6 · (q5+1 + q4+2) + q7 · (q5+2 + q4+2+1)

+ q8 · (q7+1 + q5+2+1) + q9 · (q8+1 + q7+2 + q5+4)
+ q10 · (q8+2 + q7+2+1 + q5+4+1) + q11 · (q10+1 + q8+2+1 + q7+1 + q5+4+2) + · · · .

Let dp3(n) represent the number of distinct partitions of n with parts ≡ ±1 (mod 3), then

∞∑
n=0

ρ3(n)qn =
∑
n≥3
3|n

qndp3(n)qn +
∑
n≥1
3∤n

qn(dp3(n) − 1)qn (11)

=
∑
n≥1

dp3(n)q2n −
∑
n≥1
3∤n

q2n

=
∑
n≥1

dp3(n)q2n − q2

1 − q2 + q6

1 − q6

= (−q2, −q4; q6)∞ − q2

1 − q2 + q6

1 − q6 .
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Proof of Theorem 1.6. The generating function for partitions Λ with the summands (apart from the
largest part) are ≡ ±1 (mod 6) which constitute the largest part, leading to

∞∑
n=0

ρ6(n)qn = q2 · q1+1 + q3 · q1+1+1 + q4 · (q1+1+1+1) + q5 · (q1+1+1+1+1)

+ q6 · (q5+1 + q1+1+1+1+1+1) + q7 · (q5+1+1 + q1+1+1+1+1+1+1)
+ q8 · (q7+1 + q5+1+1+1 + q1+1+1+1+1+1+1+1)
+ q9 · (q7+1+1 + q5+1+1+1+1 + q1+1+1+1+1+1+1+1+1) + · · · .

Let p6(n) represent the number of partitions of n with parts ≡ ±1 (mod 6), then
∞∑

n=0
ρ6(n)qn =

∑
n≥2

n̸≡±1 (mod 6)

qnp6(n)qn +
∑
n≥1

n≡±1 (mod 6)

qn(p6(n) − 1)qn (12)

=
∑
n≥1

p6(n)q2n −
∑
n≥1

n≡±1 (mod 6)

q2n

= 1
(q2, q10; q12)∞

− (q2 + q10)
1 − q12 .

The partition sequences obtained in Theorem 1.5–Theorem 1.6 are new, given as:

Sequence 1: ⟨1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 2, 0, 2, 0, 2, 0, 3, 0, 3, 0, 4, 0, 6, 0, 6, 0, 7, 0, 9, 0, 9, 0, 11, 0, . . . ⟩
Sequence 2: ⟨1, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1, 0, 2, 0, 2, 0, 3, 0, 3, 0, 4, 0, 4, 0, 6, 0, 6, 0, 8, 0, 9, 0, 10, 0, 11, 0, . . . ⟩

Here, Sequence 1 represents the coefficients ρ3(n) due to Theorem 1.5, while Sequence 2 represents the
coefficients ρ6(n) due to Theorem 1.6.

3. Conclusions

The mathematical significance of the partition structures discussed in this paper lies in extending
the existing theory of integer partitions. In particular, we introduce new families with distinct structural
properties and establish their enumerative generating functions. The findings offer more illustrations of
how partition restrictions can result in significant generating-function identities and could be used as
a foundation for additional research on partition identities, congruence properties, recurrence relations,
and potential relationships with other classes of restricted partitions. In this way, the partition families
presented in this work add to the larger investigation of the relationship between generating functions
and combinatorial structures.
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