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Abstract: In this paper, we compute the first and second Zagreb indices and the first and second multiplicative
Zagreb indices of the generalized zero-divisor graph I''(Z,,), where n = pq, p®q and p* ¢°, with p and
q distinct primes and «, 8 positive integers. For each case, we construct an explicit partition of the
vertex set, determine the degree of each vertex class, and derive closed-form expressions for all four
Zagreb indices. These indices are important in chemical graph theory and network analysis, providing
quantitative measures of the structural characteristics of the graph.
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1. Introduction

The zero-divisor graph is a visual representation of an algebraic structure and has become an effective
means for the exploration of structural features of rings. The concept was originally introduced by Beck [2]
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in 1988 in the context of studying colorings of commutative rings, wherein all elements of the ring were
taken as vertices and two vertices were connected by an edge whenever their product is zero. This
definition was subsequently refined by Anderson and Livingston [1], who restricted the vertex set to the
collection of nonzero zero-divisors of the ring, giving rise to the graph now standardly denoted I'(R).
Since this reformulation, zero-divisor graphs have been studied extensively in both commutative and
non-commutative settings, with investigations spanning spectral as well as combinatorial and structural
properties, including work on adjacency matrices and eigenvalues of such graphs [7, 8, 10-13]. The
definition of the zero-divisor graph was modified to generalized zero-divisor graph, denoted by I'V(R), by
Lande and Khairnar [9]. Here IV(R) is defined as a simple undirected graph with vertex set Z*(R), i.e.,
the set of all nonzero zero-divisors of R. Two distinct vertices z, y in IV(R) are said to be adjacent if and
only if there exists a positive integer n such that 2"y = 0 or y"x = 0.

The generalized zero-divisor graph is not a routine relabelling of the classical construction: the two
adjacency rules are genuinely different conditions. In the classical zero-divisor graph I'(R), two elements
x,y are adjacent only if zy = 0. In IV(R), adjacency instead requires only 2"y = 0 or y™z = 0 for some
positive integer n, a strictly weaker condition that allows  and y to be adjacent in IV(R) while satisfying
xy # 0 in R. This is precisely why the nonzero nilpotent elements of Z,, form a distinguished vertex class
— adjacent to every other vertex — with no counterpart in the classical graph. Capturing this additional
adjacency, and hence the extra topological complexity it introduces, is the reason I''(Z,,) must be studied
on its own terms rather than inferred from results on I'(Z,,).

The method used to obtain these closed-form expressions — partitioning the vertex set, computing
the degree of each class, substituting into the definitions of M7, Ms, II;, 15, and simplifying — is standard
in the literature on degree-based topological indices. The contribution of the present paper, however,
does not rest on the method itself but on two further points. First, the closed-form expressions for
My, Mo, 111,115 on IV (Zpey) and I (Zya 45 ) have not appeared in the literature before, including in earlier
work on this graph family [8, 9, 11]. Second, and more importantly, having these explicit formulas in
hand is what makes it possible to establish several structural consequences about I'(Z,,): that the graph
is never regular in any of the three families considered, that M; and II; satisfy a strict inequality as
a direct consequence of this non-regularity, that all four indices increase strictly and monotonically as
the nilpotency parameters «, 3 increase, that the case @ = 1 is an extremal (minimizing) boundary case
recovering the complete bipartite structure of IV(Z,,) exactly, and that the relative degree structure
between vertex classes converges to fixed rational ratios as a — oo (see Subsection 3.1). These five
results follow directly from the closed-form degree expressions derived here, and their derivation, rather
than the computation alone.

This also clarifies the relationship between the present paper and earlier work on I'(Z,,) [8, 9, 11].
Those papers establish the vertex partition { X1, ..., X5} and the adjacency relations between these classes
using spectral methods, but neither computes any topological index from this structure, nor derives any
of the five results listed above. Knowing that the nilpotent class is a clique adjacent to every other vertex
— a structural fact already established in that earlier work — does not by itself imply, for instance, that
M increases strictly with «, nor does it identify where the extremal case lies, nor determine how the
degree ratios behave asymptotically; establishing each of these requires the explicit closed-form degree
formulas derived in the present paper. The results of Subsection 3.1 therefore go beyond what can be
inferred from the previously known graph structure alone.

Graph invariants are characteristics of a graph that provide quantitative measures of its structural
features. Among these, topological indices have proven particularly effective in mathematical chemistry,
as they encode combinatorial information about molecular graphs into numerical values that correlate
with physical and chemical properties of molecules [3]. Zagreb indices are one of the most well-studied
families of such topological indices. They were first introduced by Gutman et al. [6] in 1972, with
subsequent theoretical development by Gutman and Das [5] and further analysis by Nikoli¢ et al. [15].
These indices capture degree-based information about the vertices of a graph and have found sustained
application in the study of molecular structure. Study of Zagreb indices is explored in [13, 14].

Definition 1.1. Let G be a simple graph. The first Zagreb index My was introduced by Gutman et al. [6]
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in 1972 and is the sum of the squares of the degrees of all vertices in the graph:

Mi(G)= > deg(v)®.

veV(G)

The second Zagreb index My (G) is the sum of the product of the degrees of pairs of adjacent vertices in
the graph:

My(G)= Y deg(u)-deg(v).
(u,v)EE(G)

FEliasi et al. [/] and Todeschini et al. [16] have introduced modified versions of conventional Zagreb indices
using multiplication operations:

I (G)= [] degw)®, Ma(G)= [ deg(w)- deg(v).

veV(G) (u,v)€E(G)

These multiplicative indices, based on products of vertex degrees and edge degrees respectively, have
been shown to correlate well with the total m-electrons energy of conjugated hydrocarbons and contribute
meaningfully to Quantitative Structure-Activity Relationship (QSAR) studies.

Calculations involving topological index invariants of the zero-divisor graph represent an intersection
between two separately interesting fields — namely, algebraic graph theory and chemical graph theory. The
ring of integers modulo n (Z,), as a mathematical object with its arithmetic properties well-characterized
through prime factorization, serves as an ideal setting for these calculations.

In [13], Mahale and Pawar determined Zagreb indices of Beck’s zero-divisor graph I'g(Z,), where
n = p¥,pq, pgr and p, ¢, r are distinct primes. In this article, we compute the first Zagreb index, second
Zagreb index, first multiplicative Zagreb index, and second multiplicative Zagreb index of the generalized
zero-divisor graph I''(Z,,) for n = pq, p®q and p®¢®, where p, q are distinct primes and «, 3 are positive
integers. For each case, we construct an explicit partition of the vertex set in terms of the zero-divisor
structure of Z,,, determine the degree of each vertex class, and derive closed-form expressions for all four
Zagreb indices.

The remainder of this paper is organized as follows. Section 2 recalls necessary preliminaries. Sec-
tion 3 contains the main results for Zagreb indices of I'(Z, ) where n = pq, p®q and p®q¢®.

2. Preliminaries

In this section, we recall some basic definitions and results from graph theory and ring theory that
will be used throughout this paper.

A graph G = (V, E) consists of a nonempty set V(G) of vertices and a set E(G) of edges, where each
edge is an unordered pair of distinct vertices. A graph is called simple if it has no loops or multiple edges.
A graph is called complete if every two distinct vertices are adjacent. The complete graph on n vertices is
denoted by K,. A graph is called bipartite if its vertex set can be partitioned into two disjoint subsets U
and V such that every edge connects a vertex in U to a vertex in V. A complete bipartite graph, denoted
K, n, is a bipartite graph in which every vertex of U is adjacent to every vertex of V', where |U| = m
and |V| = n. The degree of a vertex v in a graph G, denoted deg(v), is the number of edges incident to
v, that is, the number of vertices adjacent to v. The set of all nonzero zero-divisors of R is denoted by
Z*(R). An element = € R is called nilpotent if there exists a positive integer n such that 2™ = 0.

Definition 2.1. [9] The generalized zero-divisor graph of a commutative ring R, denoted T'(R), is a
simple undirected graph with verter set Z*(R) and two distinct vertices x and y are adjacent if and only
if x”y =0 or y"x = 0 for some positive integer n.
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Recall the following notions:

Let ¢(n) denote Fuler’s totient function, that is, the number of positive integers less than n and

relatively prime to n. The canonical decompos1t10n of an integer n > 1 is given by n = ]01 p2 cophr,
where p1,p2, ..., p, are distinct primes and k1, ko, ..., k. are positive integers. We know that

w(n)=n<1—pll)<1—;2>-..<1_plr):<p1 _phe 1) (P — i)

Let Ty = {a € Z,, : (a,n) = d}, where (a,n) denotes the greatest common divisor of a and n. Then
the cardinality of Ty is (%) [17].

Note that the number of nonzero zero-divisors of Z,, is n —¢(n) — 1, that is, |Z*(Z,)| = n—p(n) — 1.

3. Main results

We first consider the Zagreb indices of the generalized zero-divisor graph I'(Zy,).

Remark 3.1. For distinct primes p and q, the graph I'(Z,q) is isomorphic to the complete bipartite
graph K,_1 q_1; see [9]. Using this graph structure, the Zagreb indices of I'(Z,q) are:

M(T(Zpg)) = (p— D)@ =) (p+a—2); Ma(I'(Zpg)) = (p— 1)*(q — 1)%;

(M (Zpg)) = (¢ — 1)2P7V - (p —1)267D; T,(1(Zy,)) = [(p—1)(g - 1)] (p=1)(a=1)

In the following theorem, we determine the Zagreb indices of IV(Z,,) for n = p®q.

Theorem 3.2. Let p and q be distinct primes and o > 1 be a positive integer. Then the Zagreb indices
of I'(Zpogq) are given by:

1.
My(T(Zpeg)) =™ Ha = 1)(p* = 1) +p* Hp— (™ 'q — 1)
+ T =D g - 1) -2
2
My(I(Zpeq)) = p* " V(p—1)(g— 1)(p* — (@ 'qg—1)
+p T =) o+ g -1 =2 [(a - D" D)+ (- g —1)]
FL T D) = 2) [ g - 1) - 2]
3.
I (I (Zygeg)) = (p — 1) 0D (po=lq — 1)20° 0= L ey g — 1) — 207 7Y,
/.

(I (Zpeq)) =
« a— 2= (1) (g—1 o ae =10 1) (p@—1_1
[(p _ 1)(p 1q _ 1)]10 (p—1)(g—1) . [(p _ 1)(]7 1(p+ q— 1) _ 2)}1’ (g—1)(p )

o o a1 1y (p®—1_1 o a=1_1y(pe—1_9
=D g -1 — 27 T IY pertpgg 1y )T DT
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Proof. Let p, g be distinct primes, a > 1 be a positive integer, and n = p®q. Consider a partition of
vertex set of I''(Zpe,) into three sets in terms of zero-divisors of Z,:

X, ={2x €%y :ged(x,n) =p", i=1,2,...,a}, Xo={x€Z,:ged(z,n)=q},
Xs={x€Z,\{0}:x=kp'q, i=1,2,...,a}.
Note that X3 is the set of all nonzero nilpotent elements of Z,,. All the sets X7, X2, X3 are mutually
disjoint. Thus, P = {X1, Xo, X3} forms a partition of the vertex set of I'(Zpa).

Next, we determine the cardinalities of each set. Let € X;. Then ged(z,n) = p' for some
i €{1,2,...,a}. Therefore the number of elements in X; with ged(z,n) = p* is

pa a—1 a—1i— .
<P<pi)so(p Q=p"""p-1Dg-1), i=12...,a-1,

and for i = a:
pq
@(a ) =p(g)=q—1.
p

This gives,
o B8) ) ()
p p p

P Plo-Dg-1)+p*Pp—Dg-1)+-+p-1)(g—1)+(g—1)
=(@-D)E* " =D+ @-1)=(g-1)p* "

Hence, n; = | X1| = p*~ (g —1).
If x € X5, then ged(x,n) = ¢, so

ny = |Xo| = w(?) = o(p*) =p*Hp-1).

Clearly, the number of multiples of pg in Zpa, is p*~*. Therefore,

ng = |X3| :pO‘_1 — 1.

Since ¢(p®q) = p*~(p — 1)(g — 1), the total number of nonzero zero-divisors in Zya, is

n—egn)—1=p°q—p* '(p—1(g—1)—1=p"'(p+qg—1)— 1L

Next, we determine the adjacency structure. If every element of X is adjacent to every element of
Y, we write X ~ Y; if no element of X is adjacent to any element of Y, we write X ¢ Y. We have the
following adjacency relations [9]:

1. Let a € X1, b € X5. Then there exists a positive integer m such that a™b = 0. Also, for any b € X3
and for any positive integer k, a®b # 0 and b*a # 0. Similarly, let b € X3. Then there exists a
positive integer m such that a™b = 0. Therefore, every element in X7 is adjacent to every element
in X5 and X3, and no element of X; is adjacent to any element of X;. Thus, X7 ~ X5, X7 ~ X3,
X1 # X1
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Figure 1. T'(Zpoy)

X1
() h

Xo

2. Similarly we have, Xo ~ X7, Xo ~ X3, X5 ¢ Xo.

3. X3~ X3, X3 ~ X5, and every element of X3 is adjacent to every other element of X3 .

The adjacency structure of I'V(Zpag) is depicted in Fig. 1.

Next, we determine the vertex degrees. Since all vertices within each partition set have the same
degree, we compute the degree of one representative vertex from each set. Denoting the degrees as

dy,dsa, ds respectively:

For any u € X1: u is adjacent to all vertices in X5 and X3. Therefore,

dy = deg(u € X1) =n2 +ns :po‘*l(p -1+ (pafl -1 =p* -1,

For any u € X5: u is adjacent to all vertices in X; and X3. Therefore,

dy =deg(u€ Xo)=n1+ng=p* g—1)+(p* " —1)=p*"qg—1,

For any u € X3: u is adjacent to all vertices in X, X5, and all remaining vertices in X3. Therefore,
ds =deg(u € X3) =n1+nz+(ng — 1) =p*Hg— 1) +p* 1 p—1) + ("' =2) =p*'p+qg—1) -2

We now compute the Zagreb indices.

(1) First Zagreb Index:

My (T (Ziperq))

(2) Second Zagreb Index:

= deg(v Z deg(v)? + Z deg(v)? + Z deg(v)?
(@)

veV veX) vEXa2 veEX3
= di+ > di+ > di=nid} +nads + nad;
veEX1 vEX> vEX3

=p* Ng—D* -1 +p* p-1)p* ¢ 1)+ (p* " - 1)
P 'p+q—1)-2]"

The edge classes correspond to adjacent pairs X;—-Xo, X1—-X3, Xo—X3, and
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X3-X3
My(T' (Zyog)) = > deg(u)-deg(v) = Y dido+ Y dads+ Y d2d3+ = > 4
(u,v)EE(G) ueXy ue X, u€eXso u,vEX3
veXs veEX3 veEX3 uFv

= niny dida + ning dids + nong dads + 3 ns(ng — 1) d3
=p* @ V(p—1)(g - 1)( *—1)(p*tg—1)

+p M g—-D* T =D - Hp+q—1) -2
+p*” 1(p DE* ' -0 ¢-)[p* ' p+q—1) -2
+ 5T - =2 g —1) - 2]

Factoring p*~1(p®~! — 1)[p®~*(p+ g — 1) — 2] from the middle two terms:

My(T (Zpeg)) = p* " D(p - 1)(g = D(p* = )" ¢ —1)
Pt =) [P g —1) = 2] [(a - DY - D) + (- 1) g - 1)]
Lp =) =) [p* M p+q—1) - 2)°

+ +

(8) First Multiplicative Zagreb Index:

U (T (Zpeg) =[] deg®= T i~ JT &5~ JT &5 =i -3 -

veV(G) veEX1 vEXo vEX3

oa— a—1 a—1_
= (p® —1)* Y(g—1) | (p*lg— 1) (p—1) . [pozfl(p_*_ g—1)— 2]2(17 n

(4) Second Multiplicative Zagreb Index:

Mo(I(Zpeg)) =[] deg(w)-deg(v) = [] duda- ] duds- [] deds- ] (d3)

(u,v)EE(G) u€Xy u€Xy u€Xa uFEv
vEX2 vEX3 vEX3 u,vEXs3

"S(ns 1)

— (d1d2)n1ng . (dldg)m"3 . (d2d3)n2n3 . (d2)
_ [(pa . 1)(pa—1q _ 1)]P2(0‘71)(P—1)(q—1)
N o a=1(0_1)(p®—1_1
"~ g 1) —2))r Y
_ — -1 "
6™ - e g -1 -2 T
SR TR IR kA

3.1. Illustrative examples
Example 3.3. Let n = pg = 2-3 = 6. By Remark 3.1, I''(Z¢) = K12 as shown in Fig. 2. Explicitly,

the nonzero zero-divisors of Ze are {2,3,4}, with edge set {(2,3),(3,4)} and degree sequence deg(2) =
1, deg(3) =2, deg(4) = 1. Direct computation gives

M, =12422+1%2 =6, M,

Il
—
—_
~—
—
)
~
J’_
—
[\
~
—
—
~—
I
R

I, =12-2%.1%2 = 4, My = (1-2)(2-1) =4,

ot
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which agrees exactly with Remark 3.1:

My=(p-1)(qg—1)(p+q—2)=6, My=(p—1)>*(q—1)>=4,

M= (q—1)*"Vp-1"D =4,  Th=[p-1)(g—1)]P D=4

Figure 2. The graph I'(Z¢)

Example 3.4. Let n = p®q = 2% -3 = 12. The nonzero zero-divisors of Z12 are {2,3,4,6,8,9,10}, and
direct computation of the adjacency relation in Definition 2.1 gives the fourteen edges (see Fig. 3)

(2,3),(2,6),(2,9),(3,4),(3,6),(3,8),(3,10), (4,6), (4,9), (6,8), (6,9), (6,10), (8,9), (9, 10)
with degree sequence
deg(2) = deg(4) = deg(8) = deg(10) = 3, deg(3) = deg(9) = 5, deg(6) = 6.

This confirms the partition of Theorem 5.2 for p =2, a = 2, q = 3: the four vertices of degree 3
form X; (sony =4, dy = 3), the two vertices of degree 5 form Xo (so no = 2, do = 5), and the single
verter of degree 6 forms X3 (sons =1, d3 =6).

Substituting into Theorem 3.2 gives
My =4(3)* +2(5)* + 1(6)? = 122,
My = (4)(2)(3)(5) + (4)(1)(3)(6) + (2)(1)(5)(6) = 252,
I, = 3%-5%. 62 = 147,622,500,
I, = 158 - 18 - 30% = 242,137,805,625,000,000.

Each value was independently verified by direct computation on the graph constructed from Definition 2.1,
confirming the closed-form expressions of Theorem 3.2. The disparity in magnitude between Il and My

already for this small example illustrates the growth-rate contrast between the additive and multiplicative
indices discussed in Section 4.

In the following theorem, we determine the Zagreb indices of I'(Z,,) for n = p®¢”®.

Theorem 3.5. Let p and q be distinct primes and o, B be positive integers. Then the Zagreb indices of
I (Zypays) are given by:

1.
M (T (Zegs)) = ¢*Hg — D = D[p* Lo+ ¢* L = 1) - 1)
+p = D@ = D[ e g 1) - 1)
+¢" g - D) (pP T = 1)+ Hp - 1) (P - 1)?
+ (T )P g - 1) - 2]

NI NG
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Figure 3. The graph I''(Z:2)

2,
Mo (T (Zpags)) =p* 14" (p— 1)(g — 1) [( oD e+ 1) - 1) (e - 1)
+ (@ =D (P g - 1) - 1) (p*e" T - 1)
+(p " =D - 1)} + (T =) T e+ g — 1) - 2]
[q‘“(q —DE T =DM+ ) =)+ p - D)(¢P T - 1)
(@ +a-1) =1+ Hg- )" =) +p* T (p—1)
(p*q° - 1)] Lp g =) T =) [ g - 1) - 2]
3.
I (I (Zege)) = [0 p g7 — 1) — 1] 700D
. [qﬁ Pl g —1)— 1] P p—1)(¢" ' —1)
S(pPgPTt = 1)247 @) L (pelgB )27 D)
[ 148- 1p—|—q—1)—2] 2(p*~ 1q/3—1,1);
4

P> g (p—1)(g—1)(p* 1 -1)
Uy (I (Ziyegs)) = [(p”"l(p+ =1 -1)(p* ¢’ - 1)]

" P T (p-1)(g-1)(¢" T 1)
(@0 +a- 1) = 1) 1))
a=1,8-100 1V(g—1
[(pan 1 _1)( a— 1q5_1)]17 q (p—1)(q—1)
N =) (p* " T =)
A M+ 1—1)—1}

P " p+q—1) -2

[
3
(¢"
(v

}qﬁ He=1) (P> =) (p* TP T -1)
P (p—1)(¢" T =1)(p* 1P )

- P -1 (P =) (p* e 1)

A= g—1)(p* ¢? 1)

. :(paqﬁfl _ 1)(po<71qﬁ71(p 1q— 1) _ 2)]q

~
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pa_l(pfl)(pa_lqﬁ_lfl)
: {(p“‘lqﬂ - M p+q-1) - 2)]

a—1_B-1 ](:Da_lqﬁ_l*U(pa_lqﬁ_l*?). (1)

P o+ —1) -2

Proof. Let p, q be distinct primes, o > 1, § > 1 be integers, and n = p®¢®. We partition the vertex
set of I'V(Zyays) into five sets in terms of zero-divisors of Z,:

X, ={x€Zy,:gcd(z,n)=p", i=1,2,...,a—1},
Xo={x€Zy,:ged(z,n)=¢q", i=1,2,...,8—1},
X3 ={x €Zy, :ged(z,n) =p*}, X, ={xeZ,:ged(x,n)=q"},
Xs={x cZ, \{0}:x=kp'¢, i=1,2,...,0, j =1,2,...,8}.
Note that Xs5 is the set of all nonzero nilpotent elements in Z,a,s. Observe that all the sets

X1, X2, X3, X4, X5 are mutually disjoint. Thus, P = {X;, Xs, X3, X4, X5} forms a partition of the
vertex set of I'(Zpays).

Next, we determine the cardinalities of each set. Let x € X;. Then ged(x,n) = p* for some
i€{1,2,...,a—1}. The number of elements in X; with ged(z,n) = p* is

p*q” a—i a—i—1_B—1 .
o\ =@ '¢")=p " p—-Dg-1), i=12,...,a—-1

Therefore,

a8 a3 a8
b q b q b q
p p p

=" - Dg =D+ o - Da =D+ + " -1 1)
=" Mg =D - 1),

o B B a3
P%q P%q P%q o _
n2=|X2=so< p >+so< " >+~-~+¢<qﬂ_1>:p Lp—1)(¢° 1 —1).

a3 a8
pq _ pq o
n3=|X3|=<P< po ):w(q")=qﬁ Y(qg—1); n4=|X4|:‘P< e ):P '(p—1).

Clearly, the number of multiples of pg in Za s is p*~1¢B~1. Therefore,

ns = |Xs| =p* 1"t~ 1.
is

Since ¢(p®q®) = p*~1¢®~(p — 1)(q — 1), the total number of nonzero zero-divisors in Lipogs

n—pn)=1=p"¢" —p" " p-1(g-1) - 1=p""' " prq-1) - L.
Similar to the proof of Theorem 3.2, we find the adjacency relationship among the vertices.

1. Since X35 is the set of all nonzero nilpotent elements, by Definition 2.1, each element in X5 is
adjacent to all the remaining vertices. Thus, X5 ~ X1, X5 ~ X9, X5 ~ X3, X5 ~ X4, X5 ~ X5.
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2. Similarly, X7 ~ X4, X7 # X1, X7 ¢ Xo, X7 £ X3.
3. Xo~ X3, Xo b X1, Xo b Xo, Xo ot Xy.
4. X3~ Xo, X3~ Xy, X3t Xy, X3 X3.
5. Xy~ Xy, Xy~ X3, Xyt Xo, Xy o Xy

The adjacency structure of IV (Z,e,s) is depicted in Fig. 4.

Figure 4. T'(Z,a,.5)

Next, we determine the vertex degrees.
Let v € X;: u is adjacent to all vertices in Xy and X5 only.

di =deg(u€ X1) =na+n5=p" (p—1)+ " '¢" =) =p" T p+q" - 1) -1,
Let u € X5: u is adjacent to all vertices in X3 and X5 only.

dy=deg(u€ Xo) =ny+n5=¢"" g -+ (p* ¢ -1 =" " +g-1) 1,
Let u € X3: u is adjacent to all vertices in X9, X4, and X5.

dy = deg(u € X3) = na +na+n5 =p* " (p— (") + "¢ =) =p2" —1
Let uw € X4: u is adjacent to all vertices in X7, X3, and X5.

dy=deg(u € X4) =n1+n3+n5=¢""g—)(p* ")+ (p* ¢’ - 1) =p* ¢ -1

Let u € X5: u is adjacent to all vertices in X7, X9, X3, X4, and all other vertices in X5. Therefore,

ds = deg(u € X5) =ny +ng+nz +ng+(ns —1) =p* 1¢* T p+qg—1)—2.

We now compute the Zagreb indices.

(1) First Zagreb Index:

My(T"(Zyogs)) = Y deg(v)®+ > deg(v)®+ Y deg(v)®+ > deg(v)’+ Y deg(v)?

veX1 veEX2 veEX3 veEXy veXs
§ 2 E 2 § 2 § 2 E 2
== dl + d2 + d3 + d4 + d5
veX1 veEX2 vEX3 veEXy vEXs

nyds 4 nads + nzds + nyds + nsd?
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:q

+ (" 1"

(q—l)(p“1 Dt p+¢" " —1)—1]°
+p* p—
+¢° g -

D(@* ' = )[* g —1) - 1)

)
~ D" = 1)+ - 1) (g — 1)?
1—1)[p°“1q5_1(p+q—1)—2]2~

(2) Second Zagreb Index: The edge classes of I'(Ze 45 ) correspond to adjacent pairs among { X1, ..., X5},
namely: X1*X4, X27X3, X3*X4, X1*X5, XQ*X5, )(3*)(57 X4*X5, and X5*X5. Therefore:

Mo (I'(

qu

=Y didi+ Y dadst Y dzdst Y dids+ Y deds+ Y dyds

ueX, u€Xso u€EXs ueXy ueXo u€EX3
vEXy vEX3 vEXy vEXs vEXs vEXs
1
2
+ E dads + 5 E d;
u€Xy u,v€ X5
vEXs u#v

= ning didy + nang dads + n3ng dsdy + nins dids + nons dads

+ ngns dads + ngns dads + W dg

oa—

=P

+pa71qﬁ71

q

Y p -

D(g—1)(p* ' =1)[p* tp+q" - 1) - 1](p*'¢" — 1)
p—D(@—-1)(" =D +q—1)—1](p*¢" = 1)

( (
+p°7 T - D - D - D™ " - 1)
+¢7 N g—DE T =1 T =) p+ P - 1) — 1]

P " Hp+q—-1) -2
" - DT =D T =) [ g - 1) — 1]

P " p+q—1) - 2]
+¢" g -1 T =D T =D [P o+ g — 1) - 2
+p -1 T - D) - ) [p T T g — 1) — 2
F AT - ) - 2) [ g - 1) - 2)

Factoring p®~1¢®~1(p—1)(g—1) from the first three terms and (p®~1¢? =1 —1)[p*~1¢?*~L(p+q—1)—2]

from the next four.

My (F/(Zpaqﬁ ))

p
+
+
7
(

(p

(
(

B—

o —

a—1_p—1

" (p

qB

¢ —

Lg—1)(p

1 ,@

~ - D[ - DE T e+ =) - ) - 1)
~ (@@ -1 - 1) - 1)
)(p"“lqﬁ—l)} + T =) g 1) - 2]

D'+ =) = 1) +p* Hp—-1)(¢° - 1)

e g1 1)+ Hg- ) " - ) +p*Hp-1)

)] FL T - DT =) [ g - 1) - 2],
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(3) First Multiplicative Zagreb Index:

0(U(Zyege)) = [] &[] - T[ - T] - [T @ = i -aip - iz a2

veXy veEX? veEX3 veEXy vEXs

_ [pa—l(p+ qB—l —1) 1] 2¢° 7 (g-1)(p* ' -1)
[q q _ 1) _ 1} 71(p_1)(qﬁ71_1)
(po‘q )2qﬁ Hg—1) (p* g — 1)217“_1(17*1)

o 2Upa—lgB—1_1
[plﬁlp—kq 1) — 2}(1) q ).

(4) Second Multiplicative Zagreb Index: Following the calculations used in the proof of Theorem 3.2, the
second multiplicative Zagreb index is obtained as given in (1). O

3.2. Structural and extremal properties

In this subsection, we derive structural consequences of Theorems 3.2 and 3.5 and Remark 3.1: non-
regularity of I(Z,) in all three cases, a sharp inequality between M; and II;, monotonicity of all four
indices in the exponents a, 3, an extremal (minimizing) case, and the limiting behaviour of vertex degrees
as a, f — oo.

Theorem 3.6. For distinct primes p, q, the graph T'(Z,) is not reqular for n = pq, n = p*q (a > 1), or
n=pq’ (o, >1).

Proof. Case n =pq. By Remark 3.1, I''(Zq) = K,_1,4—1, which is regular if and only if p—1 = ¢ — 1,
ie,p=gq. Since p#q, Kp_1,4-1 is not regular

Case n = p®q. By Theorem 3.2, d; = p® — 1 and dy = p®~1q — 1. If d; = dy, then p* = p®~1¢, and
dividing by p®~! gives p = ¢, a contradiction. Hence d; # dy and I''(Zpeq) is not regular.

Case n = p“q®. By Theorem 3.5, d3 = p®¢® ' — 1 and dy = p*~'¢® — 1. If d3 = dy, then
p*qP~1 = p*~1¢#, and dividing by p® ¢! gives p = ¢, again a contradiction. Hence ds # d4 and

I (Zyo 46 ) is not regular. O
Recall the AM—-GM inequality: For any finite multiset of N non-negative real numbers x4, ..., zxn,
N N 1/N
i=1 =1
with equality if and only if x1 =25 =--- =z x.

Corollary 3.7. Let N denote the number of vertices of T'(Zy,) in any of the three cases above. Then

1/N
M (T'(Z,)) > N - [Hl(F/(Zn))}

)

with strict inequality in every case.

Proof. Apply the AM-GM inequality above to the multiset of N values {deg(v)?:v € V(G)}:

1/N

> deg(v)? > | [ des(w)?] .

veV(Q) veV(G)

131
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1/N
ie., My(I'(Zy))/N > [Hl (F’(Zn))] , with equality if and only if all deg(v) are equal, i.e., G is regular.
By Theorem 3.6, none of I'(Zyq), I"(Zpay), I'(Zyays) is regular, so the inequality is strict in every
case. ]

Theorem 3.8. Fiz distinct primes p,q.

1. In the family I'(Zpeq), o > 1, each of My, My, 111,11y is a strictly increasing function of o.

2. In the family T (Zyeys), o, B > 1, each of My, My, 111,11y is strictly increasing in o for fized (5, and
strictly increasing in [ for fized «.

Proof. (1) From Theorem 3.2, ny = p®~ (g —1), ng = p*1(p—1), ng =p*~t — 1, and dy = p* — 1,
dy =p*~tq—1,d3 =p*1(p+q—1)—2. Since p > 2, each of these six quantities is a strictly increasing
function of the integer a. As My = nyd3 + nad3 +n3d3 is a sum of products of strictly increasing positive
terms, M, is strictly increasing in «; the same argument applies term-by-term to My = Y n;n;d;d;
(Theorem 3.2(2)). For II; = d>"'d5"2d3™ and Iy, note that if f(a) is a strictly increasing sequence
of integers with f(a) > 1 and g(a) is a non-decreasing sequence of positive integers, then f(a)9(®) is
strictly increasing, since f(a+1)9+D) > f(a+1)9(®) > f(a)9(®). Applying this to each factor of II;, II,
(Theorem 3.2(3),(4)) gives strict monotonicity.

(2) From Theorem 3.5, n3 = ¢°*(¢ — 1) and ny = p®~(p — 1) depend on only one of «, 3, while
ni1,ng2,ns and di, ..., ds each strictly increase in both « and 3 individually (each contains a factor p®~1
or p®, and a factor ¢° ! or ¢°, with p, ¢ > 2). The same term-by-term argument as in (1), applied to the
expressions for My, My, 111, II5 in Theorem 3.5, gives strict monotonicity in « (fixed 8) and in 5 (fixed
).

Corollary 3.9. Among the family I (Zpeq), o > 1, each of My, M2, 111, 1o attains its minimum uniquely
at o = 1, where the formulas of Theorem 3.2 reduce exactly to those of Remark 3.1 for T (Z,,).

Proof. By Theorem 3.8(1), each index is strictly increasing on « > 1, so it suffices to check that
the formulas extend continuously to @ = 1 and agree with Remark 3.1 there. Substituting o = 1 into
Theorem 3.2(1),

My =p°(q=1)(p=12 40— 1)(g—=1+@° = 1)[--]" = (g=D(p—1)*+ (p— 1)(g — 1)

since the coefficient p*~! —1 = 0 annihilates the third term. This equals (p—1)(g—1)[(p—1)+(¢—1)] =
(p—1)(¢g—1)(p+ q — 2), which is exactly M7(I'(Z,,)) from Remark 3.1. The same substitution applied
to Theorem 3.2(2)—(4) recovers the remaining three formulas of Remark 3.1 verbatim, using p®~t —1 =0
to eliminate every term carrying that factor. O

Remark 3.10. Corollary 3.9 identifies Remark 3.1 as the extremal (o = 1) boundary case of Theorem 3.2,
rather than an independent result: the complete bipartite graph K,_1 41 is the unique minimizer of all
four Zagreb-type indices as n ranges over {p®q : a > 1}, and the indices grow without bound as o — oo.

Proposition 3.11. Fiz distinct primes p,q.
1. In T (Zpeg), as o — o0,

d d —1
2, 4 ds  ptg-1

d p’ dy D
2. In T (Zpays), with B fived, as o — oo,

d
s, » ~ da @
ds p+q-—1 ds  p+qg-1
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Proof. (1) From Theorem 3.2, d; = p* — 1, dy = p* ¢ —1, d3 = p**(p+ ¢ — 1) — 2. Dividing
numerator and denominator by p®~! and letting o — oo gives da/d1 — ¢/p and d3/dy — (p+q —1)/p.

(2) From Theorem 3.5 with f fixed, d3 = p®¢® ' —1,dy = p* ¢ — 1, ds = p*1¢°L(p+q—1)—2.
Dividing by p®~1¢”~! and letting o — oo gives d3/ds — p/(p+q— 1) and dy/d5 — q/(p+q—1). O

Remark 3.12. Proposition 3.11 shows that although the graph T"(Z,) grows without bound as o — o0,
the relative degree structure between vertex classes stabilizes to fived rational ratios determined only by p
and q — the local structure of the graph does not degenerate even as its order tends to infinity.

4. Discussion and analysis

The generalized zero-divisor graph provides a more dense adjacency structure than the classical zero-
divisor graph because it accounts for nilpotency, and the closed-form expressions of Theorems 3.2 and 3.5
allow this density to be quantified precisely rather than only described qualitatively. We discuss this in
five parts below.

4.1. Comparison with the classical zero-divisor graph

In the classical zero-divisor graph I'(R), two elements x,y are adjacent only if 2y = 0. In the
generalized zero-divisor graph I'V(R) studied here (Definition 2.1), adjacency instead requires only 2™y = 0
or y"z = 0 for some positive integer n, a strictly weaker condition. This is precisely why the nilpotent
elements of Z, form a distinguished vertex class — X3 in Theorem 3.2, X5 in Theorem 3.5 — that is
adjacent to every other vertex, a clique with no counterpart in the classical graph, since two elements
can be adjacent in TV(R) while satisfying xy # 0. Consequently, every degree formula in Theorems 3.2
and 3.5 is strictly larger than the corresponding degree would be in I'(Z,), and this gap is what drives
all four Zagreb-type indices higher than the classical graph would give.

4.2. Influence of nilpotent elements on the indices

Because the nilpotent class (X3 for n = p®q, X5 for n = p®¢®) is adjacent to every other vertex,
its growth raises the degree of every vertex in the graph, not only the vertices within the nilpotent class
itself. Theorem 3.8 makes this precise: My, My, 111,115 are strictly increasing functions of o and of 3,
since these exponents directly control |X3| = p®~! — 1 and | X5| = p*~1¢®~! — 1. The increase in every
index is therefore strict, not merely a partial effect confined to the nilpotent vertices.

4.3. Comparison between additive and multiplicative indices

Corollary 3.7 gives the inequality M; > N - [II;]*/", which already indicates that II; cannot grow
as fast as a fixed power of M;. More concretely, each vertex class of size n; contributes to Iy, Il as
an exponent of the corresponding degree (di™ in Theorem 3.2(3) and Theorem 3.5(3)), whereas the
same class contributes to My, My only linearly, weighted by n;. This explains why the multiplicative
indices grow so much faster: in Example 3.4, already for the small case n = 12, My = 252 while Il =
242,137,805,625,000,000 — a disparity of many orders of magnitude that becomes still more pronounced
as «, 8 increase, since the class sizes n; appearing as exponents in II;, Il themselves grow with «, 3.

4.4. Asymptotic behaviour as «, § increase

By Theorem 3.8, all four indices grow without bound as «a, 8 — oo, with II;, II, growing substantially
faster than My, My for the reason given above. Despite this unbounded growth, Proposition 3.11 shows
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that the relative degree structure between vertex classes stabilizes: as @ — oo, the ratios dy/d; and ds/d;
(in the p®q case) and d3/ds, d4/ds (in the p®q” case) all converge to fixed rational constants depending
only on p and gq. Thus the graph’s absolute size grows without bound while its local shape does not
degenerate.

4.5. Graph-theoretic and algebraic interpretation

Graph-theoretically, Theorems 3.6 and 3.8 together track how increasingly clique-dominated and
dense I'V(Z,,) becomes as «a, 8 grow, while remaining permanently irregular — the asymmetry between the
classes built on p and on ¢ is never resolved, regardless of how large «, 5 become. Algebraically, this same
growth tracks how deep the prime-power factorization of n is: Corollary 3.9 shows that the least-factored
case n. = pq is the unique minimizer of every index within the family {p®q}, so increasing the multiplicity
of either prime factor strictly increases every Zagreb-type invariant of the graph. Taken together with
the inequality of Corollary 3.7 and the ratio limits of Proposition 3.11, these results show that the four
Zagreb-type indices depend on the arithmetic structure of n in a strict, fully quantified way, rather than
only through the qualitative density argument given at the start of this section.

5. Conclusion

In this research paper, we have derived closed formulas for the first and second Zagreb indices, M;
and Ms, along with the first and second multiplicative Zagreb indices, II; and II5, of the generalized
zero-divisor graph I'V(Z,) when n = pq, n = p®q, and n = p®¢®, where p, q are distinct primes and «,
be positive integers. In each of the above cases, our derivation process involved classifying the vertices
of I'(Z,,) according to the zero-divisors of Z,,, determining the degree of each of these classes of vertices
from Definition 2.1, and using these in the formulas for the four indices. The resulting formulas are new
in the literature for this graph family.

In addition to the formulas, the explicit formula for the degrees led us to obtain five results of
independent structural significance. First, IV(Z,) is not a regular graph in any of the three families
(Theorem 3.6), which in turn implies the inequality between M; and II; using the AM-GM inequality
(Corollary 3.7). Second, all four indices are strictly increasing functions of the nilpotency parameters «
and f (Theorem 3.8), due to the fact that the size of the nilpotent vertex set depends on the exponents
«, B and is adjacent to all other vertices. Third, the special case when o = 1 is an extremal, minimally
factored and dense case, and it gives rise to the complete bipartite structure of I'(Z,,) (Corollary 3.9).
This means that the case n = pqg represents the most minimally factored and least dense element in
every family. Fourth, while the nilpotency exponents « and 8 tend to infinity, the ratio of the degrees of
different vertices becomes stable, that is, it is determined only by p and g (Proposition 3.11), showing that
the graph does not degenerate locally when its order goes to infinity. Fifth, comparison of M7, Ms and
Iy, IT5 indices shows that the multiplicative indices grow substantially faster than the additive indices
as the nilpotency parameters increase. Taken together, these results show that the additional adjacency
permitted by the generalized zero-divisor graph, captured entirely by the nilpotent vertex class X3 (for
n = p®q) or X5 (for n = p*¢?), is not merely a qualitative enrichment of the classical zero-divisor graph,
but one that can be quantified precisely through the closed-form degree expressions derived here.

The prime-power factorization of n is thus shown to control the graph’s topological indices in a strict
and fully determined way, rather than only through the qualitative adjacency structure established in
earlier work.

One possible direction for future research could involve the analysis of n = p®¢®r” and similar multi-
prime factorizations, since in this case a finer lattice of ged classes would have to be considered within
the vertex partition. Also, it could be worth calculating other topological indices based on the degree
of the vertices, for example, the hyper-Zagreb index, the Randi¢ index, and the sum-connectivity index,
and studying their monotonicity properties and extremal values as in Theorem 3.8 and Corollary 3.9.
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